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Reference system approach of non-relativistic electron fluid theory was adapted for calculation of characteristics
of the electron-nuclear model at the densities typical of degenerate dwarfs. Two- and three correlation functions
of degenerate relativistic electron gas have been calculated in the momentum-frequency representation in the
local field approximation. Main contributions of the Coulomb interactions to the energy and equation of state
of the model at 7 = 0 K have been calculated in the adiabatic approximation.
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1. Introduction

A hundred years have passed since the discovery of degenerate dwarfs [[1]]. The theory of an internal
structure of cold dwarfs was developed by Chandrasekhar in 1940s, and it was based on the equation of
state of ideal relativistic electron gas at 7 = 0 K [2,3]]. Generalization of this theory followed in the next
decades, when in the works of many authors there were investigated effects of such important factors as
axial rotation [4} S]], Coulomb interactions [6l], incomplete degeneration of an electron subsystem [, 8],
effects of magnetic fields [9} [10], effects of general relativity [, [11], processes of neutronization [12],
etc. Interpretation of the whole diversity of properties of the dwarfs obtained from the observations of
space [13}[14]], requires constructing a general theory that also takes into account the effects of the above
mentioned factors, among which there are the competing ones.

The effect of interactions that play an important role in determining the structure of dwarfs at
different masses and luminosities, and especially for the case of massive cold dwarfs, is the least studied.
Basing on Wigner-Seitz, Thomas-Fermi approximations and non-relativistic random phase approximation
corresponding to the approximate accounting of two-particle electron correlations, Salpeter [6] showed
that Coulomb interactions lead to a small decrease of pressure of degenerate relativistic electron gas at
T = 0 K, which is still considered to be the basis of Chandasekhar’s theory [[1O].

Due to the high density (~ 10 g/cm?), the matter in the cores of degenerate dwarfs has a metal electron
structure with completely collectivized electrons, and the Fermi momentum is of the order mc. Thus, the
non-relativistic approach is not applicable, and it complicates the calculations, because the correlation
functions of the reference system (of an interacting relativistic electron gas) are less investigated than
the functions of the analogical non-relativistic model. On the other hand, the electron-nuclear model at
“dwarfs” densities is slightly non-ideal, which allows one to use a random phase approximation in order to
account for the interactions. A consistent approach that corresponds to the modern metals many-electron
theory is proposed in [[15]. A disadvantage of this work is the use of approximate expressions for two-
and three particle correlation functions of ideal relativistic degenerate electron gas. In the present work
we use an accurate static two-electron correlation function and a three-particle correlation function in
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the long-wavelength approximation, which improves the reliability of the results for the energy of the
ground state of the model and equation of state.

2. General relations

We consider a more realistic, compared to [15], spatially homogeneous electrically neutral model,
which consists of N, electrons, Ny nuclei of charge z; and N, nuclei of charge z; in the volume V in
thermodynamic limit No, V — oo, N./V = const at the temperatures much lower than the temperature
of the electron subsystem degeneration. Generalization for a larger number of nuclei species is obvious.

For the Hamiltonian of the model

ﬁ=ﬁ0+Vee+Z (S 2.1)

we use a secondary quantization representation for the electrons and a coordinate one for the nuclear
subsystem:

Ay = Z Ex aff jax s (2.2)
K, s

is the Hamiltonian of free electrons (Ey = [(moc?)? + h2k>c?]'/? — moc?),
. 1 N
Vee = 57 2 Va b@.~0) 2.3)
q#0
is the operator of electron-electron interactions,
. 1 N
Vi = =4 DV Sh by 2.4)
q#0

is the operator of electron interactions with i-th nuclear subsystem,

5oL () ¢0i)
Von = 37 >, Z 22| S SY) — Nisi | (2.5)
q#0 i,j
is the sum of direct nuclear interactions. Here, V,, = 4me? /g2, S((li ) = Z;V:’b exp [i(q, Rf)] is the structure

factor of i-th nuclear subsystem,

7 _ + +
I2(q,—q) = Z Z A, +q,51 Fy—q, 50 W2, 529K 1,515

ki.ka s1,82

pg = Z Y1 s Qs (2.6)
K,s

ay . ai,s are the creation and annihilation operators of electrons in quantum states with the given vector k
and the spin variable s, R;' is the radius-vector of /-th nucleus with the charge z;.
For the calculation of a partition function of an electron subsystem in the fixed nuclei field in the

grand canonical ensemble

2.7)

2
Z(p) = Sp, exp [—ﬁ (Flo —uNe + Vee + > V) ,

i=1

we summarize the reference system approach developed in [16, [17] for a description of non-relativistic
model of electron liquid. In the formula (2.7), N, is the operator of the number of electrons, u is the
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variable of chemical potential. As in [[16], let us move to the “frequency” representation of electron
operators

