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Peculiarities of interparticle interactions between methanol molecules in the methanol vapor are investigated.
The bare potential is considered as a sum of repulsive, dispersive and electrostatic forces. It is supposed that
H-bond is of electrostatic nature (the irreducible contribution caused by overlapping of electronic shells is
unessential). The dispersive interaction is approximated with London’s formula, the electrostatic interaction
is modelled by a multipole expansion up to dipole-octupole contribution. The multipole moments are assumed
to be equal to their experimental values or to quantum chemical calculations. The repulsion is modelled by
power potential, whose parameters are fitted to the second virial coefficient and to the parameters of dimers.
Along with the bare potential, the averaged potential of interparticle interaction is analyzed. It is shown that the
repulsive potential has an exponent n = 28. The multipole potential, presented in this paper, is scrupulously
compared with the potential known as the OPLS.
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1. Introduction

Construction of a consistent statistical theory of methanol in liquid and vapor phase and water-alcohol
solutions is connected with the problem of correct determination of interparticle interaction potentials.
Molecules of water and alcohols are polyatomic. Therefore, their interparticle potentials depend on the
distance between molecules and their relative orientations.

Various potentials are proposed for the description of interparticle interactions inmethanol: OPLS [1],
TIP [2], PHH3 [3], H1 and H2 [4, 5], coarse-grained model [6–8] and others. It is necessary to note
that the potential OPLS allows one to successfully reproduce the second virial coefficient. However,
the potentials [1–5] are not quite satisfactory since multipole moments corresponding to their effective
charges essentially differ from the ones determined experimentally or with the help of quantum chemistry.
Unfortunately, relevant parameters of these potentials are fitted in order to reproduce some properties of
a liquid methanol. The potential proposed in [6–8] also allows one to reproduce the properties of aqueous
solutions of methanol. However, the physical interpretation of different contributions therein is not always
clear. The same is related to the analytical structure of the potentials. Namely, this circumstance is one
of the reasons urging us to construct more suitable potentials.

Though the main attention in literature is paid to bare potentials, we should note that the thermody-
namic properties of gases and liquids are mainly determined by the averaged potentials. Minor corrections
to the thermodynamic variables are also caused by angular correlations [9]. This is due to continuous ther-
mal rotation of molecules, whose characteristic rotation time is noticeably smaller than that for the mean
free time. Indeed, the characteristic time of the rotation of molecules is τr ∼ 2π

ωr
∼ 2π(I/kBT)1/2, where

I is the moment of inertia of a molecule. Mean free time is estimated according to τf ∼ 1/(
√

2πd2nῡ),
where σ is the effective diameter of a molecule, n is the number density of molecules, ῡ =

√
3kBT/m

is the average velocity of their motion. Inequality τr � τf holds up to the density n � n∗ where
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n∗ ∼ 2 · 1021 cm−3 for methanol. The limiting value of the density n∗ approaches the density in the triple
point n(m) ∼ 1.7 · 1022 cm−3. This testifies to the validity of the ratio τr � τf practically within the whole
interval of vapor states from the triple point to the critical point.

The averaged potential U(r) of intermolecular interaction is defined by the expression∮
Ω1=4π

dΩ1
4π

∮
Ω2=4π

dΩ2
4π

exp [−βΦ (r,Ω1,Ω2)] = exp [−βU (r)] , (1.1)

where Φ (r,Ω1,Ω2) is the bare potential depending on angular variables Ω1 and Ω2, r is the distance
between the centers of mass of molecules, β = 1/kBT . Such a definition of the averaged potential is
genetically connected with the physical requirement: the free energy and the configurational integral cor-
responding to it should not depend on the choice of bare or averaged potentials in the pair approximation.

It should be stressed that the analysis of thermodynamic properties of liquids, in particular inmethanol
and aqueous solutions of methanol, should be based on the properties of the averaged potentials. In this
case, we are able to make use of the similarity principle allowing us to establish the related properties of
different alcohols and their aqueous solutions.

