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The exactness analysis of recurrent methods of calculation of ordinary and modified two-dimensional
discrete Fourier and Hartley transforms for skipping and sliding fragments of images on two and one
measuring in floating point arithmetic is executed. Analytical expressions for determination of root-
mean-squares value of errors of calculation of transforms are obtained, on the basis of which the
comparative analysis of exactness of recurrent methods of calculation is executed.
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1 1 2 2

1 2
1 1 2 0 1 2 1 1 2( , ) ( , ) ( , )

M k M k
N Nì ìF k k F k k F k k W , (2)

1 1 2( , )F k k , 1 1 2( , )ìF k k 0 1 2( , )F k k , 0 1 2( , )ìF k k  – 
 ( )  ( ) -

1 2( , )x n n 1 2N N , im

i , 1,2i ; iM -

i ; exp( 2 )W j , 1j ;

1 1 2 2 1 1 2 2
1 2 1 2

1 2 1 2

1 2 1 2 2

1 1 2 2
1 2

1 2

1 1 2

1 1 1 1

1 1 2 1 1 2 2 1 2
0 0 0

1 1

3 1 2
0

( , ) ( , ) ( , )

( , ) ,

n k n k n k n k
m m m N

N N N N

n n n n m

n k n k
N m

N N

n m n

F k k x n n W x n n W

x n n W

1 1 2 1 1 1 2 2 2 1 1 2 2( , ) ( , ) ( , )x n n x N n M N n M x n M n M ;

2 1 2 1 1 1 2 2 1 1 2 2( , ) ( , ) ( , )x n n x N n M n M x n M n M ;

3 1 2 1 1 2 2 2 1 1 2 2( , ) ( , ) ( , )x n n x n M N n M x n M n M .

-
 [1]:

1 1 2 0 1 2 1 1 2 1 1 1 2 2 2

0 1 2 1 1 2 1 1 1 2 2 2

( , ) [ ( , ) ( , )] cos(2 ( / / ))
[ ( , ) ( , )] sin(2 ( / / )) ,

H k k H k k H k k m k N m k N
H k k H k k m k N m k N

(3)

1 1 2 0 1 2 1 1 2 1 1 1 2 2 2

1 1 2 1 1 1 2 2 2

( , ) ( , ) ( , ) cos(2 ( / / ))
( , ) sin(2 ( / / )),

ì ìH k k H k k H k k M k N M k N
H k k M k N M k N

(4)

1 1 2( , )H k k , 1 1 2( , )ìH k k 0 1 2( , )H k k , 0 1 2( , )ìH k k  – 
 ( )  ( ) ;

1 2

1 2

1 2

1 2 2

1 2

1 1 2

1 1

1 1 2 1 1 2 1 1 1 2 2 2
0 0

1 1

2 1 2 1 1 1 2 2 2
0

1 1

3 1 2 1 1 1 2 2 2
0

( , ) ( , ) cas(2 ( / / ))

( , ) cas(2 ( / / ))

( , ) cas(2 ( / / )) ,

m m

n n
m N

n n m

N m

n m n

H k k x n n n k N n k N

x n n n k N n k N

x n n n k N n k N

cas( ) cos( ) sin( )X X X .

 (1)–(4) m1 =  0  M1 =  0  W, cos  sin. 

 (1)–(4) m1 = m2 = 1.
:
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1 1 1 2 2 22 ( / / )A m k N m k N ;

1 1 1 2 2 22 ( / / )B n k N n k N ; 1 1 1 2 2 22 ( / / )C M k N M k N .

-
.  (Re)  (Im) 

(1) x(n1, n2) :

1 1 2 0 1 2 1 1 2

0 1 2 1 1 2

Re ( , ) [Re ( , ) Re ( , )] cos( )
[Im ( , ) Im ( , )] sin( ) ,

F k k F k k F k k A
F k k F k k A

(5)

1 1 2 0 1 2 1 1 2

0 1 2 1 1 2

Im ( , ) [Re ( , ) Re ( , )] sin( )
[Im ( , ) Im ( , )] cos( ) ,

F k k F k k F k k A
F k k F k k A

(6)

1 2 1 2

1 2 1 2 2

1 2

1 1 2

1 1 1 1

1 1 2 1 1 2 2 1 2
0 0 0

1 1

3 1 2
0

Re ( , ) ( , ) cos( ) ( , ) cos( )