B
iy (v2) = fak,sus’)ww (BB 2.8)
0

where ¢, (8") = B~ 2 exp (iv. ), v. = @n+ D)nB~", n = 0;£1; +2; . . .. In the “frequency” representa-
tion

exp [—ﬂ (ﬁo — tNe + Voo + Y V) = exp (=BH) T {Sec()Sen ()}, (2.9)

and 7:(” = Hy — uN,. The operator 1 is a generalized ordering operator,

See(y) = exp [ - (2ﬁV)71 Z Z Vq f)qu ﬁ‘l»V}’

q#z0 v
2 .
Sen(v) = exp [V_l Z <i Z Vq SE[()] :5(1,0],
i=1 q#0
Day = Z Z al’;rq’s(v* + V)ak s(Vi), (2.10)
ks Vs

moreover, v = 2mnS~'; n = 0,%1,+2, ..., and the calculation of the average of the product of operators

ag s(v.) is performed according to the rule [18],[19]
_<Tﬁ{ak|,x| (V*)QEZ,SZ(V;)D‘HH = Gk.,x| (V*)év*,viésl,székl,kz > (2.11)

where Gy s(v.) = (iv. — Ex + u)~" exp (i6v,) is the spectral image of one-electron Green’s function of
an ideal system (6 — +0), which is the reference system for a description of the interacting electron gas
model.

We use model with the Hamiltonian Hy + V. as a reference system to calculate Z(u):

Z(u) = exp [-Qe(1)] (SAen(V»e >
exp [-BQe(1)] = exp [-BR(1)[(TpSee (V)0
<§en(v)>e = <Tﬁ{See(v)gen(v)}>0[<Tﬁ§ee(y)>0]_l- (212)

The symbol (A)o denotes a statistical averaging over the states, and (A). for the states of the reference
system;

Qo(p) = =B~ )" In {1 + exp[~B(Ex - w)} (2.13)
ks

is the grand potential of an ideal system of electrons, and Q.(u) is the grand potential of the interacting
electron gas.

Expanding the operator Se,(v) in the formula (2.12) in a power series, averaging by states for the
reference system and presenting the result in an exponential form, we have obtained contributions to the
grand potential of electron-nuclear interactions

Q== > V) > gz, DL VoVa .. Ve, St st s%)
q

n>2 i1,02,--1In - qn#0

X ﬂn(qlv q27 ey qn|0)5q1+...+q,,,0 ’ (214)
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where

fn(Qis - - 4al0) = B (T5{Pq.0 Pan0 - - - Pan,0})E (2.15)

is a cumulant part of the average of the product of n operators pg 0. This is a static limit of n-particles
correlation function of the reference system

ﬁn(yla ce ey .l/n) = Ijn(ql’ L] Qn|V1a cre V}’l) = ﬁ_] <T,3{ﬁq1,v1ﬁqz,vz A ﬁqn,vn}>g‘ (216)

The functions (2.13)), (2.16) are a generalization of “many-tails” of non-relativistic theory of the electron-
ion model of metals [[16[17]] and have a well-defined physical meaning. In particular, the functions (2.16))
are a spectral representation of n-particles correlation functions, which are given in the coordinate space.
For example, the binary distribution function of the interacting electron gas F»(r) is associated with the
function fi;(q, —q|v, —v) of the expression

F(r) = 1+ [BNe(Ne = DI™' 3" > fio(@, ~qlv, —v) exp (g, 1)]- (2.17)

v g0

The dynamic correlation functions of n-particles (2.16]) are determined by the polarization operators
M, (y1, ..., ys) of n-particles [17]]

V 71
2y, —y) = Ma(y,—y) |1+ —qu(y,—y)] ,

Vv

V.. -1
1+ %Mz(yi, —y[)] , nz=3. (2.18)

n
pn(Y1s o yn) = My, oy |
i=1

These ratios generalize the well-known random phase approximation, in which M,(y, —y) = ﬂg( Y, —Yy),
Mu(y1,. ..o yn) = @o%(y1s . . ., Yn), where

A2y, - s yn) = B Ta{Pai - - - Pauwn 1§ (2.19)

is the spectral image of correlation functions of an ideal electron gas model,

~0 V‘I ~0 -
My (y, —y) = i) (y,—y) |1 - 7#2(!/’ -y)G(y)| .
n V.. -1
Mu(y1s- - Yn) = oY1y -\ Un) E][ [1 - %ﬂg(zﬁ, —y:) G(.’/i)} (2.20)

for the n > 3, so the problem of calculating the functions (2.16)) is reduced to the calculation of correlation
functions of the ideal relativistic gas model (2.19) and the local field correction function G(y) for the
relativistic interacting electron gas.

3. Correlation functions of ideal degenerate relativistic electron gas

Static and dynamic correlation functions of the non-relativistic ideal electron gas are well known.
The analytical expression for ﬁg(y, —y) was obtained in [20]]. The function ﬂg(ql, q2,—q1 — q2/0,0,0)
and the function ﬂg(ql, —q1, 92, —q2]0, . . ., 0) were calculated in [18] [19, 21]]. The dynamic functions
ﬁg(y 1, Y2, —y1—y») and ﬂg(y 1, —Y1, Y2, —y») were first calculated in [16]. The calculation of these functions
for a relativistic model is a complex problem, because the electron spectrum is not a quadratic function
of the wave vector.
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According to the definition (2.19), the functions @(y1,...,y,) are a convolution of one-particle
Green’s functions, the same as in a non-relativistic case:

1
K =y) = == > > Gies(4)Grgs (v +7),
’6 ks Vs
2
Ng(yl, Y2, ys) = ,E Z Z Gk,s(V*)Gk+ql,s(V* + Vl)Gk—qz,x(V* - V2)5q1+q2+q3,05v1 +v24v3,0 5
ks v«
1
Ng(yh —Y1, Y2, —Y2) = E Z Z Gk,s(V*)Gk—ql,s(V* -v1) Z Gk—o-qz,s(v* -0ov)
Ks Vi o=+1
X [2Gy s(vs) + Gk+q1+0'q2,s(V* +vi +on)l. (3.1)

Factorizing the products of Green’s functions and using the ratio

1 -
5 D Gis () = s = {1 +exp [BEx — ]}, (3.2)
Vi
we obtain representation functions @ (y1, . . ., y,):

0 nk,s
,—y) =-2R § —_—
Hay:=y) LT B Ex+q

K,s
W1, v2, 13) = Sy olv3(wi —y2) + v3(y2, —y3) + ¥v3(y3, —y1)),
v3(y1,42) = 2Re Z nigs(ivi + Ex — Exeq,) " (iv2 + Ex — Exaq,) " - - (3.3)
Kk,s

3.1. Two-particle correlation function

Rewriting the sum over vector K via integral using a spherical coordinate system and integrating by
the angular variables, we obtain a representation:

N 3N, -
A5y —y) = ———J2(qe, 7]%),
myc?x

1
2xq.

Jo(q., 7|x) = Z J dk,kong, s Aky|gs, 7).
S0

A(ky|gs V) = Z a-{ [1 + (ki + a'q*)z] 2 _ 5 arctan [ﬁ_lng(k*, q*)]

o==%1

1 N
+50+ kO [ + 2 (ke q*>]},

1/2
Mo (ki) = [1+ (ke + 0g)?] " = (14 kD)2 (3.4)
Here, there appear dimensionless variables
x|K| x|ql SV
k*:_, = T = 5> 35
kF kF v m062 ( )

where x = fikp(moc)~! is a relativistic parameter [kg = (37°N,/ V)73 is the Fermi wave number]. In the
static case,

2 7 >,2< 5 X « X
q+x J2(gss 01x) = 5(Ry — R-) (1 + sz - %) + ;12 (Ry + R.) + q12 Ry
Ry, |R =R * qz
+?01I1 Ri—Rz %(14‘3) [21n|X+R0|—1n|(R++x+q*)(R_+x_q*)|]
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+S_2 in 1+%qf+%xq*+SqR+ ~ 1+%q*x+SqRo —oln x+%q*
6 1+%qf—%xq*+SqR_ 1—%q*x+SqRo X = 5qx '
241/2 15 12 211/2
Ro=(1+x)'% sy ={1+242| Ri=[1+(qg.xx)?]"". (3.6)

As in the non-relativistic case, the function J>(g., 0) has a weak logarithmic peculiarity of type (x —
%q*)ln |x — %q*| in the vicinity of ¢. = 2x (|q| = 2kg). In general, the correlation functions of a
relativistic model are similar to the corresponding functions of a non-relativistic model, which is clearly
visible from the asymptotic of the function /lg(q, —-q|0):

3Ne(1 + x2)1/2

moc2x2? by ¢ = 0:
fi>(q,—q|0) = 2N° (3.7)
26 +... by g — o
mgyc Q*
in the relativistic case,
3N,
> ° 4 by ¢ — 0;
- E]
e -ql0) = § 7 (3.8)
_ b — 0
¢ 2mg v

in the non-relativistic approximation (2e¢ = moc*x?). A peculiarity of the function f(q, —q|0) is its
strong dependence on the relativistic parameter, as shown in figure
In the dynamic case, the ﬂg( Y, —y) can be represented as the approximation

~ Ne -

/‘12(!/’ _y) ~ m0C2x2 JZ(‘]s le)’

- 1 1+gq./2 1-¢g./2

J(g,v|x) = ZC(q*lx)[l - (arctan 1+g./2¢ arctan 1-g./2x
v v

71,(¢,01x)

Figure 1. Dependence of the function J»(g+, 0|x) on the wave vector q at different values of the relativistic
parameter.
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2 2 2
PN PR e I + (1 +¢q./2x) ,
2q. 4x2 02 + (1 — g./2x)?
0= v(2xq) ' Clglx),  Clgulx) = (1 + 2%+ gH? + (1 + D)2, (3.9)

that only slightly deviates near the maximum from the numerical result, calculated by formula (3.4). In
the non-relativistic limit and the long-wavelength approximation C(g.|x) — 2, v — v(2erq/kg)~', and
the function (3.9) coincides with the known expression for a non-relativistic function ﬂg(y, —y) [15].
The expression (3.9) is here only for completeness. We used the result of numerical calculations for
the dynamic function ﬂg(y, —y) to obtain the correlation energy of the reference system (the model of
interacting electron gas).