The aim of the present work is: 1) to construct a simple bare potential for methanol, all terms of
which are of clear physical nature. We assume that such a potential can be identified with a multipole
expansion including the multipole moments determined experimentally or by using quantum chemistry
methods; 2) to construct the averaged interaction potential; 3) to reproduce the temperature dependence
of the second virial coefficient and properties of dimers as well as the critical temperature.

2. Bare potential of the interparticle interaction in methanol

The potential of interparticle interaction Φ in methanol vapor has the following structure

Φ = ΦR + ΦD + ΦE , (2.1)

where ΦR is the repulsive potential, ΦD is the term describing the dispersive interactions, ΦE is the
energy of the electrostatic interaction. H-bonds are considered as a sum of electrostatic interaction and
an irreducible one caused by exchange effects arising due to the overlapping of the electronic shells of
molecules.

It was shown in many works [10–15] that H-bond in water is mainly of electrostatic nature. The
irreducible part of H-bond, caused by the overlapping of electron shells and corresponding exchange
effects, does not exceed 10−15% [14]. Its contribution to thermodynamic potentials can be taken into
account by the perturbation theory. The physical nature of H-bonds in methanol is close to that in water
(the characteristic distances between oxygens and hydrogens are practically the same). Therefore, we
conclude that the irreducible non-electrostatic part of H-bonding in methanol and aqueous solutions of
methanol should be relatively small.

To describe the electrostatic interaction betweenmethanol molecules, we use themultipole expansion.
This potential will be referred to as the multipole potential (MP).

a) Repulsion and dispersive interaction

The dispersive interaction will be modelled by the expression

ΦD(r) = −
AD

r6 , (2.2)

in which r is the distance between the centers of mass of methanol molecules, the value of the coefficient
AD is estimated by London’s approximation AD = 3/4Iα2, where I is the ionization potential, α is the
electronic polarizability. For methanol molecule α = 3.2 Å3 [16], I = 10.85 eV [16], ÃD = 2.864. Here,
ÃD = AD/kBTc[r

(m)
OO ]

6, Tc = 512.6 K is the critical temperature of methanol [17], r (m)OO = 2.95 Å is the
distance between oxygens in methanol dimer according to the calculations in 6-31G* basis [18].
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The potential of the intermolecular repulsion is modelled by the power potential

ΦR(r) =
AR
rn

. (2.3)

The parameters of this potential are chosen from the following conditions: 1) reproduction of the tempera-
ture dependence of the second virial coefficient, and 2) reproduction of the dimer equilibrium parameters
of methanol. Here, r is the distance between the centers of mass of the methanol molecules. A reduced
value of AR is defined by the expression ÃR(n) = AR/kBTc[r

(m)
OO ]

n, reduced distance: r̃ = r/r (m)OO .

b) Modelling electrostatic interaction by the multipole expansion

In the multipole expansion of the electrostatic interaction energy, we will consider all contributions
up to a dipole-octupole interaction ΦDO:

ΦE = ΦDD + ΦDQ + ΦQQ + ΦDO . (2.4)

The explicit form of these terms is shown in [15]. Multipole moments, that correspond to the location of
the effective charges in such potentials as TIP [2], OPLS [1], and others are much different from those
obtained experimentally or by using quantum chemistry methods (see tables 1–3). In our calculations, we
will use the multipole moments from [19] and [20]. The components of multipole moments are calculated
in the molecular coordinate system (MCS), shown in figure 1. The origin of MSC is located at the center
of mass (CM) of the molecule, and the mutual arrangement of atoms corresponds to [21].

Note that close to the minimum, the behavior of a bare interparticle potential cannot be described
in the framework of model potentials including a small number of point-like charges or multipole
moments. Therefore, the depth of a potential well cannot be determined with the help of model po-
tentials. For this purpose, we make use of the ground state energy and dipole moment of a dimer. In
this connection we note that the multipole expansion quite satisfactorily approximate the electrostatic
interaction between molecules up to distances r > 1.1rmin , where rmin is the minimum position. For
these distances, the energies of multipole contributions to the total potential satisfy the inequalities:

Table 1. Components of the dipole moment of an isolated molecule of methanol.

d, D dx , D dy , D dz , D
Shtark effect, [19] 1.69 −0.885 1.44 0

OPLS, [1] 2.22 −1.19 1.87 0

Table 2. Components of the quadrupole moment of an isolated molecule of methanol.