( , ) cos( ) ,

m m m N

n n n n m

N m

n m n

F k k x n n B x n n B

x n n B

1 2 1 2

1 2 1 2 2

1 2

1 1 2

1 1 1 1

1 1 2 1 1 2 2 1 2
0 0 0

1 1

3 1 2
0

Im ( , ) ( , ) ( sin( )) ( , ) ( sin( ))

( , ) ( sin( )) .

m m m N

n n n n m

N m

n m n

F k k x n n B x n n B

x n n B

X
E(X) = X , -

X, ,  ( ) 
 ( )  (5)  (6), 

-
:

3 1 11 1 2 1 1 2 0 1 2 1 1 2(Re ( , )) Re ( , ) [Re ( , ) Re ( , )] cos( ) ( )E F k k F k k F k k F k k A

2 20 1 2 1 1 2 0 1 2[Im ( , ) Im ( , )] sin( ) ( ) (Re ( , ))F k k F k k A E F k k

1 1 2 0 1 2 1 1 2(Re ( , )) cos( ) [ (Im ( , )) (Im ( , ))] sin( )E F k k A E F k k E F k k A , (7)

6 4 31 1 2 1 1 2 0 1 2 1 1 2(Im ( , )) Im ( , ) [Re ( , ) Re ( , )] sin( ) ( )E F k k F k k F k k F k k A

5 40 1 2 1 1 2 0 1 2[Im ( , ) Im ( , )] cos( ) ( ) (Re ( , ))F k k F k k A E F k k

1 1 2 0 1 2 1 1 2(Re ( , )) sin( ) [ (Im ( , )) (Im ( , ))] cos( )E F k k A E F k k E F k k A , (8)

1 2

7 5, ,1 2 1 2
1 2

1 1

1 1 2 1 1 2 1 2
0 0

(Re ( , )) ( , ) cos( )
n n n n

m m

n n
E F k k x n n B t t

1 2 1 2

8, 11 14 9 ,1 2
1 2 1 2 2

1 2 2

1 1 1

3 2 1 2 1
1, 0 0

( ) ( , ) cos( )
l n n

m m m N

n n n n ml n m n

t x n n B t



ISSN 0474-8662. . 2009. . 30 (106) 65

1 2 2 1 2

6 10 11 14,1 2
1 2 2 1 1 2

1 2 2 2 2

( ) 1 1 1

3 3 1 2
1, 0, 0

( ) ,

( ) ( , ) cos( )
n n l

m N m N m

n n m n m nl n N m n m

t x n n B

1 1 2

12 7 13 14, ,1 2 1 2
1 1 2

1 1 2 2

( ) 1

1 3
1, , 0
( ) ,

n n n n l

N m m

n m nl n m m n

t t ,

1 2

15 8, ,1 2 1 2
1 2

1 1

1 1 2 1 1 2 1 2
0 0

(Im ( , )) ( , ) ( sin( ))
n n n n

m m

n n
E F k k x n n B t t

1 2 1 2

16 19 22 17 ,1 2
1 2 1 2 2

1 2 2

1 1 1

3 2 1 2 1
1, 0 0

( ) ( , ) ( sin( ))
l n n

m m m N

n n n n ml n m n

t x n n B t

1 2 2 1 2

9 18 19 22,1 2
1 2 2 1 1 2

1 2 2 2 2

( ) 1 1 1

3 3 1 2
1, 0, 0

( ) ,

( ) ( , )
n n l

m N m N m

n n m n m nl n N m n m

t x n n

1 1 2

20 10 21 22, ,1 2 1 2
1 1 2

1 1 2 2

( ) 1

1 3
1, , 0
( ) ,

( sin( ))
n n n n l

N m m

n m nl n m m n

B t t ,

1
0,
1,

i i i

i i i

M m N
t

M m N
, 1 2

2
1 2

0, 1
1, 1 1

m m
t

m m
 , 1

3
1

0, 0
1, 0

m
t

m
.