3.2. Three-particle correlation function

The function ﬂg( ¥, -y, 0), which is a partial case of three-particle dynamic functions when q» = —qj,
vy = —vy, at a full degeneration has an exact analytical image:

3N,
79y — __ Ve 2\1/2 -
ia3(y, —y,0) = (mocz)zq*x3(1 + x°) '“A(x|gs, V). (3.10)
In the static limit,
3N,
-0 e
b 90 O = —J b 90 >
3(g, —q, 0[0) TEIE 3(q, —q, 0] x)
Ry~ = R, - R
J3(q, -, 0]x) = = (R+ —R_+Ryln|=—=2 )
q _—Ro
R. =[1+x*(1 92" Ry = (1 + xH)'2. (3.11)
In the formula (3.11)), a “non-relativistic” scale was used for the wave vector (§ = |q|/kg). In the
long-wavelength limit,
3N,
~0 e 2
,—q,0]0) = 1 +2x%). 3.12
:u3(q q | ) (moczxz)z( ) ( )

Dependence of the dimensionless factor J3(q, —q, 0|x) on the wave vector and the relativistic parameter
is illustrated in figure [2] As in non-relativistic case, the function (3.1T) has a logarithmic peculiarity at
q = 2](1:

The formulae (3.6), (3.9) and (3.11)), and figures [I] [2] reveal the general property of correlation
functions @ (y1, . . ., y,) — a steep decrease for large wave vectors (|q;| > 2kg), providing a convergence
of integrals in the series (2.14).

In general, for a rough estimation of convergence of series (2.14) we consider a chemically homoge-
neous model (z; = zo = z, N; + N, = N,;), constraining the integration for each independent vector q;
of the area |q;| < 2kp, neglecting the screening interactions, replacing the product of structural factors
SqiSqs - - - Sq,, With N,,, we replace the functions a%(qy, . . ., q,|0) with 3Ne(moc?x?)!="(1 + x2)z(n=D),
which approximately corresponds to the long-wavelength asymptotic. For the magnitude of n-th member
of series (2.14) it can be estimated as

Nemoczz"_lagxz_”(l + xz)%("_l), (3.13)

where o = €2 /Hic is the fine structure parameter. Hence, the series @I} is an expansion for a dimen-
sionless parameter zap, which varies from 0.014 (helium dwarf) to 0.19 (iron dwarf). For the typical
dwarfs, mainly consisting of nitrogen and oxygen, zap = 0.1. That expansion parameter is a small value,
which makes it possible to restrict the consideration to two- and three-electron correlations (we note,
that correlation energy of the reference system is of the order of ag). Moreover, for the three-electron

function /jg(ql, q2, —q1 — q2|0), there can be used an approximate analytical expression, because the main
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10

Ji(q,-q, Olx)

1.0

0.5
1 x=0
q/k,.

O T T T T T T
1 2 3 4 5 6 7

(=)

Figure 2. Dependence of the static function J3(q, —q, 0|x) on the wave vector q at different values of the
relativistic parameter.

contributions provide the two-electron correlations, and the contribution of three-electron correlations
play a role of a correction.

The calculation of correlation functions ﬂg(yl, Y2, —Yy1 — y2) and ﬂg(yl, —Y1, Y2, —Yy2) in the static
or dynamic cases in the non-relativistic theory is based on Feynman identity [22], which allows one
to integrate over angular variables of vector k at a fixed configuration of vectors q; and q in terms
of y3(yi, y;). Unfortunately, this identity cannot be used in the exact calculation due to the complex
dependence of relativistic electron energy on the wave vector.

In order to make an approximate calculation using the identity transformation, we present y3(q;, q;)
as

73(ai 4)) = 2 Y mies(Bic + Bicrg ) (B + Brag )(h0) 2k @) + 717 2k @) + 4717, (B.14)
ks

where Ej = [(mgc?)* + h2c*k*]'/2. Then, we use the approximation
Ep + Exsq, = moc®C(Gilk),  C(gilk) = [1+x*(k* + gD + (1 + x* %), (3.15)
which is asymptotically correct both at small and at large g;. According to the Feynman identity,

1

1 :J dz
20k g) + ¢712(k @) + ¢71 ) F2(qi.q; 1K)’

F(qiq;lk) = Qi + 20k, pij),  Qij=q;+2(q; —q7);  pij=2qi+(1-2)q;. (3.16)

Rewriting the sum over vector k via integral, we use dimensionless variable k = |K|/kp, §; = |q;|/kE,
and the spherical coordinate system, the Oz axis of which coincides with the vector p;;, we perform
integration over the angular variables, reducing y3(q;, q;) to one-dimensional integral:

1

3N,
Y0 = s Jdk Clailk) Clay k) (k).
0
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1 Rij +[-6(k)]71/2
fij(k) = In by k < gr;
/ J=o(k) |Rij = [-6(k)]71/2
2
fij(k) = = arctan[6'/*(k)R'] by k > gr. (3.17)
Here, the following notations are introduced:
2 2 2
q;49; q
Rij = Rij(k) = 2(q;, q5) — 721; o(k) = 0(k) = (1 - k—l;) 4q;q;(1 - 1);
qr = (@i — ;)[40 - )17 (3.18)

6(k)is the invariant of the problem [612(k) = d23(k) = 631(k)], gr is the radius of the circle, circumscribing
the triangle constructed on the vectors qi, q2, —q1 — q2; #;; is a cosine of the angle between the vectors
q;, q;. In the formulae (3.17)), (3.18), the variables & and ¢;, g; are dimensionless (in unit k).

