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0 PA3PEIIIHMbIX f PYIIIIAX, 
BCE COl>CTBEHHhIE Cl>AKTOP-f._fYIIIIhl 
KOTOPhIX HMEIOT KOHEqHbIH PAHf 
We consider finitely generated residually finite soluble groups of infinite rank, all of whose proper 
quotient groups have a finite rank. 

BHB'lalOTbCJI CKiH'leHHOITOJ)O/lJKeHi q:,iHiTHo-anpoKCHMOBHi po3B' Jl3Hi rpynH HCCKiH'leHHOro cneui
a.TlbHOro pattry, sci BJiacHi HOpMa.JlbHi nillrpy11H JIKHX BH3Ha'!al0Tb q:,aKTOp-rpy1rn cKiH'leHHOro cne
uia.nbHOro pattry. 

8 paMKax nporpaMMhI lf3y4:eHR.ll rpynn C 3M8HHb1Mlf CBOfiCTB8MH CHCTeMbl IlOAI'PYilll 

[I] MO.>KHO Bb{AeJUfTb CJieAYIOW.Hfi IlOAXOA, OilRC8HHhlfi, HanpHMep, B [2]. IlyCTb f> 
- neKOTOpoe reopeTHKO-rpynnoooe CBOACTBO. rpynrry G' He YAOBJieTBOp.llIOUJ.YIO 

CBOfiCTBY f>' 6y AeM no amlJIOrHK C [2] H83bIBaTb MHHHMaJibHO He ~-rpynnofi, ecJm 

Bee ee Co6cTBeHHbie cpaKTOp-rpynnbI HMeIOT CBOfiCTBO ~ . Ha 3TOM nyTH HaH6oJiee 
IlOJIHOe R HHTepecttoe OORC8HHe OOJJY4:lfJIH pa3peUIKMhie MRHRMaJIJ,HO He nOJilf

QHKJm:4:eCKHe rpymlbl l3]. }fa pe3yJibTUTOB pa6oTbI [3], B 4:8CTHOCTH, CJien.yer, 4:TO 
pa3peWHM8.ll. MHHlfMaJibHO He llOJIHI.I,HKJIH4:eCK8.ll rpynna KOHe4:HO nopO.>KAeHa, (pH
HHTHO-armpoKCHMHpyeMa H HMeeT non.rpynny KOHe4:HOro HHAeKca, cryneHb pa3pe
WHMOCTH KOTOpoA He npeBbIWaer 4:RCJia 3. 

8 H8CTOJlll.\eA pa6ore paccMaTpHBalOTC.ll pa3pewHMbie, KOHe4:HOllOJ)O.>K.UeHHbie 

(pHHHTHO-annpOKCHMHpyeMbie rpynnbI MHHHMaJibHO 6eCKOI-Ie4:HOro ( cneQHaJibHOro) 

paura, cryneHb pa3pewRMOCTH KOTOpbIX He npeBblillaeT 4:HCJia 3. IlpH 3TOM HCOOJib-

30BaHbl HAeH H pe3yJibTaTbl pa6oT [3 - 5). 

ITycTb A - a6eJ1eoa rpynna KOHe4:HOro panra, r - rpynna ee onepaTopoo. 

rpynna A H83bIB8eTCJI r-nJIHHTYCOM, eCJIH BCe non.rpynnbl KOHe4:HOrO HHl].eKca 

rpyn nbI r n.efiCTBYIOT Ha A paQHOHaJJbHO uenpHBOAHMO. r-nJIHHTyC Ha3bIBaeTC.ll 

HeTepOBblM, eCJIR OH YAOBJieTBOp.lleT ycJIOBHIO M8KCHMaJibHOCTH AJJH r-n.onyCTHMhIX 

noa.rpynn (CM., HanpHMep, [5]). 

JleMMa 1. nycmb A - MUHUMaKcHa11 a6e11e8a zpynna 6e3 Kpy'lemlfl, s - ee 

a8moMopq>u3M maKou, 'Imo A = < al;" 1 n E W >. llycmb k - Kmte'IHoe 110.11e II S = 
= kA. Tozoa nepece'lem,e 8cex MaKCUMGllbHbLX uoea11oe L KO/lbtfa S, Hop;.w11u -

3yeMbl.X aemoMopq>u3MOM S, OIIR wmopblX IS I LI< oo, Hy11e8oe. 

PoKa3ame.11bcmeo aHaJIOrH4:HO AOKa3aTeJibCTBY JieMMbI 5 03 pa60Tb1 (4). TaK 

.>Ke, KaK Ef B 3TOfi JieMMe, AOKa3bIBaer.me YTBeJ).>Kt1.e1-me CBOLlHTCH K AOKa3aTeJibCTBY 

COOTHOilleHHH 

nA,. = 1, (I ) 
n = I 

(~- n) 
rae A,.=< a. 'r I a EA , q = I k I>. TiocKOJibKY BBHAY pe3yJibTaTOB (6) A 

YAOBJleTBOp.lleT ycnOBHIO MaKCHMUJlbHOCTH AJIH < I; >-.uonyCTHMbIX nonrpynn, 

JJ.OK83aTeJibCT30COOH!OIIIeHH.ll (]) HHAYKU.Hefi no r(A) CB0/.1,EfTCH K CJl:Y'lalO, KOr]la A 

RBJUleTCjj HeTepoBbIM < S >-nJIHI-rryCOM. 8 3TOM CJiy Y.ae JIH6o 

JIH6o BbIIlOJIH.lleTCH COOTIIOllletm e (1), npHY.eM nepoa.ll CHTYal\HH ueR03MO.>KHa, TaK 

KaK I A I A,. I =x,(q") c-rpeMm·cH BMecTe c n K 6ecKoHe4:HOCTR, rn.e x - xapaKTep0-
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0 PA3PEIIHiMblX fPYTIITAX, ... 1275 

CTH'leCKHA MHOrO'IJieH aaTOMOpq>H3Ma s- lieMMa AOKaJaHa. 