Qxx , D · Å Qyy , D · Å Qzz , D · Å Qxy , D · Å
Quant. chem., [20] −0.2393 1.5419 −1.3026 3.1487

OPLS, [1] 0.426 0.965 −1.391 2.745

Table 3. Components of the octupole moment of the isolated molecule of methanol.

Oxxx , Oxyy , Oxzz , Oxxy , Oxyy , Oxyz ,
D · Å2 D · Å2 D · Å2 D · Å2 D · Å2 D · Å2

Quant. chem., [20] −0.152 2.8 −2.648 3.214 −2.765 −0.449
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Figure 1. Axes directions of MCS for methanol molecule (all atoms, except 5 and 6, are located in the
plane of the picture).

Table 4. A comparative characteristic of the methanol dimer.

r̃OO θ, ◦ Ẽ d, D dD, D
STO-3G (see [18]) 0.929 48 −5.47 1.51 2.9
4-31G (see [18]) 0.956 28 −7.91 2.36 4.16
6-31G* (see [18]) 1.0 48 −5.56 1.94 3.02

OPLS [1] 0.925 22 −6.67 2.22 3.6
MP 0.903 10.5 −5.85 1.69 2.92

|ΦDO | < (�) |ΦQQ | < (�) |ΦDQ | < (�) |ΦDD |. This is the condition for the applicability of multipole
expansion. Some additional details can be found in [14] and [22].

c) Description of the methanol dimer and the second virial coefficient of methanol vapor

As it follows from our consideration, the parameters AR, n remain undetermined. To determine these
values we will use the energy of the ground state of the dimer, its dipole moment and the temperature
dependence of the second virial coefficient. The characteristics of the dimer from different sources are
presented in table 4. The relative positioning of methanol molecules corresponding to the considered
dimer configuration is presented in figure 2.

The values of AR for different n are determined by the least squares method for reproduction of
temperature dependence of the second virial coefficient. The obtained values of AR at various exponents n,
as well as the main characteristics of the dimer, are placed in table 5. Here, r̃c.m. = rc.m./r

(m)
OO is the distance

between the centers of mass of molecules, r̃OO = rOO/r
(m)
OO is the distance between oxygens, Ẽ = E/kBTc

is the energy of the dimer ground state.
The best consent of the obtained distance between oxygens of methanol molecules with value of

6-31G* is reached at exponent n = 28 in the repulsion potential (2.3).

Figure 2. The relative position of molecules in the methanol dimer.
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Table 5. Characteristics of the methanol dimer at various exponents n.

n 12 18 24 28
ÃR (n) 8.78 16.1 34.56 59.46
r̃OO 0.823 0.875 0.895 0.902
r̃c.m. 1.078 1.122 1.146 1.153
θ, ◦ 10.2 10.4 10.5 10.5
Ẽ 5.87 5.84 5.83 5.85

dD, D 2.92 2.92 2.92 2.92

3. Averaged interaction potential of molecules of a methanol

In this section, the numerical values of the averaged potential received by equation (1.1) will be
approximated with the analytical expression. First of all, it is considered that the distant tail of the
potential is caused by the dipole-dipole interaction. At smaller distances, the terms caused by a dipole-
quadrupole and a quadrupole-quadrupole interaction will also be considered. According to the above, the
potential of the averaged intermolecular interaction is approximated by the expression:

U(r) = α
[
α28

(σ
r

)28
−

(σ
r

)6
− α8

(σ
r

)8
− α10

(σ
r

)10
]
. (3.1)

The value of the combination αα28σ
28/kBTc[r

(m)
OO ]

28 = 59.46 is the same as for the bare potential since
the repulsion is described by the contribution which does not depend on angular variables. The distant
asymptotic of the attraction potential corresponds to the dispersion and the dipole-dipole interactions.
The value of the combination ασ6 is calculated for the distant tail of the averaged potential (1.1) and the
values of α are placed in table 6. The values of coefficients α8, α10, are selected so that 1) they satisfy
a ratio 1 > α8 > α10 > 0 and 2) they approximate the behavior of the averaged potential. The specified
inequality ensures the convergence of the asymptotic multipolar series for the averaged potential. The
obtained values of coefficients are shown in table 6. The values of parameterσ correspond to the distances
at which the averaged potential equals zero. Here, T̃ = T/Tc.

