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ON THE DEGREE OF HOLOMORPHIC MAPPINGS
FROM AN ANNULUS INTO AN ANNULUS

PO CTEIEHI I'OJIOMOP®HHUX BITOBPAZKEHD
I3 KIJIbIA ¥ KIJIBIIE

‘We establish an estimate for the degree of the holomorphic mapping f: K; — K, (here, K, and K, .
are doubly-connected domains) in terms of the modulus of a family of curves in K. This estimate
generalizes a certain result obtained by Kobayashi.

Berarnonneno olinky crenens rosomopdimoro pio6paxenus f: K, — K, (K|, K, — gposs’asui
obnacti) B repminax MouyJis cimeit Kpusux y K, siKa ysarajisiioe ofuH pesysibTaT Kobasci.

Introduction. Let K; = {zeC:0<r <|z|<R;}, i =1, 2, be two standard annuli.
Let f: K; — K, be a holomorphic mapping and let f,: m;(K;) = m;(K;) be the
induced homomorphism of the fundamental groups of K; and K;. Let o; be the
generator of m; (K;)=Z, i=1,2. It is well known that the degree of f, denoted by
deg f, is defined by

S(oy) = (degflog.
In (1, p. 14] (Theorem 6.1), Kobayashi claimed that

log(Ry /)
log( R /n)

The aim of this note is to extend the above-mentioned theorem to the case of .
holomorphic maps between two arbitrary annuli in the complex plane.

1. Preliminaries. 1.1. A continuous mapping v: [a, b]— C (a <b) is called a
flat curve if it is nonconstant on every segment (o, B] < [a, b], where o < B. A
curve Y: [a, b] — C is called a closed curve if y(a)=v(b).

A curve vy: [a,b]— C is said to be a Jordan curve if the restricted mapping
Yeap): (@ b) = ¥((a, b)) is homeomorphic.

1.2. Let 7y be a rectifiable curve in C and p be a Borel function (i.e., p is
- Borel measurable). Then there exists the integral of p along 7, i.e.,

| deg f| <

jpds < oo,
Y

Let T be a family of rectifiable curves in a domain Q < C. We say-that a Borel
function p is I'-admissible iff

_[pds = 1 forevery yeT.
Y

The modulus of I" is defined by
M(T) = inf | [ p®dxdy.
Q

Here, infimum is taken over all T-admissible Borel functions p. It is well-known
that M(T") is a biconformal invariance (see [2, p. 50]). '
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1.3. Adomain Q c C is called an annulus iff Q is homeomorphic to a standard
annulus K= {xeC:0<r<|z|<R} and its boundary components are two closed
Jordan curves.

The modulus M(Q) of the annulus  is the modulus of the family of closed
rectifiable Jordan curves in Q which separate the boundary components of Q.

1.4. Let Q;, 5, be annuli and f: Q;— Q» be a holomorphic mappmg Thcn
the degree of f is defined in the same way as in Introducﬂon '

2. The main theorem. :

2.1. Theorem. Let Q, Q2 be annuli in the complex plane. Assume that "y,
Y2 .are the boundary components of 1 such that d(yi,Y2) =0 < e and the
length L of v, is finite.

Assume that f: Qy— Q, is a holomorphic mapping. Then the following
assertions hold: ' '

21M(Q,) ,
d < —2—7R727  if ycext
|deef] < o ivamsiny F RSN
and
| degf| < —SRMU) | Y, Cinty.

log(1—2mnd/L)-

To prove that main theorem, we need the following lemmas:

2.2. Lemma (see [3], Theorem 2). Let Q be an annulus. Assume that ¥y, Y2
are the boundary components of Q such that v, # & and v, is a closed Jordan
curve of the finite length L.

Then the following inequalities hold:

M(Q) = L10,5;(1Jr-zmﬂ"(#h)) if pcexty
2n L _

and ¥}

MQ) > —ilog(l—w) if v cinty,
2n L

where d(Y),Y2) is the distance between 7y, and Y.
2.3. Lemma. Let Q={zeC:0<r<R} bea standard annulus. Then

: 2n r
Proof. By Lemma 2.2, we have

M(Q) = zl—nlog( %J

We must prove the converse inequality. Consider the function p(z)=1/2%|z|.
Let I" be a family of closed Jordan curves which separate the boundary .
components of Q. Then p is I'-admissible. Indeed, forevery ye I, we have

j[dﬁ| > 1 (1)

Assume that 7y is an arbitrary curve of I'. Put z=7y(t) =r(t)e’®("), Then

Y(£) = r()e’®) + ir(£)0’(t)e®),
Therefore,
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[Y)* = |0 + |r*]8°0)]* =

]Y(t)| |ezr12=>d5(z)>|de|=>
ir(t)1 1z
ds(z) |d(-]| ldﬂi _
21tfz| = p(z)ds(z) 2 ="
Thus,
Jp(z)d._r(z) 2 J @ > 1

T 2“.

by (1). Hence, p is I'-admissible.
On the other hand, we have

2 dxd 1 - N R
‘Hpodxdy J'j . iy 7 = mjdr{dﬁ = 5;mg(;).
r ) )
This implies that

@) < Liog( 2

<
2n r
Thus,
MQ) = ilog(f)_
2n r

and Lemma 2.3 is proved.

The proof of the main theorem. Let f be a holomorphic mapping from £, into
Q,. Itis well known that there exist standard annuli K;= {ze€C:0<r <|z|<R;},
i=1,2, suchthat Q;, Q; are conformally equivalent to K; and K, respectively
(see [2, p. 53]). Assume that ¢;: Q;— K; and ¢2: Q; — K, are biconformal
mappings (i. e., ¢; and cp,-“' are conformal, i=1, 2).

Consider the holomorphic mapping F= @20 fo (p,T! : K; = K5. By Kobayashi’s
Theorem [, p. 14] and by Lemma 2.3, we have

M(K,)

degF| < :
|deg F | MK

(2)

Sincc.thc degree of a holomorphic mapping is invariant under biconformal maps, we
have

|degf| = |deg 93" o Fo | = |degF} €))

On the other hand, since modulus of a domain is also invariant under biconformal
maps, we have

M(Q)) = M(K;), M(Q) = M(K>). @
Combining (2) — (4), we obtain
|deg F| < M)
M(Q))

By Lemma 2.2,
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M(Q;) 2 Llog(l+g~n—sj if y cexty,
2n L

and

M(Q) > —llog(l—%@) if 1, cinty,
2n x

where 8=4d(y),Y2), L is the length of y,. Thus,

2mM(Q,)

EEU g ¢
lop[1+2xB[L) © Bo e

|deg | <

and ;

-27M(Q,)

_—2ME) it oy cinty.
ogll—26/L) = BET

|degf| <

The main theorem is proved.
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