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CONGRUENCES ON TERNARY SEMIGROUPS
KOHI'PYEHIIII TEPHAPHUX INIBI'PYII |

We study ternary semigroups as universal algebras with one associative operation. We investigate their
algebraic structure and associated representations. We present the results for congruences of ternary
semigroups generated by binary relations. -

Bunyalornes Tephapii niBrpynH Ak yHinepcasinui anrebpu 3 acolliaTéBioio onepatieto. JocmimKy-
10Thes iX anreGpaiuna cTpyKTypa Ta acolliffoparti so6paxernis. Hanej:[euo pesyNILTATH [1J1 KOHT PyeH-
lj.lﬁ Tep[lapuﬂx HlBI"p}'l‘l rlOpOJ'DK&lIPIX 5]IIapIIHMH BIHIIOLIIE.I}II)IMH

Ternary semigroups are universal algebras (cf. [1, 2]) with one associative ternary ope-
ration. A ternary semigroup is a particular case of an n-ary semigroup’ (n-semigroup)
when n =3 (cf. [3, 4]). The morphisms of two algebrmc structures, ordered sets,
objects in categories form ternary SE:FHIUTOLIPS with ‘ternary operations defined by
means of composition of morphisms [5 — 12].

The results of this paper concern congruences generated by binary relations on-the
universes of ternary semigroups.

Let X be any set. We establish the foIIowmg symbols:” B(X) — the set of all
binary relations on the set X, E(X)— the set of all equivalence r¢lations on the set X,
Ey={(x,x): xeX}.

Assume that o € B(X). Set

for ne N. Put

n=l

The relation o is called a transitive closure of the relation o € B (X).
Note that

N{B € EX): « c B} € EX). .
Put
= N{B € EC): . < B}.

We say that the equivalence relation of ontheset X is generated by the relation
o € B(X).

Observe thatif o=, then af=FE=E,

If o isarelation on aset X, then

OE.E = (CC U Ot_l U Ex)m
Definition 1. An algebraic structure (A, f), where A is a nonempty set, is said
to be a ternary semigroup if f: AP S A isa ternary operation on A such that
FUf(xy, X3, X3), X4, X5) = [ (1, f (g, X3, 34), X5) = f(xq, X9, (X3, X4, X5))
for xi,...,xs€ A.
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CONGRUENCES ON TERNARY SEMIGROUPS . 545

Let (A, -) be asemigroup., The ternary scmigr'oup (A, f) with the ternary operati-
on defined by
flxy, X, %3) = X1 - x5+ X3
for xj, x5, %3 € A, is called a ternary semigroup reduct of the semigroup. (4, -).
Definition 2. Let (A, f) be a ternary semigroup. A relation o € B(A) is called:

(a) left compatible with the ternary operation f if

Va, b, x;,x € Al(a,b) € o0 = (f(xy, X3, @), f(xp, X3, b)) € o];
(b) right compatible with the rér‘nary operation f if

Vabx,x e Al(a,b) € o = (fla, x;, %), (b, x, %)) € al;
(c) i-are'ml compatible with the ternary operation f if

Vabx,x € Alla,b) € o = (flx;, a,x),f(x, b, %)) € al;
(d) two-sided compatible with the ternary operatfoﬁ fif ’

Va,a,b,byx e Al((a, by)e o A (ag, by) e a) =
= (flan, x, ), f(by1, % b)) € ]

(e) compatible with the ternary operation f if
Y oay, ay, a3, by, by, by € Al((a, b)) e o A (ag, by)e o A (a3, b3) e o) =

= (f(ay, ay, a3), f(by, by, b3)) € o].

Definition 3. Let (A, f) be a ternary semigroup. A relation o € E(A) compa-
tible [ left compatible, right compatible, lateral compatible, two-sided compatible ]
with the ternary operation f is called a congruence [ left congruence, right
congruence, lateral congruence, two-sided congruence] on the ternary semigroup
(A, f).

Note that the equality relation £, and the universalrelation U, are congruences,
left congruences, right congruences, lateral congruences, two-sided congrucnces on the
ternary semigroup (A .

The symbol C(A) [resp. C;(A), C.(A), C.(A), C;(A)] denotes the set of all
congruences [resp. left congruences, right congruences, lateral congruences, two-
sided congruences ] on the ternary semigroup (A, f). : _

Proposition 1. Let (A, f) be a ternary semigroup. If a relation o € B(A) is
reflexive and compatible with the ternary operation f, then the relation o is left,
right and lateral compatible with the ternary operation f. '

The proof is evident.

Proposition 2. Let (A, f) be a ternary .s'engmup Assume that a relation o €
€ B(A) is reflexive and transitive. The relation o is compatible with the ternary
operation f if and only if the relation o is left, right and lateral compatible with .
the ternary operation f. '

Proof. The necessary condition follows from Proposition 1. Conversely, assume
that the relation o is left, right and lateral compatible with the ternary operation f.
Let (a;, b;) € o for a;, b;e A, where i=1,2, 3. Note that' (f(ay, a,, as ). f(by, as,
az)) € o, (f(by, ay, az).f(by, ba, a3)) € 0, (f(by, by, a3), f(by, by, b3)) € o Since
the relation o is transitive, it follows that (f(ay, @y, a3 ), f(by, by, b3)) € o. Thus, the
relation o is compatible with the ternary operation f.
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546 A. CHRONOWSKI

As a consequence of Proposition 2 we get the following corollary.