The approximation of the averaged potential by expression (3.1) is shown in figure 3.

Table 6. Values of parameters for (3.1) at various T̃ .

T̃ σ̃ α α28 α8 α10 Ũmin

0.63 1.088 4.52 2.35 0.692 0.686 −2.57
0.728 1.092 4.29 2.25 0.616 0.616 −2.28
0.825 1.096 4.08 2.123 0.548 0.548 −2.06
0.923 1.099 3.91 2.007 0.492 0.492 −1.87

4. Comparative characteristics of the MP and OPLS

Let us compare the properties of the MP (2.1) with those for the OPLS and quantum chemical
calculations. For this purpose, we consider the characteristics of an isolated dimer, asymptotical behavior
of the averaged potential, temperature dependence of the second virial coefficient and estimates for the
critical temperature of methanol.
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Figure 3. Averaged potential of the intermolecular interaction at T̃ = 0.63. Points are numerical values,
the curve is their approximation.

This comparison cannot be quite correct since parameters of the OPLS are fitted to reproduce some
properties of the liquid phase. In our case, the interaction of isolated methanol molecules is considered.

4.1. Dimer characteristics

To the most important characteristics of a dimer we relate: dipole moment of an isolated methanol
molecule d, dipole moment of methanol dimer dD, dimer ground state energy E , the distance between
oxygens rOO. Their numerical values obtained with the help of the MP and OPLS as well as calculated
by quantum chemical method in [18] are presented in table 4. Note that different modifications of the
Hartree-Fock method (different bases) are used in [18].

The value of the dipole moment and the ground state energy are the most important characteristics
of a dimer. Thereto, they both are better reproduced with the help of the MP. Indeed, the dipole moment
of an isolated molecule, following from the OPLS, exceeds its experimental value (d = 1.69 D) by
more than 30%. Similarly, the dimer dipole moment more than two times exceeds the one for an isolated
molecule. At the same time, the dipole moment of an isolated molecule within the MP coincides with its
experimental value and the determined value of the dimer dipole moment is close to that obtained with
the help of quantum-chemical calculations.

It is important that the so-called “H-bond”, connecting two methanol molecules into dimer, is formed
by the same groups of atoms as in water. Parameters of these H-bonds are also close. Therefore, we expect
that the ground state energy for methanol dimer should be close to that for water dimer (Ẽ = 5.1−5.3).
This assumption is confirmed by the 6-31G* calculation. The MP leads to a close result while the OPLS
yields a much greater value.

4.2. Asymptotical behavior of averaged potentials

Let us compare the averaged potentials of the electrostatic interaction in the multipole approximation.
The averaged potential of the multipole interaction is determined by the expression [22]:

Ũel = −
1
T̃

(
Ã6

r̃6 +
Ã8

r̃8 +
Ã10

r̃10

)
, (4.1)

where Ã6 =
2
3
(d2)2

σ6
r (kBTc)2

, Ã8 = 3
d2Q2

αβ

σ6
r (kBTc)2

, Ã10 =
63
10
(Q2

αβ )
2

σ6
r (kBTc)2

, Q2
αβ = QαβQβα, Qαβ are components of the

quadrupole moment tensor in the molecular coordinate system, whose center is located at the center of
mass of the methanol molecule, σr = r (m)OO , r is the distance between the centers of mass of the molecules
of methanol. The components of the quadrupole moment for the MP and OPLS are shown in table 2. The
values of the dipole moments are given in table 1.

For the MP and OPLS, these coefficients presented in the table 7.
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Table 7. Values of Ã6, Ã8, Ã10 for (4.1).

Ã6 Ã8 Ã10

MP 0.5 1.45 1.96
OPLS 1.49 1.9 1.13

Asymptotical behavior of the averaged potentials is determined by the dipole moments. However,
corresponding contributions of the OPLS differ much from those of MP.