, , -
, ,

, 
-

 ( D ),  (7)  (8):

1 1 2 1 1 2 0 1 2 1 1 2[ (Re ( , ))] [Re ( , )] [ ] ( [Re ( , )] [Re ( , )])äD E F k k D F k k D D F k k D F k k
2 2

0 1 2 1 2 1cos ( ) ( [ ] [ ]) ( [Im ( , )] [Im ( , ) ]) sin ( )ä ìA D D D F k k D F k k A
2

0 1 2 1 1 2( [ ] [ ]) ( [ (Re ( , ))] [ (Re ( , ))]) cos ( )ä ìD D D E F k k D E F k k A
2

0 1 2 1 1 2( [ (Im ( , ))] [ (Im ( , ))]) sin ( )D E F k k D E F k k A , (9)

1 1 2 1 1 2 0 1 2 1 1 2[ (Im ( , ))] [Im ( , )] [ ] ( [Re ( , )] [Re ( , )])äD E F k k D F k k D D F k k D F k k
2 2

0 1 2 1 1 2sin ( ) ( [ ] [ ]) ( [Im ( , )] [Im ( , )]) cos ( )A D D D F k k D F k k A
2

0 1 2 1 1 2( [ ] [ ]) ( [ (Re ( , ))] [ (Re ( , ))]) sin ( )D D D E F k k D E F k k A
2

0 1 2 1 1 2( [ (Im ( , ))] [ (Im ( , ))]) cos ( )D E F k k D E F k k A , (10)

1 2

1 2

1 1
2

1 1 2 1 2 1 3 2
0 0

[ (Re ( , ))] [ ( , )] (( 2 ) [ ] [ ]) cos ( )
m m

n n
D E F k k D x n n t t D t D B
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1 2 1 2 1 2

1 21 2 1 2 2
1 2 2

1 1 1 1 1
2 2

1 3
1, 00 0 0

[ ] cos ( ) (( 2 ) [ ] [ ]) cos ( )
m m m m m N

n nn n n n ml n m n

D B t t D D B

1 2 1 2 2

1 2 21 2 2
1 2 2 2 2

1 2 1 2 1 1 2

1 1 21 1 2 1 1 2
1 1 2 2

1 1 ( ) 1
2

1 3
1, 0,0

( ) ,

1 1 1 ( ) 1
2 2

1, , 00 0
( ) ,

[ ] cos ( ) (( ) [ ]

[ ]) cos ( ) cos ( )

m N m N m

n n mn n m l n N m n m

N m N m N m m

n m nn m n n m n l n m m n

D B t t D

D B D B
1

,

1 2

1 2

1 1
2

1 1 2 1 2 1 3 2
0 0

[ (Im ( , ))] [ ( , )] (( 2 ) [ ] [ ]) sin ( )
m m

n n
D E F k k D x n n t t D t D B

1 2 1 2 1 2

1 21 2 1 2 2
1 2 2

1 1 1 1 1
2 2

1 3
1, 00 0 0

[ ] sin ( ) (( 2 ) [ ] [ ]) sin ( )
m m m m m N

n nn n n n ml n m n

D B t t D D B

1 2 1 2 2

1 2 21 2 2
1 2 2 2 2

1 1 ( ) 1
2

1 3
1, 0,0

( ) ,

[ ] sin ( ) (( ) [ ]
m N m N m

n n mn n m l n N m n m

D B t t D

1 2 1 2 1 1 2

1 1 21 1 2 1 1 2
1 1 2 2

1 1 1 1 ( ) 1
2 2

1, , 00 0
( ) ,

[ ]) sin ( ) [ ] sin ( )
N m N m N m m

n m nn m n n m n l n m m n

D B D B .

 (9)  (10), 

1 1 2 1 1 2 1 1 2

1 1 2 1 1 2 0 1 2

[ ( ( , ))] [ (Re ( , ))] [ (Im ( , ))]
(2 [ ] [ ]) [ ( , )] [ ( ( , ))] [ ( ( , ))] ,

D E F k k D E F k k D E F k k
D D D F k k D E F k k D E F k k

(11)

2
1 2 1 2

1 1 2 1 2 1 2 1 3 2
( )[ ( ( , ))] [ ( , )] (( 2 ) [ ] [ ])

2
m m m mD E F k k D x n n m m t t D t D

2
1 2 2 1 2 2

1 2 2 1 3
( ( )) ( )[ ] ( ) (( 2 ) [ ] [ ])

2
m N m m N mD m N m t t D D

2 1 1 1 3
2

2 1 1 2 1 1
1 2 1

[ ] ( ) (( ) [ ] [ ])

( ( )) ( )
[ ] ( , ) .