JleMMa 2. flycmb A - Hemepoo r-n11uHmyc, ziJe r - pa3pemuMa.Jl zpynna 

KOHe•mow pmua, k - 110KallbHoe KOHe•moe 11011e, S = kA . ToziJa OIi.Ji 11106ozo 

He1-1y11eoow uiJea11a X KOllblfa S cyzqecnwyem 6ecKoHe"HOe ceMeucmoo L = {L;} 
MGKCUMGllbHbtx uoea1100 KOllblfa S maKux, "mo di mk(S IL;) < oo u L ; H e 

COOep)KUffl uiJea/106, r -COllp.JVKeHHbl.X C X. 
aoK<l3ameAbCm6o. He orpaHH'IHBaJi OOIUHOCTH MO)KHO C'IHTaTb, 'ITO Srv\ ) = I. 

Ton:(a, TaK KaK · r Ae0CTByeT Ha A pau;HOHaJlbHO HenpHBOAHMO, H3 pe3yJibTaTOB 

pa6oTbl [7] CJieAyeT, 'l'TO r - KOHe'IHOe pacwHpeHHe CBOOOAH00 a6eJieB00 rpynilbl 

KOHe'IHOro paHra. BocnOJib30BaBWHCb apryMeHTaMH, npHBeAeHHbIMH B Ha'laJie § 4.4 
pa6oTbl [4], MO)KHO C'IHTaTb, 'ITO k - KOHe•rnoe IlOJie, H 'ffO r - CB060AHa.a 

a6eJieaa rpynna KOHe'lnoro paHra. 
HerpyAHO JaMeTHTb, 'l'TO B AOKaJaTeJibCTBe JieMMbl rpynny A MO)KHO 3aMeHHTb 

JII0000 ee r-AOnyCTHM00 no.a.rpynno0 KOHe'IHOro HHAeKca. EyAeM paCCMarpHBaTb 

A KaK ~ r-MOAYJlb. 3aMeHHB r pynny A ee r-nOArpynnoA KOHe'IHOro HHAeKca, 

MO)KHa C'IHTaTb, 'l'TO A - LI;HKJIH'leCKHA ~ r-MOAYJib, H, CJie/lOBaTeJibHO, A= 

:=' ~r //, file / - 0.11.eaJI KOJibLI;a ~ r. TaK KaK A - r-nJIHHTYC, TO 0.11.ean / 

npocT00 H, CJieAOBaTeJibHO, A - o6JiaCTb U:eJIOCTHOCTH. TaKHM o6pa30M, A ~ F, r .a.e 

F - noJie 'laCTHbIX KOJibu;a A. 

lfa JieMMhl 4 pa6oTbl [ 4] C(leAyeT cyt..u;eCTBOBaHHe 3JieMeHTa µ E F TaKoro, 'ITO 

(Q(µn) = F .IJ.Jlj[ Jiio60I'O n E ~ , npH'leM, He orpaHH'IHBa.a 06t..u;HOCTH, MO)KHO 

C'IHTaTb, 'ITO µ j{BJI.aeTc.a u;eJibIM HM ~- Ifa pe3yJihTaTOB pa6oTbl (8] CJieuyer, 'ITO 

A - MHHHMaKCHM rpynna. IlyCTb Sp (A)= {p 1, ••• , Pd H s = p 1 ... pk· IloKa)KeM, 

'ITO A~B=~[<S>],r.a.e s=s-1µ-l H ~[<S>]-IlOAKOJibU:OB F,nOpo)K.IJ.eHHoe 

~ H no.a.rpynno0 < S >. TaK KaK <Q(s) = F, TO r(B) = r(A ), Il03TOM)' /lOCTaTO'IHO 

noKa3aTb, 'ITO rpynna B .llBJIJieTC.ll S-AeJIHMOA. IlyCTb C = B [µ] - nOAKOJihu;o B 

F, Il0p0)KAeHHoe IlOAKOJibll;OM-B H 3JieMeHTOM µ. TaK KaK s- 1 E C, TO rpynna C 

j{BmleTc.a S-AeJIHM00. 3JieMetrr µ u;eJibI0 HM ~. Il03TOM)' Jiio6o0 3JieMeHT c E C 

MO)KHO npeACTaBITTb a BHAe c =bo + b1µ + ... + b,µ1, r.a.e b, EB, a TaK KaK <paKTOp

rpynna C / B nepHOAH'leCKa.ll; TO cymecrnyeT m E W TaKoe, 'ITO mµi E B, r.a.e 

1 ~ i ~ t. 0TCIOAa HerpyAHO JaKJIIO'IITTb, 'ITO mC ~B. H, cJieAOBaTeJibHO, IC I BI< oo. 

TaKHM o6pa30M, rpynna B - S-AeJIHMa.ll, H, CJieAOBaTeJibHO, 3aMeHHB, eCJIH HY)KHO, 

A ee r-nOArpynnott KOHe'IHOro HHAeKca, MO)KHO C'IHTaTb, l{TO A ~ B. TaK KaK 

(Q(µn) = F AJI.a acex 11 E ~ H S = s-1µ-l, TO (Q(µn) = F AJI.ll BCCX 11 E ~- Oc10.a.a 

CJieuyeT, 'l'TO B - < !; >-[JJIHIITYC, a TaK KaK KOJihU,0 ~[< !; >] HeTeposo (CM. [6]), 

TO B - HeTepoB < !; >-IlJIHHTyc. 