The substitution C(g;|k) — 2(1 + x?k?)!/? corresponds to long-wavelength approximation, which
allows one to rewrite ﬁg(q 1, 92, q3]0) in a compact form:

1

3N,
c fdk(l + 22Dk g1, 42, 43),

~0
b ) 0 =
l’l3(q1 QZ Q3| ) (m0C2X2)2
0

1 1+ al(k)D(k)
D(k|q1, g2, q3) = b k<
(K- 42-43) = 2o s " T=arop)| ™ F < 4®
2k
D(klg1, 42, q3) = arctan[ax(k)D(k)] by k > gr. G4
ax(k) q19293
In this formula,
12 12
k2 K
al={1="5] = @®={5-1
qr R
b= 12 [, @+a+d)| 1
4k3 8k2 P(k)’
v @2+ ¢ G+t gt ’
PO bl N (St BN CITEE) (3:20)

+
4k? 32k4 64k

Dependence of function ﬂg(ql,qz, —qi — q2|0)(3N:)~' (moc?x*)* on wave vectors for different ¢ are

illustrated in figures [3] 4

3.3. The local field correction function

It is well known from the non-relativistic electron fluid theory [16] that the local field correction
function (LFCF) in the weak non-ideal model is a universal function of the variable y = (q, v). It does
not depend on any parameters and corresponds to the approximation

Z.L/l Vqlﬂg(% -4, Y1, —Y1)
2BV [ @5y, )1
We have calculated the LFCF, using the correlation functions of the relativistic ideal electron model. Sum-

marizing over the frequencies v| and v, (which appears in ﬁg(y, -y, y1, —y1) and using the formula (3.2)),
we obtain a representation:

Gua(y) =~V T =12 D Y i stis [V = ko) i 1o (@) = Vi + Ko + @f (a7)].
N k],kz

T . _ . ~112
Ji k(@) =Re [(iv + Ex, — Ex4q)”' F (#iv + Ex, — Eipiq) |- (3.22)

Guly) = - G21)
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parameter x = 1.0.

The behavior of relativistic LFCF at small and large values of vector q is the same as that of non-relativistic

case [23]:

k 2
M+... by v =0; ¢ < kp;

4
2
Gi(y) = % +... byv>ep g <kp; (3.23)
1

§+... by g > kg and any v.

For the numerical calculation at the absolute zero temperature, we have used a cylindrical coordinate
system for the vectors ki, ka [K; = (z;, o) ¢)), ka. = ij_ + p?], in which (k;,q) = gz;, (k| — kp)* =

P14 P53+ (21 — 22)* = 2p1pacos (g1 — ¢2), (ki ka) = 2122 + p1p2 cos (@1 — ¢2). Integrating over the
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Giy(q,v)

0.6

0.2 4

q/k
0 ; ‘ ‘ ‘ ; —
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Figure 5. Dependence of the LFCF Gjq(g, v) on the wave vector q at frequency v = O.Olmoczx2 (curve 1 —
x=0.052—x=02;3—x=054—x=1.0;5—x=2.0,6—x =5.0).

angular variables ¢y, ¢, we reduce Gig(y) to the following 4-dimensional integral:

1 1 M l—Z%
J5%(gx, 7x*|x) J dz J dz J p1dpi J p2dp2
0

-1 -1 0

q2x4

Gid(C], V) = ]

[quy(zl,Zz,Pl,Pz)  Jav(z1,22, 1, 2) (3.24)
W+(Z1, Z29p19p2) W—(le Zz’p13p2) ’ ’
Here, the following notations are used:
2 . . 2
+ n m -2
21, 225 5 = + -V - )
fq,v( 1 2p1 pZ) (7]%4—\72 ]7%-’-\72) (]7%4—\_/2 n§+‘72)
1/2
i = [+ 2%z + p)'? = {1+ o] + (i + 91},
1/2
W (21, 22 p1, p2) = [(21 + 22+ @) + (02 = P20 + 202 + )@ + 22+ )P 2,
1/2
W_(z1. 22, p1. p2) = [(z1 = 22)* + (01 — p3)° + 2(p7 + P3)(z1 — 22)°] " (3.25)

For a comparison Gig(g, v) with LECF of non-relativistic theory, there were used the variables g = |q|k5!,
V= x99 = v(h? kl% /m)~1.In ﬁgurethere is shown a function Giq(g, v), calculated by the formula (3.24)
at v = 0.01, which is very close to the static limit. It is obvious that the asymptotic behavior Gi4(g, v) for
small and large values of the |q| almost does not depend on the relativistic parameter. The deviation of
a relativistic correction from non-relativistic one is significant near its maximum, which monotonously
decreases with an increase of relativistic parameter. Figure|[6]illustrates the behavior of Gia(g, v) at a very
high value of frequency (¥ = 0.5). In general, the behavior of the correction corresponds to the one of
non-relativistic theory, and some deviations are caused by frequency renormalization at x > 1.