2

D m N m t t D D

m N m m N m
D D x n n K

p -
 (11) , 0 1 2( ( , )) 0E F k k

Mi = 0:

1 2 1 2 1 2
1 1

[ ( ( , ))] (2 [ ] [ ]) [ ( , )] [ ( ( , ))]
p p

p ä ì l l
l l

D E F k k D D D F k k D E F k k . (12)



ISSN 0474-8662. . 2009. . 30 (106) 67

, 1 2 1 2 1 2[ ( , )] [ ( , )]lD F k k N N D x n n 1 2[ ( , )]D x n n

1 22 [ ( , )]D x n n /i il N m ,  (14) :

1 2 1 2 1 1 2[ ( ( , ))] [ (2 [ ] [ ]) 2 ] [ ( , )]p ä ìD E F k k p N N D D K D x n n . (13)

-
1 1 2( , )H k k

1 1 2( , )H k k  (3). 1 1 2( , )H k k

1 1 2( , )H k k  (5)  (6) 
, 

,  (7)–(10), 
1 1 2Re ( , )F k k 1 1 2Im ( , )F k k

1 1 2( , )H k k 1 1 2( , )H k k , 0 1 2Re ( , )F k k 0 1 2Im ( , )F k k

0 1 2( , )H k k 0 1 2( , )H k k , 

1 1 2Re ( , )F k k 1 1 2Im ( , )F k k 1 1 2( , )H k k

1 1 2( , )H k k , cos( )B ( sin( ))B
cas( )B cas( )B . -

:

1 2 1 2 1 2
1

1 2 1 2 1 2
1

[ ( ( , ))] [ ( ( , ))] (2 [ ] [ ]) [ ( , )]

[ ( , )] ( [ ( ( , ))] [ ( ( , ))]) .

p

p p l
l

p

l l l
l

D E H k k D E H k k D D D H k k

D H k k D E H k k D E H k k
 (14)

, 1 2 1 2 1 2[ ( , )] [ ( , )] 2 [ ( , )]l l lD H k k D H k k D F k k

1 2 1 2 1 2[ ( ( , ))] [ ( ( , ))] 2 [ ( ( , ))]l l lD E H k k D E H k k D E F k k /i il N m , 
-

 (13), -

.
-

 (2), 1 2( , )x n n :

1 1 2 0 1 2 1 1 2 1 1 2Re ( , ) Re ( , ) Re ( , ) cos( ) Im ( , ) sin( )ì ìF k k F k k F k k C F k k C , (15)

1 1 2 0 1 2 1 1 2 1 1 2Im ( , ) Im ( , ) Im ( , ) cos( ) Re ( , ) sin( )ì ìF k k F k k F k k C F k k C . (16)

:

2 1 11 1 2 1 1 2 1 1 2(Re ( , )) Re ( , ) Re ( , ) cos( ) ( )ì ì
ä ì äE F k k F k k F k k C

2 11 1 2 0 1 2 1 1 2Im ( , ) sin( ) ( ) (Re ( , )) (Re ( , )) cos( )ì
ì äF k k C E F k k E F k k C

1 1 2(Im ( , )) sin( )E F k k C , (17)

4 3 31 1 2 1 1 2 1 1 2(Im ( , )) Im ( , ) Im ( , ) cos( ) ( )ì ì
ä ì äE F k k F k k F k k C

4 31 1 2 0 1 2 1 1 2Re ( , ) sin( ) ( ) (Im ( , )) (Im ( , )) cos( )ì
ì äF k k C E F k k E F k k C

1 1 2(Re ( , )) sin( )E F k k C . (18)
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 (17)  (18) 
:

2
1 1 2 1 1 2 1 1 2

2
1 1 2 0 1 2

2 2
1 1 2 1 1 2

[ (Re ( , ))] [Re ( , )] [ ] [ [Re ( , )] cos ( )

[Im ( , )] sin ( )] ( [ ] [ ]) [ (Re ( , ))]

[ (Re ( , ))] cos ( ) [ (Im ( , ))] sin ( ) ,

D E F k k D F k k D D F k k C

D F k k C D D D E F k k

D E F k k C D E F k k C

 (19)

2
1 1 2 1 1 2 1 1 2

2
1 1 2 0 1 2

2 2
1 1 2 1 1 2

[ (Im ( , ))] [Im ( , )] [ ] [ [Im ( , )] cos ( )

[Re ( , )] sin ( )] ( [ ] [ ]) [ (Im ( , ))]

[ (Im ( , ))] cos ( ) [ (Re ( , ))] sin ( ) .