J,fa JieMMhl 1 CJieAyeT, 'ITO ceMettcTBO .£: = { Lf} MaKCHMaJibHbIX HUeaJIOB KOJib-

u:a S' = kB, HOpMaJIH3yeMhlx aBTOMOpq>H3MOM !;, AJIJi KOTOpbix IS' I Lf I< 00 , 6ec

KOHe'IHO. IloKa)KeM, 'ITO nepece'leHHe Jiio6oro ero 6eCKOHe'IHOro no.a.ceMeAcTaa Hy
Jieaoe. IlpeunoJIO)KHM, 'ITO 3TO He TaK. Torua 6eCKOHe'IHoe ceMeACTBO HUeaJIOB H3 

..£: co,uep)KHT HeeyJiesott <s>-HHsapualff1JbIA H,lleaJI J KOJibQa S'. Ho B .aBmleT

C.ll HeTepoBblM <s>-nJIHHTYCOM, H no TeOpeMe C H3 [ 4] IS'/ JI < 00 , 'ITO npHBO/lHT 

K npOTHBOpe'IHIO. IlOCKOJibKY S KOMMYTHpyeT co BCeMH 3JieMeHTaMH H3 r, 
..£: 3aMKHYTO OTHOCITTeJibHO Ae0CTBH.a r, a TaK KaK IS'/ L[ I< oo, TO 1r: Nr(Lf)I < 00, 

H, CJie/lOBaTeJibHO, .£: pacnauaeTC.ll Ha KOHe'IHble KJiaCCbI r-conp.ll)KeHHbIX 
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1276 A. B. TYUIEB 

HAeaJIOB. 

TioJIO)K0M L* = { L; = S n L[}. Ton~a ceMe0cTBO L* pacnanaeTcg ua Konet1.Hb1e 

. Knaccbl f'-conpg)KeHHhIX en.ea.nos, H nepecet1.euee mo6oro ero 6ecK0Het1.uoro 

non.ceMe0cTea uyneeoe. TiyCTh X - tteuyneso0 0n.ean KOJihu;a S 0 L 
CeMe0CTBO HtJ,eaJIOB 03 £*, KOTOpbie ne con.ep)KaT r-conpg)KeHHhlX C X HtJ,eaJIOB. 

EcJlH CeMe0CTBO L KOHe'I.HO, TO cymecTsyeT 6eKOHet1.noe ceMe0CTBO 0n.eaJIOB 03 

L*, con.ep)Kamex X , 'I.TO npeson.0T K npoT0sope'IHIO. TaKHM o6pa30M. L 
6ecKone•mo. JleMMa n.oKa3atta. 

On-1eTHM, 'ITO neMMa 2 o6o6maeT TeopeMY E pa6oThI [4] na cnyt1.a0 ne nonH
U,HKJI0t1.ecKoro nJIHHTyca. 

TiycTh A - a6enesa rpynna 6e3 Kpy'lene.11. KOHe'l:ttoro pattra, r - rpynna ee 

onepaTopoB. 06o3Ha'l0M "1epe3 ~r<A) non.rpynny B A , COCTOjlll(ylO 03 3JleMeHTOB, 

KOTOpbie np0 n.e0CTBHH r 0Me!OT KOHe'IHhle op6HThl. CCJIH K - KOJlbU,0 0 / -
0n.ean rpynnosoro KOJlbu,a KA, TO crnnn.apTHJaTopoM S tr(/ ) 0n.eana / B rpynne 

r. corJiaCHO [5], Ha3bIBaeTCjj_ MI-IO)KeCTBO 3JieMeHTOB H3 r TaKoe, "!TO LI.JUI JII06oro 

y E E S trI.. ) cymecrnyeT Kone"lnonopo:lKn.enna.SI non.rpynna Ay ~ A TaKrui:, "!TO 

r (Ay) = r(A) e / n KAY= J'Y n K Ay KaK noKa3a1-10 s [5], S tr(/ ) - non.rpynna 

rpynnhl f'. 
TiyCTb H - non.rpynna rpynilhl G. MHO)KeCTBO 3JieMeHTOB, BhI6paHHbJX no 

on.HOMY 03 Ka)KlJ.oro npasoro (nesoro) cMe:lKuoro Knacca rpynnb1 G no nom·pynne 
H. HaJblBaeTcg npaso0 (neso0) rpancsepca;11:,10 non.rpynnhl H a rpynne G. 

JleMMa 3. Ilycmb G - zpynna, A - ee a6e/leea HopMa/lbHaR noozpynna 6e3 
Kpy11eHUR KOHe'iHOlO paHza, K - 11emepoea 06/lacmb l{e/locmHocmu, M - KG -
MDOY/lb. Ec11u MOOY/lb M UMeem KA-Kpy11e1tue , mo: 

1. Cy U{ecmey,om 3/leMeHm a E M u KOHe<tHonopoJKiJeHHaR noozpynna D ~ A, 

paHz Komopou paee11 paHzy noozpyn11b1 A maKue, 11mo AnnKD(a) = P - npocmou 

uoea/1, u aKG = (aKH) @KH KG, zoe H = Ste(/ ) u l = AnnKA (a). 

2. Ec11u U - K H-noiJMoiJy/lb e a K H, mo omo6paJKem1e cp: U ➔ U KG 

3aiJaem 8/IOJKeHue MHO;JKecmea K H-,wiJMoiJyAeu MoiJyAR a K H e MHOJKecmeo 
KG-noiJMOiJy/leu Mooy11R aKG. 

l(o,ca3ame/lbcmao. 1. TiycTb a0 - KOHet1.uonopo)Kn.emIa.11. non.rpynna H3 A 
TaKa.11., "!TO r(A0) = r0(A ). Torn.a Mon.yn1:, M HMeeT KA 0-Kpyqenee, a TaK •KaK 

Kon1:,u,o KAo nereposo. TO cymeCTsyeT npocTo0 Hn.ean P0 TaKo0. 'I.TO Annm<Po) * 
'# 0 (CM. (9), rir. IV. § 1.). TaK KaK CTenem,Tpancu;enn.enn-10CTH AK nan. K 
KOHe"IHa, TO Ao H Po MO)KHO Bbl6paTb TaK, 'I.TO CTeneHb Tpattcu,ettn.eHTHOCTH 