4. The energy of ground state

As we know from the theory of non-relativistic electron fluid, the transition from thermodynamic
description to the quantum mechanics is performed by the following procedure: instead of the chemical
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0.8

Giy(q,v)

Figure 6. Dependence of the LFCF Gjq(g, v) on the wave vector q at frequency v = O.Smoczx2 (curve 1 —
x=0.052—x=02;3—x=0.54—x=1.0;5—x=2.0,6—x =5.0).

potential of interacting system u there should be used a chemical potential of the ideal system g, and
in the Q(u) there should be considered only the so-called “normal” components, because the chemical
potential shift i — po is compensated with contributions of the so-called “abnormal” components, which
arise in the correlation functions /j?l(yl, ..., Yn)atn > 4. In the Green’s function approach, this fact was
first discovered in [24] and in the reference system approach — in [[17]] within the perturbation theory.
Taking into account a weak non-ideal matter of dwarfs, we will consider only two- and three-particle
electron correlations. In this approach, the ground state energy of the model is given as follows:

3
Ee+ 3 ZV >z [Sfl”sﬁ’(}—N,»é,-,,-] —Z(nzv”)*l 3wz,

q#0 i,j = 01,02 ein
X Ve Ve, SU LSS 60k g0 (@1 - €a0). 4.1)
QI,‘IIwan#O

Here, E. is the ground state energy of the reference system (an interacting relativistic electron gas), which
can be calculated using the expression

E. E0+2ﬁ—vzz jyz(y, y)da, 4.2)

q#z0 v

where [} 4(y, —y) is the two-particle dynamic correlation function of the auxiliary model of electrons with
the potentlal of interactions AV, and Ej is the energy of the ideal electron system

Eo = ) my(p0)Ex. (4.3)
ks
Extracting from the second term of formula (4.2)) the contribution of ideal correlation
Eyr = Z,BV Z V4 Z Ay, —y) = Z Z Vg Nkiq/2,sMk-q/2,s 4.4
q#0 v q:tO ks

and considering, that Gig(y) does not depend on the “coupling constant” A, we have represented E. in a
traditional form

Ee = E() + Eyr + EC s (45)
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where

Z » ln[l + L(y) Ly 1y = %ﬂg(-’/’ ~oll = Guy)] (4.6)

q#O Iy 1d(y)

is the so-called correlation energy (the contribution of non-ideal correlations). In units moc® we obtain
2 3 2
E. = Nemgpc” |eg(x) — anx + g &c(x)|, 4.7)
where
go(x) = 2x)73 {3x(1 +x)2(1+2x%) - 8x* = 3In [x + (1 + x2)1/2]} (4.8)
is the contribution of an ideal system per one electron, —3agx(4s)! is the contribution of interactions of

the Hartree-Fock approximation, agsc (x) is the correlation contribution. According to our calculations,
the &.(x) can be approximated with the following expression:

ar b1a+t1/2 1+a1t+a2t2
1312 4 thia + byt'2a? + b3a®  1+1tdy

bo
2

ge(x) = -

S

a= (a/on)]/z; a; = 2.25328; ap =4.87991; dy = 0.924022;
bo = 0.0621814; by =9.81379; by =2.82214; b3 = 0.73701. (4.9)

At a; = ay = dy = 0, the expression matches the approximation for the correlation energy [25], which is
calculated using the Monte-Carlo method [26] M€(x). As we can see in ﬁgure in the range x < 1, the
expression (#.9) is close to eMC(x), and the deviation &.(x) from M€ (x) in the region x > 1 is caused by
different asymptotics of these functions &(x) — —@ﬂx +...,8¥0x) - —% Inx+...atx> 1.

In order to calculate the contributions of electron nuclear 1nteractions in the products of structure
factors in the formula (@.1]), we have selected one-particle and two-particle sums by the coordinates of

nuclei, and the three-nuclear effective interactions were neglected. In this approach,

E~FE + Epol + Econt, 4.10)

€x)

'3 T T T T T T T T T
0.5 1 1.5 2 2.5 3 35 4 4.5 5

Figure 7. Dependence of functions sr()i)l(x), 10 - séj))l(x) and &¢(x) on the relativistic parameter.
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where E, is the polarization energy of electron fluid by nuclei, which does not depend on the structure
of the nuclear subsystem,

Epot = EZ) + EV)

pol pol ’
N1 + 2z N2

2) _ 1 2 2 ~

Epet = == 2, Va (@ ~q0),
q

3) Z?Nl + ZgN2 ~

Bt === 2, Vo Ve V- 3(@1. @2, ~a1 — 2l0). (4.11)
: q1.92

The configuration energy is determined by the structure of a nuclear subsystem, and expressed through an
effective two-particle potential of interactions of the nuclei, which is formed by two- and three-electron
correlations:

) . ) .
Eent= Y ok v Z V. [ % v 2@ —-al0) - = Z Var Veg-a A3(4. 91, ~4 — @1 IO)]SE’)(q, -q)

i=1,2
ZlZZ ZZ
ZV [1 — 2 jix(q,—q0) - ZVqlV—q —ar A3(g q1, — —qllo)}S(”Sf},
. N'
$'a -9 = ) expli(qR; —Rp)]. (4.12)
J1#p=1

4.1. The approximation of two-electron correlations

Let us rewrite the component Eéa calculated in the local field approximation, in the form

@ _ 2 (2% A32e@
Epol Nemgc o a, po]()c) (4.13)

where the dimensionless function ‘9;%)1()6) is of the same order as &(x), and (z") = (2] N1 + 27 N2)(N; +
N>)~!. The function sé?l(x) can be approximated by the following expression:

X

(2)()() J co+cit+ 021‘2 + C3l3

Epol L+ dit + dot* + d313
0
co =4.06151; ¢; =32.6118; c¢» =-43.6587; 3 =104.13;
dy =73.8252; dp =-67.1028; d3 = 189.781. (4.14)

As it is shown in ﬁgure "3;(3?1()‘) has linear asymptotics at x > 1, as well as g.(x). However, the

polarization energy Eéii exceeds the correlation energy of the reference system by about (z)¢, 12 5 10(z)
times, and for (z) ~ 10 it is comparable with Eyg.