D E F k k D F k k D D F k k C

D F k k C D D D E F k k

D E F k k C D E F k k C

 (20)

 (19)  (20), 

1 1 2 1 1 2 1 1 2

1 1 2 1 1 2

1 1 2 0 1 2

[ ( ( , ))] [ (Re ( , ))] [ (Im ( , ))]

[ ( , )] [ ] [ ( , )] ( [ ] [ ])

[ ( ( , ))] [ ( ( , ))] .

ì ì ì

ì
ä ì ä

ì

D E F k k D E F k k D E F k k

D F k k D D F k k D D

D E F k k D E F k k

(21)

p  (21) ,

0 1 2( ( , )) 0ìE F k k 0iM :

1 2 1 2
1

1 2 1 1 2
1 1

[ ( ( , ))] [ ] [ ( , )] ( [ ]

[ ]) [ ( , )] [ ( ( , ))] .

p
ì ì
p ä l ä

l
p p

ì l
l l

D E F k k D D F k k D

D D F k k D E F k k
(22)

1 2[ ( , )]lD F k k 1 2[ ( , )]D x n n , 
, 1 2 1 2 2 1 1 2 1 2[ ( , )] 2( ) [ ( , )]lD F k k m N m N m m D x n n /i iil N m , 

(22) :

1 2 1 2 1 2 2 1 1 2

1 1 2

[ ( ( , ))] [ [ ] 2( )

( [ ] [ ]) 2 ] [ ( , )] .
pD E F k k p N N D m N m N m m

D D K D x n n
(23)

1 1 2( , )ìH k k

1 1 2( , )ìH k k  (4). 1 1 2,ìH k k

1 1 2( , )H k k  (15)  (16) 
, , -

 (17)–(21), 1 1 2Re ( , )F k k 1 1 2Im ( , )F k k

1 1 2( , )H k k 1 1 2( , )H k k ,

0 1 2Re ( , )F k k 0 1 2Im ( , )F k k

0 1 2( , )H k k 0 1 2( , )H k k , 1 1 2Re ( , )F k k 1 1 2Im ( , )F k k

1 1 2( , )H k k 1 1 2( , )H k k . 
:
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1 2 1 2 1 2 1 2
1

[ ( ( , ))] [ ( ( , ))] [ ] ( [ ( , )] [ ( , )])
p

p p l l
l

D E H k k D E H k k D D H k k D H k k

1 2 1 2
1

1 2 1 2
1

( [ ] [ ]) ( [ ( , )] [ ( , )])

( [ ( ( , ))] [ ( ( , ))]) .

p

ì ä l l
l

p

l l
l

D D D H k k D H k k

D E H k k D E H k k
(24)

, 1 2 1 2 1 2[ ( , )] [ ( , )] 2 [ ( , )]ì ì ì
l l lD H k k D H k k D F k k ,

1 2 1 2 1 2[ ( , )] [ ( , )] 2 [ ( , )]l l lD H k k D H k k D F k k 1 2[ ( ( , ))]lD E H k k

1 2 1 2[ ( ( , ))] 2 [ ( ( , ))]l lD E H k k D E F k k i il N m , 
-

 (23), 
.

[ ] [ ] [ ]ì äD D D ,  (13)  (23) :

1 2 1 2 2 1 2[ ( ( , ))] [3 2 ] [ ] [ ( , )]pD E F k k p N N K D D x n n , (25)

1 2 1 2 1 2 2 1 1 2 2 1 2[ ( ( , ))] [( 4( )) 2 ] [ ] [ ( , )]ì
pD E F k k p N N m N m N m m K D D x n n ,(26)

2
1 2

2 1 2 1 3 2 1 2 2 1 3

2 2
1 2 2 2 1 1

2 1 1 1 3

( )1 32 ( ) 2
2 2 2

( ( )) ( ( ))3( ) .
2 2 2

m m
K m m t t t m N m t t

m N m m N m
m N m t t

-
-

 (25)   (26)  i iN m , 1 2N N N 1 2m m m ,  -

2 2
1 2 1 2[ ( ( , ))] (3 ) [ ] [ ( , )]pD E F k k p km N D D x n n , (27)

2 2
1 2 1 2[ ( ( , ))] (1 ) [ ] [ ( , )]ì

pD E F k k p km N D D x n n , (28)

2k 1k
.

 (27)  (28), :
1. 

.
2. 

 5/3–2 
m = 1 m N.

3. 

m  1  2N/5–N/4 m N.
4. 

-
m  1  2N/3–N/2 m N.

-
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