Corollary 1. A relation o€ E(A) is a congruence on the ternary semigroup
(A, f) if and only if o is a left, right and lateral congruence on the ternary semi-
group (A, f).

Proposition 3. Let (A, f) be a ternary semigroup. If a relation o € B(A) is
reflexive and two-sided compatible with the ternary operation f, then the relation
o is left and right compatible with the ternary operation f.

The proof is evident.

Proposition 4. Let (A, f) be a ternary semigroup. Assume that a relation o €
e B(A) is reflexive and transitive. The relation o is two-sided compatible with the
ternary operation f if and only if the relation o is left and right compatible with
the ternary operation f. .

The proof of this proposition is similar to the proof of Proposition 2.

By Proposition 4 we obtain the following corollary.

Corollary 2. A relation o € E(A) is a two-sided congruence on the ternary
semigroup (A,f) if and only if o is a left and right congruence on the ternary se-
migroup (A,f).

Now we shall show that the assumptions of reflexivity and transitivity in Propositi-
ons 1—3 and 4 are necessary. Therefore, we consider an example.

Example. Let A={(1, 1), (1,2),(2,1),(2,2)}. Define on the +2t A the follow-
ing operation:

(ky 1)) - (kg bp) = (kys 1)

forall (ky, /), (ks l5) € A. The algebraic structure (A, -). is a semigroup.

Let (A, f) be the ternary semigroup reduct of the semigroup (A, -). Put a=(1, 1),
b=(1,2), c=(2, 1), d=(2,2). Consider on the set A the relations: o= {(a,b)}
and B = E4 U{(a,b), (a,c), (b,d), (¢c,d)}. Therelation o is compatible with the
ternary operation f, because (f(a, a, a), f(b, b, b)) = (a, b) € o.. But the relation o
is not left, right, lateral compatible with the ternary operation f. In fact, f(c, ¢, a)=c,
fle, e, b)=d, but (¢, d) ¢ o. Next, f(c,a,c)=¢, f(e, b,c)=c, but (c,c)e o, and
also f(a,c,c)=a, f(b,c,c)=a, but (a,a)e o.

Note that the relation B is not transitive. It is a routine matter to verify that the
relation B is left, right and lateral compatible with the ternary operation f. However,
the relation P is not compatible with the ternary operation f. Indeed, f(a, b,c)=a
and f(c.d,d)=d, but (a,d)e .

The above example we may apply to Propositions 3 and 4.

Lemma 1. Let (A,f) be a ternary semigroup. If the relations o, 3 € B(A)
are left compatible [ resp. right compatible, lateral compatible, two-sided
compatible, compatible] with the ternary operation f, then the relation o o p is
left compatible [ resp. right compatible, lateral compatible, two-sided compatible,
compatible] with the ternary operation f.

Proof. Let the relations o, p € B(A) be left compatible with f. Assume that a,
b,x;,x,€ A and (a, b) € oo B. Therefore, (a,c)e B and (¢, b)€ o for some ele-
ment ¢ € A. Hence, (f(x, x5, a), f(x], %9, ¢)) € P and (f(x), x5, ¢), fx, X2, b)) €
e o. Thus, (f(x), Xy, a),f(x), x5, b)) € 0o P, and so the relation oo B is left com-
patible with f.

The proofs of the remaining cases are analogous.

In view of Lemma 1, it is easy to prove by induction the following corollary.

Corollary 3. Let (A,f) be a ternary semigroup. If the relations o, ..., 0 €
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CONGRUENCES ON TERNARY SEMIGROUPS 547

€ B(A) are left compatible [ resp. right compatible, lateral compatible, two-sided
compatible, compatible] with the ternary operation f, then the relation o | o ...
..o 0 is left compatible [resp. right compatible, lateral compatibig, two-sided
compatible, compatible] with the ternary operation f.

Proposition 5. Let (A, f) be a ternary semigroup. Assume that the relations
oa,€ B(A) for te T # & are left compatible [ resp. right compatible, lateral
compatible, two-sided compatible, compatible] with the ternary operation f.

Then the relation

U o

1eT

is left compatible [resp. right compatible, lateral co-mparz’ble, two-sided compatible,
compatible] with the ternary operation f.

The proof is evident.

Proposition 6. Let (A, f) be a ternary semigroup. Let {o,} for te T be a
nonempty family of congruences [ resp. left congruences, right congruences, la-
teral congruences, two-sided congruences] on the ternary semigroup (A, f). Then

M

teT
is a congruence [ resp. left congruence, right congruence, lateral congruence,
two-sided congruence] on the ternary semigroup (A, f).

The proof is evident.

On the basis of Proposition 6, we can formulate the following definitions.

Let (A, f) be aternary semigroup. Assume that oo € B(A). According to Propo-
sition 6

N{Be C(A):acP} e C(A).
Put
=N{Be C(A): ac B}

‘We say that the congruence o on the ternary semigroup (A, f) is generated by
the relation o€ B(A). )
Similarly, we define a left congruence or.L, right congruence OtR, lateral congru-

ence O(.C, two-sided congruence o’ on'the ternary semigroup (A, f) generated by
the relation o € B(A).
By Proposition 6 we get the following corollary.