4.3. Temperature dependence of the second virial coefficient

In general, the second virial coefficient depends on the bare potential [23]:

B(T) =
1

2VΩ2
0

∫
Γ

{1 − exp [−βΦ (r,Ω1,Ω2)]} dΓ1dΓ2 ,

where dΓi = d®ridΩi , ®ri is the position vector to i-th molecule, Ω0 is the phase volume corresponding to
the particular choice of angular variables.

It is easy to see that, after integration over the angular variables, the expression for the second virial
coefficient is reduced to the standard form [24]:

B(T) = 2π
∫
r

[
1 − e−βU(r)

]
r2dr, (4.2)

whereU is the averaged potential. The temperature dependencies of the second virial coefficient calculated
with the help of the averaged potential (3.1) corresponding to theMP, data [25] for OPLS and experimental
data [26] are presented in figure 4. Here, the dimensionless value of B is: B/[r (m)OO ]

3.
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Figure 4. Second virial coefficient of methanol vapor. 1 are experimental data [26], 2 is the second virial
coefficient for OPLS potential [25], 3 — this work.

4.4. The critical temperature of methanol

In order to estimate the critical temperature of methanol we turn to the similarity principle not
requiring detailed cumbersome calculations.

From its standard formulation [27] it follows that the critical temperatures of two atomic liquid types
of argon satisfy the equation:

T (2)c =
ε2
ε1

T (1)c , (4.3)

43301-7



N.P. Malomuzh, M.V. Timofeev

where εi = 1, 2 are the parameters determining the depth of the potential well for the interparticle
potential:

U = εφ (r/σ) . (4.4)
Here,σ is the diameter of amolecule. The application of (4.3) to atomic liquids leads to a quite satisfactory
agreement with experimental data.

However, the intermediate application of (4.3) to water, methanol and other alcohols is impossible
since their interparticle potentials have a more complex structure (see [1, 28, 29]). In this case, it is
necessary to pay attention to the fact that thermodynamic properties of low-molecular liquids with non-
spherical particles are determined by the averaged potentials having the structure (4.4) (see details in
[15, 22]). Thereto, the averaged potentials are not fully equivalent to (4.4) since their parameters εa and
σa depend on temperature.

In this connection, we suppose, that 1) the similarity principle can be applied to all low-molecular
liquids for which the averaged potentials assume the structure (4.4); 2) the critical temperatures of such
liquids satisfy the equation similar to (4.3):

T (2)c =
ε̄
(2)
a

(
T (2)c

)
ε̄
(1)
a

(
T (1)c

) T (1)c (4.5)

and taking into account the temperature dependencies of the interaction constants; 3) these constants are
connected with the values ε(i)a , i = 1, 2 by the relations:

ε̄
(i)
a = ε

(i)
a /ζi , (4.6)

where ζi is the high frequency value of the dielectric permittivity, allowing one to describe the screening
effects in dense media.

Moreover, we suppose that ζi can be estimated according to the expression:

ζ(ρ) − 1
ζ(ρ) + 2

=
4π
3
ρ

m
α, (4.7)

where α is the electronic polarizability of a molecule, ρ is the mass density and m is the molecular mass.
This formula is similar to the Clausius-Mossotti one, being applicable only to atomic liquids. Thus, it is
assumed that the values of ζi are equal to that at frequencies of rotational motion of molecules, i.e., it
is mainly determined by distortion of electronic shells of molecules. This circumstance is typical of the
systems with non-polar molecules.

Finally, we get the following formula for the critical temperatures:

T (2)c =
ε
(2)
a

(
T (2)c

) /
ζ2

(
T (2)c

)
ε
(1)
a

(
T (1)c

) /
ζ1

(
T (1)c

) T (1)c , (4.8)

where ε(i)a , i = 1, 2, are calculated for two isolated molecules and ζi(T (i)c ), i = 1, 2, depend indirectly on
temperature: ζi(T (i)c ) ≡ ζi(ρi(T

(i)
c )).

We use the formula (4.8) to determine the critical temperature of methanol, choosing parameters of
argon and water as basis ones (see table 8). Note that the values of density for methanol and basic liquid
correspond to their coexistence curves.