The configuration energy was calculated in the coordinate representation and, introducing the effective
two-nuclear interactions, yielded

Vzil,iz (R;l;l) (12) Z Vo(q) exp { [q, R;il) _ RE‘?) } ,

|72
Va(q) = Vg [1 it —QIO)] : (4.15)
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In the formula (4.15)) the sum of the vector q includes a component with q = 0. Therefore,

2 j e
E2 =23 i) 5 3 8@ a0} + naasys

in 11,2

2z R —RY) RO _ (2) L2 im | 2@ |

_ Z > »RY-RE +Z1Z2ZZV [~ RY) - 5N lim [ (4.16)
i=1,2 J1#£2=1 J1=1 jp=1

To simplify the calculation of the lattice sum, we adopt a simple model of nuclei distribution:

m__ M N = N

M = , @ _2 4.17
J Ni + N, I J Ni + N, ( )

where N is the number of all knots on the j-th coordination sphere, and NJ @ is the number of the knots
occupied by nuclei with charge z; (i = 1,2). In this model,

Nemyc? x? xap

6 |a+x)2 x|

§§1f— =H(2) ) N Va(R;) —

Jj>1

(4.18)

where R; is the radius of the j-th coordination sphere.
The effective two-particle potential is screened, and at small and medium distances between nuclei it
is close to the expression

2
V(R) = % exp(—R/Ry), (4.19)
and the screening radius
Ry = ga(l)/zalg [x2(1 + x4 (4.20)

is of the order 0.lap (where ag = h?/mge? is the Bohr radius). At large distances, V»(R) oscillates, but
with a small amplitude,

V- - 62 R() 3
Z(R) = % 2x_R COS(2XR/R()). (421)

The configuration energy for a simple cubic lattice of nuclei is calculated numerically and can be
represented as

£

conf

= Nemoc?(2)*Paoe (x|(2)), (4.22)

with a dimensionless factor approximated by the expression

X

2
(2) ay +tay +t°as
g~ (x|{(z)) = - tdt, (4.23)
L (<€) J1+ta4+t2a5+t3a6
0
where all the coefficients ay, . . ., ag are the functions of (z), that is

aio + <Z>ai1 + <Z>2ai2
aiy + (D)a;, + (2)%a;

a;({z)) = (4.24)

The cofficients a;; of the formula (4.24) are listed in table[I] In figure[]there is shown a dependence of
the configuration energy on the relativistic parameter.
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Table 1. Coefficients a;; from (#.24).

[i\Jj] 0 \ 1 \ 2 | 3] 4 5
0 —128.112 | —138.098 | -3.30915 | O 3.74936 0.882489
1 -633.899 297.304 —-19.5138 | 1 | —0.707632 1.01638
2 —-1691 216.967 -8.71667 | 0 1.48694 0.12998
3 2.37539 1.74513 0.0417739 | 0 | 0.0212583 0.0056168
4 913.016 —452.217 30.3618 1 | —0.750844 0.702212
5 5.68901 | —0.704184 | 0.0277872 | 0 | 0.00203554 | 0.000234399
0
210
£(xl)
4 A (=2
6 4
8 1 6
210 4 8
-12 A
12
-14 A
-16 A
-18 A
'20 T T T T T T T T T :
0 1 2 3 4 5 6 7 8 9 10

Figure 8. Dependence of the lattice energy aiz) (x|{z)) on the nuclear charge and the relativistic parameter.

4.2. The effect of three-electron correlations

According to the formula (.11, the contribution of three-particle correlations is represented as

O

pol —

Namoc 2 () 263 ().

<> ) pol

The result of numerical calculations is illustrated in figure [7} which shows that for x > 1 the ratio

;i)l(x) 0. 18(2) |(x) is satisfied. Therefore, at sufficiently large values of nuclei charges, E 3 ) is not less

than the correlatlon energy of the reference system: at (z) >
correlation energy, at (z) >

(4.25)

> 6, the contribution E;Oi is close to the
12, it exceeds the correlation energy by 5 times, and at (z) = 26 — more
than by 20 times. The result of numerical calculation a}(i)l(x) is approximated by the expression

(]

(3)( )= J 1+ci/t+cot
X) = —
pol 1 +d1[+d2[2+d3t3
X
a =0.0450; ¢ =0.12607; ¢ =-0.93695; ¢, =78.8552;
=-23.2602; dp =114.5030; d; = 164.060. (4.26)

From the formulae @.13), (4.25) it follows that E;zi / E;ii
electron correlations contribution value.

~ 0.1zay, it determines the order of three-
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Figure 9. The effective potential of interactions V2(3)(R) at different values of the relativistic parameter
(curve ] —x=1.0,2—x=2.0,3—x=3.0,4—x=4.0,5—x=5.0).