Corollary 4. Let (A, f) be a ternary semigroup. For every relation o€ B(A),

there exist unique relations of, ol of, o, oX

We shall analyse the form of congruences generated by relations on the universe A
of a ternary semigroup (A, f).
Let (A, f) be a ternary semigroup. Assume that oo € B(A). If oo =(J, then o

—of=af=0C=0o’ =54

In the further considerations concerning the generated congruences, we do not dis-
tinguish the case of empty relation, treating it as trivial.
Consider the relation

= {(f(x}, x5,a), f(x;, %5, 0)): (@, b)e &t A x,x, € A},

Lemma 2. Let (A, f) be a ternary semigroup. Assume that o, B € B(A). The
following conditions are satisfied:

Ko
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548 A. CHRONOWSKI
1y —1 -1, U
(@ () =(a);
b acP=oacp';
© (' < o
(d) (U-U ﬁ)" — CINU BH.
Proof. (a) Note that
e (@) & @ed e
& (3x,x9,a,be Aly=f(x|, %, b) A x=f(x,x,a) A (b,a)e a]) &
& (Axpxabe Alx=f(x,xya) A y=Ff(x;, x5, b) A (a,b)e a”']) &

& (xy) e (a7’

for (x,y)e A2 Thus, ()} = (a™H)"

(b) The proof is immediate.

© If (x,y)e ()", then x=f(y;,y2 ¢), ¥ =f(¥1, Y2, d) for some (c,d)e
€ o and y|, y, € A. Therefore, ¢=f(x), X5, a), d=f(x, x5, b) for some (a,b)e
€ o and x|, x; € A. Thus,

x = f(y,yu S x5, @) = fF(F v, X1, Xg, a),
Y = 1y f(x), X2, b)) = F(FQ Y20 X)), X, b)),

and so (x, y)e€ 0. The condition (c) holds.
(d) We have:

(x,)) € (@UB)' &
& (Fxp,x9,a,be Alx=F(x},x9,a) A y=F(x},%2,b) A (a,b)e aUB]) &
& ((3xp,xg,a,be Alx=f(x;, x5, a) A y=f(x],x3,b) A (a,b)e at]) V
V (3x, 20, a,be Alx=Ff(x, x5 a) A y=f(x;, x5, b) A (a,b) € B])) &
& (my)e a) Vv ((xny) e Y &
& (xy) e a"UB”

for (x,y)e A% Thus (d) holds.
The lemma is proved.
Let (A, f) be a ternary semigroup. Assume that o € B(A). Put

oc;:cha".

Note that E“; =E,.

Lemma 3. Let (A, f) be a ternary semigroup. Assume that o, B € B(A). The
following conditions are satisfied:
@ ac o
[y~ N
(®) (o) = (a7);
I
Douch = o ch;
!
@ (o) = o
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CONGRUENCES ON TERNARY SEMIGROUPS 549

© (@UP) = a'UB,

" o=od if and only if the relation o is left compatible with the ternary
operation f in the ternary semigroup (A, f).

Proof. The proofs of the conditions (a) and (c) are routine.

(b) By Lemma 2 (a), we have: (o)™ =(aU a® ' =o' U (OL")‘_I =o' U
Ua™)'= ™y,

(d) In view of Lemma 2 (c) and (d), we obtain: (0:")E =t L) a“)f =(aUa“U
UeUa" '=alUa'Ua’U (") '=alUa"=0

(e) Using Lemma 2 (d), we have: (o lJ {3)lr =(aUB)U(aUP)'=(aUB)U
Ua"UB"=(aUa)UBUB" =o' UB"

() If o = o, then

Vx,x,abe Al(ab) € o = (f(xy, X a),f(xX, %, b)) € of = al.

Therefore, the relation o is left compatible with the ternary operation f in the
ternary semigroup (A, f).
Conversely, let the relation o be left compatible with the ternary operation f in

the ternary semigroup (A, f). Applying (a), it is enough to show that o = o Assume
that (x,y)e o =aUa” If (x,y)e o then x =f(x;, x5, a) and y =f(x, Xy, b)
for some (a,b)e o and x|, x, € A. Since (g, b) € o, it follows that (f(x;, x4, a),

f(x),xp, b)) € o, and so (x,y)e o. Hence ocfgoc. Thus (f) holds.

The lemma is proved.

The assertions (d) and (f) in Lemma 3 imply the following corollary.

Corollary 5. Let (A,f) be a ternary semigroup. For any relation o € B(A),
the relation o' is left compatible with the ternary operation f in the ternary
semigroup (A, f). .

Theorem 1. Let (A, f) be a ternary semigroup. If o€ B(A), then

o =(0(").