KAo I Po nan K MHHHMaJibtta. Torn.a neTpyn.tto noKa3aTb, 'I.TO n.JJ.11. JJI06o0 non.rpyn

nh1 Kone"lnoro HHAeKca D ~ A0 HMeeM P0 n KDE AssKD(M) (CM. [9], rn. IV, §1). 
ITyCTb 

a E AnnM(P0), / = AnnKA(a), H = Ste(/ ), 

T - npasag rpaucsepcan1:, non.rpynn1:,I H B rpynne G . T01·n.a n.ocrnTO'IHO 

noKaJaTh, "!TO cyMMa L (aKH )t .ll.6JljleTc.11. npHM00. ITpeATIOJIO)KHM, 'I.TO 3TO ue 
IET 

TaK. Torn.a cymeCTsyioT b; E KH H 11 ..... t,. E T TaK1-1e, 'I.TO 

" L (ab;)t; = 0. (2) 
i=I 
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0 PA3PEUHIMbIX r PYTITIAX, . .. 1277 

IloJIO)KHM b; = Lj k;j8,J· r ne k,; E K, g ij e H. vb onpeneJieHHR H cJienyeT 

cyw:ecTBOBaHHe KOHe'-IHOnopo:»<.neHHbIX nonrpynn C,-i :s;A TaKHX, '-!TO r(C,-} = r(A) 

" 1g,, n KCu= n KC;i" rroJio:»<.HM C= <n,.jc,J) nA0 H rrycTb D = <n;c'i) n c. 
TorAa lgij n KC= In KC= P-npOCTott HneaJI B KC, H, CJieAOBaTeJlbHO, 18•111 n 
n KC1i = (1 8ii n KC) 1' = p'i - npocrott Hnea.ri B KC 11 , a TaK KaK D :5 C1i , TO 

I 8 ii 1' n KD = P; - npocroR 0neaJ1 s K D. ITocKOJlhKY t; - npencTaBHTeJIH 

pa.3JlH'-IHbIX CMe)KHblX KJlaCCOB 1-pynm,I G no nonrpynne H, TO HJ onpeneJieHHj{ H 
CJienyeT. \.!TO see HneaJibI P; pa3JlH\.!HbI. 0'-leBH,ll.HO, 

Il03TOMY 

AnnKD(ab;t;) =AnnKD(L,j k,J8,l) =P; 

H P; E A ssKD(M ). Torna HJ paccy:»<.AeHHtt, npHBeAeHHhlX s Ha'-!a.rie §2.4 pa6oThI [4), 

"" CJienyer, \.!TO cyMMa L.., i=I (ab;t;)KD npRMaR, a 3TO npoTHBOpe'-IHT (2). 

2 . AoKaJaTeJlbCTBO COAep.lKHTCR B AOKaJaTeJlbCTBe YTBep.lKAeHHR (2) H3 § 2.4 
[ 4]. 

JleMMa 4. flycm b A - a6e11eoa 2pynna 6e3 K/J)''ieHUJl KOHe•mow paHza, f' -
2pymza ee onepamopoe, K - KOllbl{O, 11 11 / 2 - uoea11b1 2pynnoeow KO/lbl{a KA. 
Ec.1u cyu-{ecmayem maKa.fl KOHe'iHOlwp oJKiJewia.fl noiJ2pynna A O s; A . 'inw r(Ao) = 

= r(A) H /1 n RAo = 12 n KAo, mo Hi= Stc(l1 ) = Stc(/2) = H 2. 

aoKa3ameAbC11l60. ilyCTb g E H1 . TOrAa cymecrsyeT UOArpynna KOHe'-IHOrO 

g n n n 8- 1 
HHAeKca A 1 :s; A0, AJIR Koropott / 1 KA 1 = 11 KA 1. Tiycrb A 2 = A 1 A 1 , 

rorna A~= Af n A1 H, CJieAOBaTeJibHO, 

11 n KA~= U2 n KA2)8 = (II n KA2)8 = 

I f n KA1 =11 n KA ! =l2 n KAf 

0Tciona CJ1enyer, l{TO g e H 2. TaKHM o6pa30M, H 1 :s; H 2• H, HCnOJibJYR re )Ke 

paccy)Kt\eHlrn, MO)KHQ noi<a3aTI,, l{TO H 2 :5 HI· JleMMa AOKaJaHa. 

MOAYJib M 6yAeM Ha3bJBaTb MOAyJieM MIUIHMa.TlbHO 6eCKOHe\.!HOro panra. eCJIH 
ero aw.{HTHBHaR 1-pynna HMeeT 6eCKOHel{Hb1A cne~Ha.TlbHbI8 paHr' a JI1o6ott ero co6-
CTBeHHbitt ITOAMO/lYJib onpenenReT <paKTOp-rpynny KOHel{HOro cne~a.TlbHOro paura. 

TeopeMa 1. fly cmb 1 - 2py1111a KOHe'iHOW ceo6oiJHow pa,aa, A - e e 

a6e11eea HOpMa11b1taJ1 11002pynna 6e3 Kpy'ieHu.fl maKa.fl, 'imo L'1r(A) = 1. fly c mb K 

- Hemepoea 0611acmb t{e11ocm1-1ocm11, M - (j)umm11w-annpo Kcu1,111pyeMbU'l KI"'-· 
MoiJy11b MUHUMG/lbl-/0 6ecK01-1e'11-1020 pa,ua 6e3 K-Kpy'ieHu.fl. Ec11 u J1t0iJy11b M 
uMeem KA-Kpy'l eHue , mo cyufecmey,om noiJMoiJy/lb M ' :s; M u noiJ2pyn11a 

Kmte'l.1-1020 w,iJeKca H :s; r maKue, 'Imo M' = V ® xH KT, zoe V - K H-MoiJy11b 

MWtt1MG11b110 6eCK011e'11t020 pmua, npu'leM r0(fl IC H(V )) < r 0(1). 

aoKa:Jame.,lbC11l60. Co1-JIUCHO JleMMe 3 cyru.eCTBYIOT 3JieMeHT a E M H KOHel{
HOnOpO.>KAeHHUR now·pyrma D :s; A' pm-Ir KOTOpOR paBeH paiu-y nonrpynnbI A' 