Table 8. The estimates for the critical temperature for methanol (T̃c).

MP OPLS
Argon basis 1.014 1.11
Water basis 1.005 0.991
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The experimental value of the methanol critical temperature is: T̃ (m)c = 1.0, i.e., in both cases the MP
leads to a better agreement with this value. Note, that the OPLS is an effective potential, so it is not clear
how to precisely take the screening effects into account.

5. Conclusion

In this paper, we have constructed the bare and averaged potentials of intermolecular interaction
between methanol molecules. Rigorously speaking, these potentials are only correct for a vapor phase,
where the screening effect can be ignored. In order to build them we have used an approach similar
to that for the water potential [15]. It is shown that the averaged potential can be approximated by the
expression, whose structure is close to the one for the Lennard-Jones potential. Let us note that following
the distinctions of the obtained potentials from those in literature [1–3], 1) the repulsive potential has
a power form and is characterized by the exponent n = 28 and 2) the attractive contribution includes a
standard term, 1/r6, and terms, 1/r8 and 1/r10, caused by dipole-quadrupole and quadrupole-quadrupole
interactions. Note that contribution with n = 28 is also inherent to argon [30] and water [15]. The weak
temperature dependence of parameters of the averaged potential is an additional feature of this potential.
This averaged potential with good accuracy reproduces the second virial coefficient of methanol vapor.
The bare potential includes an experimental dipole moment and contains multipole moments of higher
order that are determined by quantum chemical methods.

The presented potential is used to retrieve the dimer characteristic and calculate the second virial
coefficient. Main parameters of methanol dimer, the energy of the ground state and its dipole moment,
are better reproduced than with the help of OPLS potential. The second virial coefficient is also better
reproduced by MP than by OPLS.

Introducing the averaged potentials allows us to formulate the generalized similarity principle. Apply-
ing this principle we calculated the critical temperature of methanol with high accuracy, supposing that
argon and water are basic liquids with all known properties. We get that MP leads to a better agreement
with experimental data than OPLS.

The position of the critical point for methanol was also considered in [31–33]. Therein, the binodal
position was established too. For this purpose, molecular dynamics, Monte-Carlo and other methods were
used. However, the values of the critical temperatures, obtained with help of the generalized similarity
principle, are in a better agreement with experimental data. Note that the positions of binodal and spinodal
for methanol can be also found with the help of the generalized similarity principle applied to the ones
of argon or water.

The presented approach can be also used to build intermolecular interaction potentials in ethanol
and other alcohols, as well as to investigate the interactions between water and alcohol molecules. The
obtained potentials allow one to calculate the enthalpy of mixing of water with alcohols, contraction of
water-alcohol mixtures (see [34]) and other thermodynamic properties.
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Моделювання потенцiалу мiжчастинкової взаємодiї в

метанолi

М.П. Маломуж, М.В. Тимофєєв
Одеський нацiональний унiверситет iм. I. I. Мечникова, вул. Дворянська, 2, 65026 Одеса, Україна
Дослiджується структура i явний вигляд потенцiалу мiжчастинкової взаємодiї в парi метанолу. Вихiдний
потенцiал розглядається як сума сил вiдштовхування, дисперсiйної та електростатичної взаємодiї. При-
пускається, що водневi зв’язки мають електростатичну природу (незвiдний внесок, обумовлений пе-
рекриттям електронних оболонок є незначним). Дисперсiйна взаємодiя апроксимується у наближеннi
Лондона, електростатична взаємодiя моделюється за допомогою мультипольного розкладу до диполь-
октупольного внеску включно. Використовуються експериментальнi значення мультипольних моментiв
або результати квантово-хiмiчних розрахункiв. Вiдштовхування моделюється степеневим потенцiалом,
параметри якого вибираються для вiдтворення другого вiрiального коефiцiєнту та характеристик димеру.
Разом з вихiдним потенцiалом, дослiджується усереднений потенцiал мiжчастинкової взаємодiї. Показа-
но, що потенцiал вiдштовхування має показник степеня n = 28. Представлений мультипольний потенцi-
ал порiвнюється з потенцiалом OPLS.
Ключовi слова: метанол, потенцiал взаємодiї
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