Proof. Note that o. (U.f)E, We know that
1E § = n
{a) = U(Oﬂ; U(Of.lr) I UEA) .
n=l

oa

n=l

Put B=o U (/)™ UE,. Hence (o))"=~ p". By Lemma3, p=a'U (™) U
U Es=(eUa™tU E;,){. In view of Corollary 5, the relation B is left compatible
with the ternary operation f. By Corollary 3 the relation B", for every ne N, isleft
compatible with the ternary operation f. Note that (OLI)EE Ci(A). Indeed, if (a, b) e

e (o"”, then (a, b)e B" for some ne N. Thus (FOcp Xy @), f(xp %0 b)) € B
thatis (f (x|, x5, @), f(x), x5, b)) € (0:.")E forall x|, x, € A. Assume that ye. Ci(A)
and o < y. From the conditions (c¢) and (f) in Lemma 3 it follows that, o = y': s
Since ye E(A), it follows that (():’)Egy. Thus aL:(aI)E.

The theorem is proved.
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550 A. CHRONOWSKI

Let (A,f) bea terna.ry semigroup. Assume that oo € B(A). Consider the follow-
ing relation:

= {(fla, x;, %), f(b, x}, x3)) : (@, b)e oL A xp, x5 € A},

A similar argument applied to the relations o and ak implies the following
statements. -

Lemma 4. Let (A, f) be a ternary semigroup. Assume that o, 3 € B(A). The
following conditions are satisfied:
Z

@ (9™ = (@™
b acp=a cp’;
© (9" < of;

@ (xUP)* = a*UB~
Put

”

o =alUod

Notice that E}y = E4.
Lemma 5. Let (A, f) be a ternary semigroup. Assume-that o, B € B(A). The
following conditions are satisfied:

(@ oca;
® (@)™ = @™
@acP=ao cp;

@ (o) =
@caum’=wUB“
(fy o0 = o if and only if the relation o is right compat:b!e with the ternary

operation f in Ihe ternary semigroup (A, f).

Corollary 6. Let (A,f) be a ternary semigroup. For any relation o € B(A)
the relation o' is right compatible with the ternary operation f in the ternary se-
migroup (A,f).

Theorem 2. Let (A, f) be a ternary semigroup. If oo e B(A), then

- E
E=idy.
Let (A,f) be a ternary semigroup. Assume that o € B(A). Consider the rela-
tions:

o = {(Flxp a, %), FCx, b,xz)):l(a,b)e-a Ax,% € A},

o = {(f(x;, @ x). fx, b, xy)): (a,b) € o A xp;p € A}

Lemma 6. Let (A, f) be a ternary semigroup. Assume that o € B(A). The
following conditions are satisfied:

@ ()" < o

®) (@)’ < o’ .

Proof. (a) -Supposc that (x,y)e (0)”. Hence, x =f(x;, @, %), y =f(x1, b, x3)
for some (a, b) e (t:)!”)la and x|, x, € A. Therefore, a=Ff(y, a;, y2), b=f(y, b1, ¥2)
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CONGRUENCES ON TERNARY SEMIGROUPS 551

for some (a;, b)) e o’ and y|,y, € A, and so a; = f(z,, d;, Z2), b .=f(z1, bs, z5)
for some (a,, by) € o and z), z; € A. Thus, :

x = fOrnfOnf(z1 a2, 22) y2)s X3) = F(F e y1s 20 ) a2, F (22, ¥2, X2)),
» = flap fOL (2, by 22), ¥2)i X2) = FUFCxe 215 21)s bay f (22, Y2, X2)) -
Then (x,y)e o’.
(b) Assume that (x,y)e (o)’ Hence, x=F(x, a, xp), ¥ =F (%, b, x,) for some
(a,b)e o and x;, x, € A, Therefore, a=Ff(y, a;,)2), b =Ff(0 biya) for some

(a;, b)) e o’ and y;,y, € A, andso a, = f(z, @z, 22), b, =f(z), b, z,) for some
(ap, by) € o and z;,z; € A. Thus,

x=f(x, FOLF(21, a2, 22), ¥2), %) =F(F(xp, ¥ps 20 )y @25 F (225 Y2, X2)),s
y=Fn 0L f(z), b2, 22), Y2 )i X2) =F(F (xpy ¥15 20)s B2, f(22, Y2, X3)) -

Then we conclude that (x, y)e o’.

Lemma 7. Let (A, f) be a ternary semigroup. Assume that o, B € B(A). The
Sfollowing conditions are satisfied:

@ (o)™ = (&™)
b ach = cp;
(C) (ais)f’ c 05“..;
@ (eUp)’ = o UB". | .
Proof. (a) Note that
e (@) & mr)ed o
& (Ixpxg,a,be Aly=7£(x),b.x) A x=f(x;,a,x) A (bya)e a]) <
& (Fxpxp,a,be Alx=f(x, ax) A y=Ff(x, b, x) A (a,b)e a™']) &
© (xny) e (@)’
for (x,y)e A% Thus (*)™ = (a™)"
(b) The proof is immediate.

(c) If (x,y) e ({x")u, then x =f(x),a,x5), ¥y =f(x, b,x,) for some (a,b)e
e o’ and x|, x, € A. Hence (x,y)e o,
(d) Note that ,

(x,3) € (@UB) &
& (3x,x,a,be Alx=Ff(x,a,x) Ay=Ff(x;,b,x) A (ab)ealUB]) &
& (Bx,x,a,be Alx=f(x, a,x) A y=f(x, b,x) A (a, b)eal) vV
V (3x,x,a,be Alx=f(x, a,x) A y=f(x), b,x3) A (a,b)e B)) <
& () e d)V (xy) e B &
e (x,y) e DLUU[?)U
for (x,y)e A%
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552 A. CHRONOWSKI

Lemma 8. Let (A, f) be a ternary semigroup. Assume that o, € B(A). The
following conditions are satisfied: .