TaKHe, •-no AnnKD(a) = P0 - npocrott HJ\ean H M' = aKG = (V) ©KH KG. rAe V = 

= aKH, fl= Ste([) H / = Annxia). 
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1278 A. B. TYllIEB 

Tipeanono.>KHM, 'ITO Ir: HI= oo. I-fa neMMhI 3 cneayeT, 'ITO ecnu V coaep.>KHT 

co6crneHHWl KH-noJJ.MOJJ.YJib U, TO cpai(Top-rpynna 

VKr I UKr ::::(VI lJ) ®KHKr 

HMeeT 6eCKOHe'IHbl0 paHr. CneJ].OBaTeJihHO, nOJ].MOJJ.YJib U Kr onpeaen.lleT 

q>aKTOp-rpynny M / UKr 6ecKoHe'IHOro paHra, 'ITO Heso3MO.>KHO. TaKHM o6pa3oM, 
V - rrpocTo0 KH-MOJJ.YJib, a TaK KaK V - cpnHHTHO-annpoKCHMHpyeMhIA MOJJ.YJib, 

TO IVl< 00,H, CJieJ].0BaTMbHO,IH/CH<V)l< 00 • TIOCKOJlbKY A$H, TO An$CH<V), 

a TaK KaK An - HOpMaJibHa.ll noarpynna rpynnb1 r. TO A" $ Cr(M '). Toraa, 

O'leBHJJ.HO,r 0(F / Cr(M ')) $ r0( r). 

Tipeanono.>KHM Teneph, 'ITO Ir: HI< oo, H nycTb P - npocT00 HJJ.eaJI H3 KA, 

J].Jl.ll KOTOporo P n KD =PO= I n K.D. Tor JI.a no JieMMe 4 H =· Str(P ). TiyCTb K 
- none 'laCTHhlX KOJibQa K u P - uaean s KA, nopO.>KJJ.eHHbIA P. Tor aa 

tterpyJJ.HO noKa3aTb, 'ITO H = Str(P), a TaK KaK Ir: HI< 00, TO no TeopeMe A H3 

pa6oThl [5] j,+ = A n (P + 1) "# 1. TaK KaK MOJJ.YJib M 6e3 K-Kpy'leHH.ll, TO 

P n K = 0, "· CJieJ].OBaTeJibHO, j,+ = p+. 0'-leBHJJ.HO, D n P + $ CA (a) = C. 

TiocKOJibKY MOJJ.YJib M cpmrnTtto-annpoKCHMupyeMhitt, To KA-MOJJ.YJib aKA TaK.>Ke 
q>HHHTHO-annpOKCHMHpyeM, H, CJieJ].OBaTeJibHO, <PHHHTHO-annpOKCHMHpyeM00 

6yJJ.eT q>aKTOp-rpynna A IC. 0TCIOJJ.a BBHJJ.Y MHHHMaKCHOCTH A It~ IC) I < oo, u, 

3aMeHHB A ee r-aonyCTHMOA noarpynnott KOHe'IHOro HHJ].eKca, MO.>KHO C'IHTaTb, 

'ITO noarpynna C cepsaHTHa s A. TaK KaK H = StrU) H C =A n ( 1 + M ), TO 

JJ.Jl.ll , 1!06oro g EH cymecrnyeT KOHe'IHonopo.>KJJ.eHHa.ll noarpynna Ag $A TaKM, 

'ITO r(Ag) = r(A) H c g n Ag= C n A g =Cg· Tioarpynna C8 cepBaIITHa B A, 

n03TOMY C8 /Cg = t ( A /Cg) = C /Cg• "· CJieJ].OBaTeJibHO, C8 = C. TaKHM o6pa30M, C -

HOpMa1IbHM noJI.rpynna B H, oTKy aa A $ CH< V ), H, CJieAOBaTeJrbHO, r(H IC H<V)) < 

< r(r). TeopeMa JJ.OKa3aHa. 

JleMMa 5. flycmb S - KOMMymam1umoe KOll bl(O, r - zpynna ew onepa

mopoe, M - S-Mooy11b, 0 "# a E S, u F -nwKOu ceo6oOHblu no0Mooy11b e M, limo 
11106ou 3/leMeHm U3 MI F aHHy11upyemc.11 npoU38eoeHueM 3/leMeHmoe, conpJVKeHHblX 

C a 3/leMeHmaMu U3 r. Tozoa Oil.fl III060l0 HeHylle60lO uoea/la L KO/lbl(G s 
KaJKOblu 311eMeHm U3 (ML n F)/FL aHHy11upyemc.11 npoU38eoeHueM 3/leMeHmoe. 

conpJVKeHHblX c a 311eMeHmaMu 113 r. 
aoKll3ame.m,emeo. TiyCTb u IF - KOHe'IHOnopO.>KJ].eHHbIA nOJ].MOJJ.YJib B Ml F. 

Toraa cymecTsyeT aneMeHT x = a 81 ••• a8•, rae g,. E r, TaKOtt, 'ITO U x $ F. 

Orc10aa-

(UL + F)(L + X) $ ULX + FL $ FL + FL, 

H JieMMa cneayeT H3 Toro, 'ITO M JIBJI.lleTC.ll 06'heJJ.HHeHHeM nOJ].MOJJ.yJiett u. 
JleMMa AOKa3aHa. 