@ (@) = (@™

M ach=acp’;

© ()" < o;

@ (2UB)” =a”UB".

Proof. By Lemma 7 (a), we have:
(xy) e (@) & (1) e o
o Bxxabe Aly=f(x,bx) A x=f(x,a,x) A (ba)e o’])
& (Ixpmabe Alx=F(x,ax) A y=Ff(x, b x) A (a,b)e () ']) &
& (3xpmpabe Als=f(x,ax5) A y=f(u,bx) A (ab)e (€™)']) o
& (5 e @ -

for (x,y)e A% Thus (a*)™ = (a™)".
(b) Applying Le.n_:lma 7 (b), we directly get the condition (b).

(C) If (x: )I)E {aw)ws then x =f(x1! a, xZ)’ y =f(xl: b’ xZ) for some (a’ b) €
e (") and x;,x, € A. By Lemma 6 (b), (")’ < o’, andso (a, b) e o’. Hence

(x,y)e o. The condition (c) holds.
(d) By Lemma 7 (d), we get:

(xy e (@UP)” &
= (IEI-xl;qu, a,be Alx=f(x;,a,x) A y=Ff(x,b,x) A (a,b)e (O’.UB)D]) =
& (3x,x,a,be Alx=f(x;,a,x%) A y=f(x,b,x) A (a,b)e "]) V
V (3, xabe Alx=f(x, a,x,) A y=Ff(x, bx) A (a,b)e B'D) &
& (ny) e a)V ((ny) e p) &
& (ny) e " UB”

for (x,y)e A? The condition (d) holds.
Put

of = alUa”Uoa”.

Note that Ef = Ej4.

Lemma9. Let (A, f) be a ternary semigroup. Assume that o, B € B(A). The
following conditions are satisfied:

(@) o c o
®) ()" = (@™
© ach = o cp’;

@ (09° = o
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CONGRUENCES ON TERNARY SEMIGROUPS 553

@ (@UPB)* = a“UB5

M o= af if and only if the relation o is lateral compatible with the ternary
operation f in the ternary semigroup (A, f). '

Proof. The proofs of the conditions (a) and (c) are evident.

(b) According to the Lemmas 7 (a) and 8 (a) we have (GC)—1=(()‘.U{?LUU{)LW)_1 =
=o' U@ U@y = a?UEe@™) U™’ = @) |

(d) By Lemmas 6, 7 (c), (d) and 8 (c), (d) we obtain (o) = (e U a’U o”)" =
= (aUco’Ua™U (aUec’Ua”)’U(aUa’Ua®)” = (aUa’Ua®)U (U
U U @)U U Ue")") = aUo’Uo” = |

(¢) In view of Lemmas 7 (d) and 8 (d) we have (aUB) = (« UB)U (aUB) U
U(aUB)” = (aUa’Ua™)U(BUB UB") = a°UB".

(f) If oo =0, then

Vx,x,abe Alla,b) e o = (flx,a x),flx,bx) e a=al. |

Therefore, the relation o is lateral compatible with the ternary operauorl f in the
ternary semigroup (A, f).

Conversely, let the relation o be lateral compatible with the ternary operation f in
the ternary semigroup (A,f). Assumethat (x,y)e «*=aUa’Ua”. If (x,y)e
e o’, then x=f(x;, a,x) and y=F(x, b, x,) for some (a,b) e o and x;,x, € A."
Hence (x,y)e o. If (x,y)e o, then x=F(y, ¢,¥,) and y=Ff(y,, d, y,) for some
(c,d)e o’ and Y1, ¥2 € A. According to the foregoing (¢, d) € o, andso (x,y)€ .
Hence, o° < o, therefore o = o. The proof of (f) is finished.

Analogously to the relations o! and G.L, we can prove the following assertions.

Corollary 7 Let (A, f) be a ternary semigroup. For any relation o € B(A),

the relation o.° is lateral compatible with the ternary operation f in rhe ternary
semigroup (A, f).
Theorem 3. Let (A,f) be a ternary semigroup. If o€ B(A), then

B ({ICJE.
Lemma 10. Let (A, f) be a ternary semigroup. If o€ B(A), then
(" = (a)"
Proof. Assume that (x, y)e (0&“)2. Therefore, x=f(c, ¥\,¥2), ¥ =f(d, y1,¥3)

for some (c,d)e o and y;, y, € A. Hence, ¢ =f(x}, x5, a), d =f(x}, x,, b) for
some (a, b)e o and x|, x, € A. Thus,

x = f(f(xx, @), y1, ¥2) = F(xy, %, f(a, y1, ¥2)),

= f(ffxpxz, b), yi, y2) = f(x1, X3, (b, ¥1, ¥2)) -
Put ¢, =f(a, y;, ¥2) and d; =f(b, y,,y,). Hence (c¢|,d;) € o°. Since x =f(x, x,,
c;) and y=f(x|, x5, d,), itfollows that (x, y)e (D:Z)H. Thus (oc“)zc; (cxz)u. Simi-
larly (o)< (o

The lemma is proved.
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Put o*“= ()" and o“*=(")*. From Lemma 10 it follows that

, I
ale = atz‘

Let (A, f) be aternary semigroup. Assume that o€ B(A). Consider the relation
o = alUoUalUa*

Note that EY = Ej4.