JleMMa 6. flycmb r - KOHe'iHonopo)Ki)eHHa.11 Mema6e11eea zpynna KOHe'iHOlO 

cnel(UOllbHOW pama. Ec11u zpynna r He .11e11.11emc.11 no'imu HUllbnomeHmHoiJ, mo oHa 

cooepJKum a6e11eey HOpMallbHYIO noozpynny 6e3 Kpy'ieHu.11 A maKy/0, limo Li r(A) = 

= 1 u (j)aKmop-zpynna r / A - nOIIUl(UKIIU'ieCKO.R. 

l10K0.3ame11bCm60 npoBeAeM HHAYKQHett no ro(r). EcJIH rpynna r He nO'ITH 
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HHJibnOTeHTHa.ll, TO Otta HMeeT HOpMaJibHYIO a6eneBy no.nrpynny 6e3 KpyqeffHjJ B 

TaKyIO, 'ITO r / Cr(B )- Kotte'lttonopo)K,nettttag a6eneBa H D = !).r (B) * B. EcnH 

D = I , TO yTsep)K.nem1e neMMhl O'ieBHAHO. Ilpe.nnono)KHM, 'ITO D * I. Tor.na, no 

npe.nnoJIO)KettHIO HHAYKUlfH, cpaKTOp-r pynna BID HMeeT f'-.nonycTRMYIO a6enesy 

no.nrpynny KI B TaKYIO, 'ITO !).r(K I B) = I. Ilpu 3TOM, O'ieBHAHO, no.nrpynny K 

MO)KHO Bb16paTh rnK, 'ITO r .neAcrnyeT tta KI B paQHOHaJibttO uenpHBOAHMO. Tor.na 

ueTpy .nno nony'lfffb cymeCTBOBfiliRe 3JieMe1rra g E C r(D) TaKoro, 'ITO CK 1 0 (g) = 

l. O TCIOAa cne.nyeT, '{TO A,= [K , g] - HOpMaJibHM no.nrpynna rpynnbl r a A I n 
D = 1. Ilo npe.nnoJJO)KeHRIO HHAYKURH q>aKTop-rpynna B I A 1 RMeeT r -
n;onycTHMJIO no.nrpynny A TaKYIO, 'ITO !).r(A I B) = 1 H cpaKTop-rpynna r / A 

nOJIHQHKJJR'ieCKaR. Tor·.na, O'ieBHAHO, A H 6y.neT HCKOMOA no.nrpynnoA. JleMMa 
AOKa3aHa. 

IieCKOHe'iHbIA q>HHHTHO-annpOKCHMHpyeMbIA MOAYJib M Ha3hIBaeTC.ll MHHH

MaJibHO 6eCKOHe'iHblM, ecJIH mo6otl: ero COOCTBeHHbIR: cpaKTOp-MOAYJib KOHe'leH. 

TeopeMa 2. llycmb r - KOHC'IHOnOpO)KOCHHaJI Mema6e11eea lpynna KOHe'IHOlO 

cne LflW/lbHOlO paHW, M - (jJUHUlllHO- ann poKCUM UpyeMblU ~ f'-MOOYllb MUHU

MG/lb/10 6eCKOHC'IHOlO paHW. ToliJa M - MUHUMG/lbHO 6ecKOHe'IHblU ~pl-MO

iJyllb, iiJe p - npocmoe 'IUC110 . 

a oKa3ameAbC11l60. OTMeTHM BHa'iaJJe, 'ITO aAAHTHBHa.ll rpynna MOAYJIH M 
n u6o 6e3 Kpyqe1m.ll, JIH6o 3JieMeHTapnaR a6eneBa p-rpynna. lleAcTBHTeJibHO, ecnH 
t(M) -:t= 0, To M co.nep)l(HT 6ecKotte'ittb1A no.nMon;ynh T TaKoA, 'ITO T -
3JJeMeHTapHaR a6eJieBa p -rpynna H r(M /T) < 00 • Ifa nocnen;ttero CO0THOllleHH.ll 

cne.nyeT, 'ITO I Mp n Tl< 00 , OTKylla IM I Mp I= 00, H, CJie,noBaTeJihHO, Mp = 0. 
IToKa)KeM HHLlYKQHeA no r 0(f'), 'ITO M - 3JJeMettTapHaR a6eneBa p -rpynna; 

OTCIOL(a 6y.neT CJiel(OBaTb, 'ITO M - MHHHMaJibHO 6eCKOHe'iHbIA ~pl-MOAYJib. 

Tipe.nnoJIO)KHM, 'ITO M - r py nna 6e3 Kpy'leHHR. EcnH rpynna f' IlO'iTH HHJibnO

TeHTHa.ll , TO no JieMMe 5. 1 pa60Tbl [8] M co.nep)l(HT CB06o.nny10 a6eneBy nol(rpynny 

6ecKotte'lnoro pattra F TaKyIO, 'ITO I rt(M / F) I < 00 , H, cne.nosaTeJibHO, AJJH mo6oro 

npocTOro p E rt (M / F) ttMeeM IM I Mp I = 00• 

TaKHM o6pa30M, MO)KHO npe.nnonaraTb, 'ITO rpynna r He RBJIReTCR nO'ITH 

HHJibnOTeHTHOA. TiyCTb A - non;rpynna H3 r. cymeCTBOBaHHe KOTOpoA cne.nyeT H3 

JJeMMbl 6. T or.na BBHAY TeopeMbl I AOCTaTO'IHO noKa3aTb, 'ITO MOAYJib M HMeeT 

~A-KpyqenHe. Ecm-13TO ue TaK, TO cornacno CJ1e,ncTBHIO 2.1 pa6oTbI [IO] cymecT

sy10-i cno6ol(nh18 ~A-no.nMo.nynh F ~M H 3JieMeHT O * a E ~A TaKne, •no Ka)K-
1:\hitt 3JieMeHT H3 M / F anuynnpyeTC.ll np0H3Be/J;eHHeM 3JieMeHT0B, conp.si)KeHHblX C 

a 3JieMettTaM1-1 1-13 r. Ollen1-1ano, cymecTsyeT npocToe 'II-ICJJO p TaKoe, 'ITO a E 
E p ~A , H, cne.nonaTeJThHO, .nn.si n1o6oro g E r &.8 = a K + p ~A - ttenynenoA 3Jie

MeHT KOJibQa ~ ,,A=- ~A Ip ~A. ITycTh ft =F I Fp 1-1 ft 1 = (Mp n F) I Fp. Tor.na, 

TaK KaK IM I Mp I < 00 , TO I ft I ft 1 ,~~no JieMMe 6 Ka)KAhIA 3JieMeHT H3 Fi 
aHnyJJHpyeTC.ll Ilpol-13Be,nettHeM 3JleMeHT0B, COnp.s!)KeHHhlX C O 3JieMeHTaMH H3 r. 
fI03T0MY M0AYJJb ft I-IMeeT ~ PA-Kpyqe1me, 'ITO neB03MO)KH0, TaK KaK, O'leBHAHO, 

F - CBo6oAHhlA ~,,A-MOL(ym, . TeopeMa A0Ka3aHa. 