Lemma 11. Let (A, f) be a ternary semigroup. Assume that o, B € B(A).
The following conditions are satisfied:

@ ac o

®) (o))" = (@Y;

@ach=ocp;

@) (o) = o;

© (@UBY = o/ UB;

(f) o = o if and only if the relation o is left compatible and right compatible

with the ternary operation f in the ternary semigroup (A, f).
Proof. The proof of the condition (a) is evident.

(b) Taking advantage of Lemma 2 (a) and Lemma 4 (a) we get (oc"zjul =

u,z, 1 u, z nz

=((0))” = (@)™ = (@™ = (@™
' (et = (eUoa"U U™ =
= a U )7 U U@
= o™ U(a™) U™ U@™h"

. Therefore,

I

= (a'l)j.

(¢) Assume that oo < B. In view of Lemma 2 (b) and Lemma 4 (b) we obtain o
cp’, Fc B, ac B Since oUa"U a*U o'*c BUB‘UB*U B“% it fol-
lows that of c [3]

(d) Taking into account Lemmas 2, 4 and 10, we have 0 s e a'® (o'
uz Z.UZ uz (auz)uz Hz

, () "ca c o . Thus,
@y = (@Ue*UofU oy =

= (aUauUazUauz) U (O:Ua“UD‘.ZUOL“z)H U

c auz’ (an)uz ca

Hz

U (eUoUefUa™® U (aUo"Uo*Ua™)
= (aUaUafUa™) U (@“Ua™Uo®™U (%) U
U (fUa*Ua®U (o U
U (0“U (U (65U (")) =
= aUo*UcfUa™ = o,
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(e) According to Lemma 2 (d) and Lemma 4 (d), we get (o lJ [3.) Y=ot BH, (o
U [3)" =) Bz, (U {3)“: o2y ﬁr:§ Therefore,

(@UBY = (UB)U(aUB)"U@UB)*U(aUp)*=
= (@UB)U(o"UB" U (of UPH U (o U™ =
= (aUa'UafUa') U (BUB“UBUB"Y =
= dup |
(f) Assume that o = o). Since o = ol o*U o U o*? it follows that o < «,

! !
o“co, a*co Thus oo =alUa’ ca, o =ala® c o, andso c=a and

o.=o. Therefore, by Lemma 3 (f) and Lemma 5 (f), the relation o is left compatible
and right compatible with the ternary operation f in the ternary semigroup (4, f).
Conversely, if the relation o is left compatible and right compatible with the
ternary operation f, then o = o and o =0 by Lemma 3 (f) and Lemma 5 (f).
Since oo = o U o”, o =a U o, it follows that o < o and o — o. Note that
o= (aUof)'=a"Uc® thus o' ¢ .o ¢ o Therefore, o’ = aUa"U a*U

Ua“? < a. Hence o = o.
The lemma is proved.
An immediate consequence of Lemma 11 (d), (€) is the following corollary.

Corollary 8 Let (A, f) be a ternary semigroup. For any relation o € B(A)

the relation o is left compatible and right compatible with the ternary ope;atwn i
in the ternary semigroup (A, f). .

Theorem 4. Let (A,f) be a ternary semigroup. If o€ E(A), then

of = (o)E.

Proof. Nole that o < (D:-‘I)E, ‘We know that

(e = J(od U @) UE,)"
n=l
Put § = a"‘_U(orf)_1 UE,. Hence (Otj)E = | ;[3“. By Lemma 11 (b), (e), B =
=a/U(a™ )‘f U E;:: =.(0£ Ua?UE,4 )J: In view of Corollary 8, the relation is left
compatible and right compatible with the ternary operation f. By Corollary 3, the
relation Bn, for every ne N, is left compatible and right compatible with the ternary
operation f. Note that (o) & C;(A). Indeed, if (a,b) € (o/)”, then (a,b)e B"
for some n e N. Thus, (f(x}, %, @), f(x), X5, b)) € B", (F(a, x1, %), F(b, X1, %3)) €
e B", thatls (f(x, x, @), (3, %, b)) € (&))", (F(a, %1, %), £ (B, %1, 5)) € (o)”
for all x|, x, € A. Therefore, (a_;)g € C)(A) and (Otj)E e C(A). According to Co-
rollary 2, (Otj)Ee C}(A). Assume that YeE CJ-(A) and oo y. Thus, ye C,(A) and
ve C.(A). From the conditions (c) and (f) in Lemma 11 it follows that o’ c v/ = 7.