JleMMa 7. llycmb [' - zpy1111a , k - KOHC'IIIOC TIO/IC , M - MUHUMa/l b//0 6ec

KOIIC 'l/-lbtil k r -MOOYllb , [' I - HOJ),\tallbf/GJI 1100lpym,a KOHC'IHOZO UHOCKCa 8 [' • 
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Toli)a cytt4ecm6yem k r cnooMOoy.11b M' ~ M maKou, 11mo I.MI M' I < 00 u M' = 

= (Bi=IMi, rn:e M i - MUHUMaAbHO 6eCKOHe'IHbte k r 1-MOOy11u. 

aoKa:JamMbCmBO. 113 (11] cnen:yeT, 'ITO M - HeTepoB k rcMOAYJJb, no:nOMY 

M con:ep)KHT k r cnon:Mon:y J1b V, MaKcHMaribHblA OTHOCHTeJJbHO csoitcrna I MI V I < 

< 00, TiyCTb T- npasrui: TPaHCBepCaJlb non:rpynnbl rl 8 rpynne r . Torn:a k r
non:MOAYJlb en, e T Vt)~ M uyneBOlt, H, c11en:osaTeJ1bHO, 

M ~ $ (M/Vt). 
teT 

(3) 

Qqesun:uo, '!:TO Mon:y11u MI Vt 11u6o MHHHMaribHO 6ecKOHetJ:Hble, 11u60 notJ:TH 
npOCTble, npH'l:eM BBHAY <:pHHHTHOlt annpOKCHMHpyeMOCTH MOAYJIJI M " COOTHO-

weHHJI (3) noc11en:uult cnyqalt ueso3MO)KeH. TaKHM o6pa30M, M ~ ®i=IBi, rn:e B i -

MHHHMaribHO 6ecKOHetJ:Hbie ktcMOAYJJH, npH'l:eM MO)KHO C'l:HTaTb, '!:TO Bi () M = 

= M,- "I:: 0. Torn:a MO)KHO nOJIO)KHTb M' = EB7= 1Mi. JleMMa n:oKa3aua. 

TeopeMa 3. flycmb r - KOHe'IHonopoJKOeHHaR Mema6e11eoa zpynna KOHettHOlO 

cne14ua.11bHOW paHza, A(D - ee FC - l{eHmp, k -1wHe11Hoe 110.11e, M - MUHU

MaAbHO 6ecKoHettHblu kt-Mooy11b maKOu, 11mo Cr<M). ToziJa: 

1. Ec.11u IA(Ill = 00 , mo r - KOHettHoe pacumpeHue c6o6oiJHou a6e11eeou 
zpynnbl KOHe'IHOW paHza. 

2. E c II u I A (DI < oo, mo cytt4ecmoylbm HopMa11bHaR noozpynna KOHettHOW 

uHOeKCa l I ~ 1 U kl 1-llOOMOOYllb M' ~ M maKue, 'Imo M' = EB7=1Mi, zoe Mi 

- MUHUMQ/lbHO 6eCKOHe'IHble k r i-MoOy11u u r I /Cr<M,.) = Ai>-. Hi, zoe H i -

ceo6oiJHaR a6e11eea zpynna KOHe'l1t0w paHza u A,- - Hemepoe Htn11unmyc. 

aoKa3tlmMbCmB0.1. C11en:yeT H3 TeOpeMbl 2 paOOTbl [12]. 

2. 0TMeTHM, '!:TO BBHAY JleMMbl 7 rpynny r MO)KHO JaMeHHTb mo6olt ee 

uopMaJJbHOlt non:rpynnoli Kouequoro H,tin:eKca. Tio:noMY, TaK KaK IAITTI < 00 u r 
yn:os11eTBOpJ1eT ycJIOBHIO max - r , M0)Kff0 CtJ:HTaTb, '!:TO 1 HMeeT HOpMaJlbHYIO 

non:rpynny 6e3 KpyqeuuJ1 A TaKyIO, '!:TO r / A - cso6on:uaJ1 a6e11esa rpynna, 

Ar(A) = 1, uA con:ep)KHT 1-nJJHHTyc B TaKOli, '!:TO ec11u A "l::B, TO Q)aKTop-rpynna 

A /B 6e3 KpytJ:eHHJI. Torn:a ssun:y yTBep)Kn:euuJ1 2.4,IV pa6oTbl [3] n:ocTaTO'l:HO 

nOKa3aTb, '!:TO A= B. noKaJaTeJlbCTBO nposen:eM HHAYKUHeli no r0(1), AJlJI qero 

BBHAY TeOpeMbl 1 AOCTaTO'l:HO noKa3aTb, '!:TO M HMeeT kA-Kpyqeuue. Tipen:no
JlOXHM, '!:TO M 6e3 kA-KpyqeuHJI. Torn:a no c11en:crnu10 2.1 pa6oTbl [10] cy~ec-

TBYIOT cB06on:ublA ~A-non:Mon:y11b F ~M " a11eMeHT O "I:: a E ~A TaKue, '!:TO 
Kaxn:bl.A a11eMeHT H3 MI F auuy11upyeTCJ1 npou3sen:euueM a11eMeHTOB, conpH:lKeu-

HblX c a aneMeHTaMH 03 r. TiyCTb a= L;l3,-t,-, rn:e 13,- E kB, ti - a11eMeHTbl npasolt 

TPaHCsepcanu B s A " X - un:ea11 s kB, nopo)Kn:enHbllt a11eMeHTOM Il,.13i. no 

JJeMMe 2 cy~eCTByeT MaKCHMaJlbHblA un:ea11 L KOJibUa kB, He con:ep)KllU{Hlt 

Hn;eaJIOB, COnpJl)KeHHblX C X 3JieMeHTaMH H3 1. 0rcIOn:a CJien:yeT, '!:TO kAL He 

con:ep)KHT 3JieMeHTOB, COnpJIJKeHHblX C a 3JieMeHTaMH H3 r . TaKHM o6pa30M, AJIJI 

JI1o6oro g E r <i8 = aK + kAL - ueuyneBOlt a11eMeHT KOnhua S = kA/kAL. TiycTb 

ft= F/FL H ft 1 =(ML() F)/FL. Torn:a, TaK KaK IM /MLI < 00, TO 1ft IF I I< 00 • 
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no neMMe 6 Ka)KJJ.blf.i 311eMe1n H3 ft I airnyJmpyeTC.H npoH3Be1ie1u1eM 3J1eMe1noB, 

conp.H)KeHHbIX C U 3JieMel-lTaMH H3 r . TT03T0 MY M0AYJlb ft liMeeT S-Kpy<leHHe, 

'IT0 HeB03M0)Kll0 , TaK KaK, 0 'leBHJJ.H0, ft - CB06oAHbif.i S-M0AYJlb. TeopeMa 

A0KaJaHa. 

TeopeMa 4. llycmb G - /\rme '111onop oJli.aewwJ1 c/Jwmm1w-a1111poKcuMupyeMaJ1 
pa3peumJ.tafl ipynna M.UflllJ.ta /lbltO 6ecK01te'l1-1ozo pa112a, cmyne11b pa3pewuMocmu 

1wmopoii Ne npeebtutaem 'IUC/la 3. M = Fitt (G) - ee uu11bllom e1m11-1b1il paau1ca11. 
Tozoa M - :;1101e11map11aJ1 a 6e11eea p - zpy nna, M = Cc(M), u M 

MU/-IUJ.ta/lb /10 6eCKO/le'lllblil ~ pf'-MOOYllb, lOe r = GI M. 

l(oKa3ame.1i bC 11l60. TTyCTb M - MaKCHMaJibl!a.H a6enena H0pM3JlbH3.H IT0A

rpynna rpynnh1 G. T orAa M - ~f'-MOAYJJb MHHttMaJlbH0 6ecK0He'lnoro paura. H 

1-13 TeopeMbI 2 CJreJJ.yeT, 'IT0 M - :meMenTap1-ra.H a6enesa p -rpynna H M - MH-

HRMaJibH0 6ecKotte•rnh1f.i ~ Pf'- MOAYJJb, r JJ.e r = G / M . TTpen.nono)KRM, 'IT0 M * 
* Fitt(G). TorAa cym ecTsyeT uopMa111,na.H u1-1n1,noTeHTHa.H non.rpynna N :;;; G 
TaKa.a, 'IT0 Z(N) :;;; M:;;; N 11 r (N /M) < oo. lfa n ocnen.Hero coonmweHH.a cneAyeT, 

'IT0 IM ()NPI :;;; 00 • Torn.a H3 MIUlliMaJibl-IOf.i 6ecK0He'IH0CTH M0/WJI.H M Bb!TeKaeT 

M () NP = 1. Orc10n.a r ( G / NP) = oo , II, cneJJ.osaren1,uo, NP = I. lfa nocneAHero pa

se1-1c Tsa cneAyeT, 'IT0 IN I Ml < oo H, 3H3'1HT, IIN, N] I< oo, a TaK KaK rpynna MHHH

MaJibH0 6eCK0 He'IH0r0 paHra. 0 '-leBHAH0, He C0Aep)KHT Co6cTBeHI-IbIX KOl-le'IHbIX H0p

Ma.TlbHblX no/lrpy nn. T O [N, N] = 1. TaKHM o6pa30M, N = M. H, c 11e/l0BarenbH0, M = 
= Fitt( G). P aneHCTB0 M = Cc(M) HBJIReTc .H H3nec nrhIM CB0f.iCTB0M IIHJibn0TeHTr-10-

ro pMttKana pa3pewHMbIX rpynn. TeopeMa A0KaJa11a. 

B 3aKJIIO'le1rne 0TMeTHM, ' JT0 C n0M0I.J..lbl0 TeopeMbJ 4 H3Y'le1rne p aCCMarpttBaeMblX 

B Helt r·pynn B 31Ial.fIITeJil,llOf.i CTeneHH CB0AHTC.Sl K H3y l.feHHI0 MHHHMaJibH0 6eCK0-

Hel.fHbIX M0JJ.yJief.i HM K0IIel.fH0 n op0)KAeI-IIIblMH MeTa6e11eBblMH r p y nnaMH K0Hel.fuoro 

cneI..(HaJibH0ro p a11ra, a B TeopeMe 3 C0/\ep)KHTCR HHQ)OpMaqH.H 06 3TliX M0AYJI.HX, 

K0T0paR n03B0JJReT noJry l.fHTb AeTcU i bH0e 0 IIHCaHHe K0lle'IH0II0 p0)KAeHHhlX Q}HHHT

H0 - annpoKCHMHpyeMblX pa3peumMhIX rpynn MHHHMaJibH0 6eCK0Hel.fH0r0 paHra, CTy

neHb p a3pewHM0CTH K0T0pbIX He npeBblWaeT l.fHCJla 3, n on.o6no T0MY, KUK 3T0 6bIJI0 

CAeJiaH0 n [3] AJI.H pa3pelllHMblX MHHHMaJihll0 He n0JIIlllllKJIHl.feCKHX rpynn. 
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