Since ye E(A), it follows that (oHE gy Thus o “(cx*')
The theorem is proved.
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Lemma 12. Let (A, f) be a ternary semigroup. If o€ E(A), then

Proof.- Assume that (x,y)e o, Therefore, x=F(y;, ¥3, ¢), ¥ =Ff(V Y2, d) for
some (c¢,d)e of and Y. ¥2 € A. Thus, ¢ =f(a, x,x,), d=f(b, x,x;) for some
(a,b) e a and x, x, € A. Hence, we get x =f(yy, ¥3,f(a, x1, %)) =f (1, f (¥, @, X1),
%) and y=f(yy, Y2, £ (b, 1, %)) = f (1, f (s by x1), X%3). Put ¢; = f(yp, @, x1), dy =
=f(y2 b, %1). Clearly, (¢, dy)e o', Smcc x=f(y. ¢y, xz) and y=f(y, dy, %), it
follows that (x,y)e o Consequcntly a“c o’

Conversely, assume that (x,y)e o”. Thercforc, x=fyn e ¥2), y=r(y, d, y3)
for some (¢, d) e o’ and Y, Y2 € A. Thus, c=f(x, a,x,), d=f(x;, b, x,) for some
(a,b) e o and x|, x, € A. Hence, we get x=F(y, f(x}, a, x3), ¥2) = f(y1, x1. F(a, xq,
¥2)) and y =f(y, f(x1, b, %), y2) = (01, X1, f (b, X3, ¥2))- Put ¢y =f(a, x5, ¥2), d; =
=f(b, x5, y;). Clearly, (Cl, dlj € o, Since x=f(yy, X, CI) and y=f(y;, %1, 4d;), it
follows that (x,y)e (aof ) =o " . Consequently o < o”

The lemma is proved.

An immediate consequence of the defmltxon of the relation o and Lemma 12 is
the following corollary.

Corollary 9. Let (A,f) be aternary semigroup. If o€ B(A), then

of = alUa*UcfUa”.

Lemma 13. Let (A,f) bea Iemﬁry semigroup. If o€ B(A), then

@ ()" < o’

®) ()" = (a")".

Proof. (a) Assume that (x, y)e ()", Therefore, x=f(ynye.c) ¥y=F01n Y2
d) forsome (c,d)e o and y;, y, € A. Thus, c= f(x, a, %), d = f(x, b, x,) for
some (a‘ b) € a'nd xl: -xl € A Hc'ﬂce x:f(f(ylr }’2: xl)u da, x?,)l Y =f(f(y]l yZ:
x1), b, %), andso (x,y)e o’.

(b) Assume that (x, y)e (0’.")". Therefore, x= f(y,, ¥2.¢), ¥ = f(y1, ¥z, d) for
some (c¢,d)e o’ and Y Y2 € A. Thus, ¢ =f(x, a,x;), d=f(xy, b, x,) for some
(CL, b) € o and xl: X2 € A' Hﬂnca, we get x=f(}’1: yZSf(x],! a, xz)) ”f()’l:f(yz,
xj_) a)! xz) 3nd Yy =f(yl) yZ:f(xlI b) x?.)) =f(yllf(y2J X1 b): xZ) Put P =f()’2» xl} a)!
q:f(yZI xl} b)' Cleaﬂ)’s (P: Q)E cx’“' Since x:f(yli P: x?.) and y =f(yl’ Q’ x2)1 lt
follows that (x,y)e (o)’ Consequently (o) < ()"

Conversely, assume that (x, y)e (o) ’. Therefore, x =f(y, e, ), ¥y =fd,
y,) for some (c,d)e o and y;, y, € A. Thus, c=f(x, x5, @), d= f(x;, X5, b) for
some (a, b) e o and x|, x; € A. Hence, we get x=f(yy, f(x), X9, @), y2) = f (¥}, X1,
f(x’_?.: a, )’2)) and Yy =f(yl:f(xl: x2= b): yZ) =f(yla xl:f(x23 b, YZ))' PUt P =f(x2: a,
y?,): q=f(x2: b: )’2)- Clea‘rly: (pi Q)E au' Since x:f(yh'xi,P) and J’=f(3’1.xl, Q):

it follows that (x, y)e (a”)". Consequently (o)’ < ()"
The lemma is proved.
A closely analogous argument leads to the following lemma.

Lemma 14. Let (A, f) be a ternary semigroup. If o.€ B(A), then
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@ (o) ¢ o;
®) ()" = ()"
Lemma 15. Let (A, f) be a ternary semigroup. If o€ B(A), then
@ (@9 < o”;
C®) (@) = ()"
Proof. (a) Assume that (x,y)e (o*)”. Therefore, x=f(zy, €1, 22), ¥ =f(zy, dy,
z,) forsome (c|,d;) e '(05”)” and zj, zp € A. Thus, ¢y =f(yy, ¢, ¥2), d1 =f(y1. d,

y5) for some (¢, d)e o and y;, y, € A. Hence, ¢ =f(x}, X5, a), d =f(x;, x5, b)
for some (a,b)e o and xj, x, € A. As an immediate consequence of the above
results we get:

x=f(21=f(}’1:f(x1= X3, a),)’z)n Zz) =f(f(zll )’i,xl)-f(fq,, a, J’z): ZZ)!
y=Ff(zy, f(y, f(x1, X3, b), ¥2), 22) =F(f (21, ¥1, X 1), F (%, b, ¥2), 22) -

Put ¢y =f(xy, @, ¥;), dy =f(x,, b, y,). Clearly, (¢,,dy) € o’. Since x =f(f(z1, Y1,
x1), €2, 22), ¥ =F(F(z1, ¥1, %), da, 25), it follows that (x,y)e o. Hence ()" <
ca” :

(b) Assume that (x,y)e (oc")w. From the results obtained in the proof of (a), we .

E‘ft x=f(z, f(3, F(x), %3, @), ¥2), 22) and y=f(z, f(y), F(x1, x5, b), ¥3), 22). Note
that

x=f(zy, y1.f(x), F(x2, @, ¥2). 23)),
y=f(z1, 1. f(x1, F (33, b, ¥3), 23))
for some (a, b) € o and x|, x5, y|, Y2, 2|, 23 € A. Put cy=f (x5, @, y;5), dy = f(xq,
b,y,). Hence, (cp, dy) € o’ Set c3=f(x, €3, 25), d3 =f(x}, dy, z,). Hence, (¢,
dy)e o, Since x =f(z;, ¥, €3), ¥ =F(2, y1,d3), it follows that (x,y)e (o)™
Then (o) < (o))" '
Conversely, assume that (x,y)e (o*)". Therefore, x=£(zy, 22, ¢1), ¥ =f (21, 22,
d,) forsome (¢, d;)e o” and z, z, € A. Thus, cr=f0p ey d =f(, d, y2)

for some (c, d)e€ o’ and ¥, ¥2 € A. Hence, ¢=f(x,a,x,), d=Ff(x, b, xy) for
some (a, b) e o and x;, x, € A. As an immediate consequence of the above results,
we getl:

x=f(z1’ ZZ’f(yl:f(xIJ a, xQ,)t }JQ)) :f(21;f(12>f(y1, X1 ﬂ), xﬂ): y?,);
y=f(z1, 20, fO1. F 1o by %2)s ¥2)) = F (21, F (22, F (1 X1, £), X2), 2) -
Put ¢y =f(yy, *1, @), dy =f(y, X, b). Clearly, (cy, dy) € &". Set c3 = f(z3, €3, X3), -
dy =f(2,, da, x,). Hence, (c3,d3) & (a*)’. Since x=F(z), €3, ¥2)» ¥ =F(z1, d3, ¥2),
it follows that (x, y)e (a)”. Then (o*) < ().
Lemma 16. Let (A, f) be a ternary semigroup. If o.€ B(A), then
(@ (@9)" < o”;
() ()" = ()"

The proof of this lemma is similar to the proof of Lemma 15.
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Lemma 17. Let (A, f) be a ternary semigroup. If o€ B(A), then
(o) = (@) = aUc*UctUo’Ua”.
Proof. In view of Lemmas 2, 4, 8 and Corollary 9 we get:
(Y = (@Uo’Uay =
= (aUe’Ua”)U(aUa’Ua”)*U(aUa’Ue”)*U(aUo’Ua™)”
= (@Uo®Ua™)U(e*U (0" U(a®) U
U (2 U (0*)*U (o)) U (o* U (o) U(a)™).

From Lemmas 6, 8, 13 — 16 it follows that (o) = o U o*U o U o U o,
Lemmas 7 (d), 8 (d) and Corollary 9 imply that

(e = (aUa"UofUa®) =
= (ozch"Ua Ua" U eUa"Ua*Ua®)’UeUa*UafUa”)”
= (aUa"UefUa”)U (U (@)’ U @)U (e™)HU
U (o” U (o)™ Ua®)™ U (o)™,
FromLcmmasG 8, 13 — 16 it follows that (Ot") =alUa'UcfUa’Ue”.
Therefore, (ot )"“ COR
The lemma is proved.
Let (A,f) be aternary semigroup. Assume that o B(A)
Put
ak = (ofy.
in view of Lemma 17,

of=alUad"'Uc*Ua’Ua”.

Note that Ek = Ey4.

Lemma18. Let (A, f) be a ternary semigroup. Assume that o, B, e B(A)
The following conditions are satisfied:

(a) o' ok

fb)'(a')- = (o )
© ach = ot ;[3;
@ (oM = o

© (@UB)* = afUBY
(D o = ok ifand only if the relation o is left compartble right compat:ble and
lateral compatible with the ternary operation f in the ternary semigroup (A, f).

Proof. In view of Lemmas 9, 11, and 17 it is easy to prove the assertions (a) — (e).

() Suppose that o= of, Thus o= (a) =(aUa’U o)y = o U (e®) U (™.
Hence, of c o, and so of = a. Moreover, o= (o'.j )'r = 0. According to Lemmas 9
(f) and 11 (f), the relation o is left compauble right compatible and lateral compatible

with the ternary operation f.
Conversely, if the relation o isleft compatible, right compatible and lateral com-
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patible with the ternary operation f, then of =0 and o= a by Lemmas 9 ('f), 11 (f) .
and so of = () = o

In view of Lemma 18 (d), (f) we obtain the following corollary.

Corollary 10. Let (A,f) be a ternary semigroup. For any relation o € B(A),

the relation o is left compatible, right compatible and lateral compatible with the
ternary operation f in the ternary semigroup (A, f).
Theorem 5. Let (A, f) be a ternary semigroup. If o€ B(A), then

| K _ ( ock) E
We can prove this theorem similarly to Theorem 4.
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