Similar to the formula @.13), we have introduced a correction to the effective two-nuclear potential
by the three-electron correlations

Vi (R) = =V )"V ) Vi Vogg 13(a @1, —a — q110) expli(g, R, (4.27)
q q1

where the sum over the vector q includes the component q = 0. As shown in figure EL V2(3)(R) is a weak
attracting potential of the type of quantum package screening potential, which is close to the expression

e? R
V2(3)(R) = —EQSA(X) {1 —exp [—R—Oy(x)] } exp(—R/Ryp). (4.28)
The functions A(x) and y(x) are determined as follows:
8 b(x) ay 2P+ 2P ()
A =220 )= 5,
( ) Z\ﬂi Ij(x)
00 ) 1 0o

_ [ dg [ dg» dt B
Il(x)—ojg(ql) o q3g(q3)fs(ql,q2,t) Iz<x>—0f e

(m22)2 ' _(022)2
J(q) = T (q, -q, 0/0); f(q1 g, 1) = m

g3 = |q1 + qo]. (4.29)

A3(q1, 92, —q1 — q1]0);

The contribution to the configuration energy of the model by the three-particle correlations in the
model takes the form, similar to the formula @D:

conf —

ED = —N (&) ) NV, (R)) + 5 N cad(2)moc*(1 + x%) 72 n(x). (4.30)
Jj=1

This contribution is calculated for a simple cubic lattice of nuclei and is represented by

O _

conf

= Nemoczag(zz)sg)(xl(z)). (4.31)
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Figure 10. Dependence of the lattice energy sf) (x|{z)) on the nuclear charge and the relativistic parameter.

The dependence of a dimensionless factor s£3)(x|(z)) is illustrated in figure At sufficiently large

nuclei charges (z) and x > 2, the function sf)(xl(z)) ~ 0.18£2) (x]{z)), but it has a positive sign. It is
approximated by the expression

_ao({2) + ar1({2)x + ax((z))x’ '

X

&) (x|(2)) = (4.32)

The coefficients of the formula {.32)) are shown in table 2}

Table 2. Coefficients from @.32).

(D] a | a | a |
2 0.160403 | 0.422066 | —0.707095
4 0.118181 | 0.351743 | -0.320001
6 0.0978784 | 0.321462 | —0.203819
& | 0.08553532 | 0.302602 | -0.150039
12 | 0.0701315 | 0.278365 | —0.100583
26 | 0.04788678 | 0.236761 | —0.0549487

5. The equation of state of the model at7 = 0 K

For the well-known dependence of the model energy on the relativistic parameter we calculate the
equation of state of cold degenerate matter using the expression

dE  x* ympc\3 | , _|dE
Plx)= — = — |— — 1
=g Ne(h)(sn) dx ©-1)
Within the accepted approximation
myc?
Plx) = =57 [F () + £olx) + )] (5.2)
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Table 3. Dependence of the functions 7 (x)- x4, fr(x)- x~%and f3(x)- x~% on the relativistic parameter x

according to the formulae (5.2)—(5.4) and (5.3).

" S x Ax)-x

x| Flx)-x z=2 [ z=6 [z=T=8] z=12 z=2 | z=6 |z=Tzn=8] z=12

0.5 0.737488 —0.025120 —0.0899288 —0.113384 —0.208687 0.00151018 0.00503624 0.00724728 0.0123084
0.6 0.857456 —0.0249008 —0.0898362 —0.113389 —0.209377 0.00144201 0.0045685 0.00653182 0.0107583

0.7 0.966234 —0.0247355 —0.0896437 —0.11323 —0.209566 0.00140653 0.00431288 0.00610532 0.00988929
0.8 1.06412 —0.0246194 —0.0894304 —0.113012 —0.209487 0.00138662 | 0.00415774 0.00582077 0.00935182
0.9 1.15175 —0.0245407 —0.0892304 —0.112788 —0.20927 0.00137469 0.00405367 0.00561505 0.00899025
1.0 1.22991 —0.0244886 —0.0890553 —0.11258 —0.208989 0.00136685 0.00397618 0.00545736 0.00872662
1.1 1.29949 —0.0244546 —0.0889067 —0.112394 —0.208686 | 0.00136085 0.00391243 0.00533111 0.00851882
1.2 1.36139 —0.0244329 —0.0887823 —0.112234 —0.208385 0.00135532 0.00385556 0.00522669 0.00834323
1.3 1.41647 —0.0244195 —0.0886788 —0.112096 —0.208099 0.00134944 | 0.00380207 0.00513813 0.00818666
1.4 1.46551 —0.0244117 —0.0885926 —0.111979 —0.207833 0.00134276 0.0037504 0.00506157 0.008042

1.5 1.50924 —0.0244077 —0.0885206 —0.111878 —0.207591 0.00133514 0.00370008 0.00499435 0.00790579
1.6 1.5483 —0.0244062 —0.0884603 —0.111793 —0.207371 0.00132663 0.00365119 0.00493463 0.00777667
1.7 1.58327 —0.0244065 —0.0884095 —0.111719 -0.207173 0.00131746 0.00360403 0.00488104 0.00765433
1.8 1.61463 —0.024408 —0.0883666 —0.111656 —0.206995 0.00130788 0.00355898 0.00483256 0.00753897
1.9 1.64282 —0.0244103 —0.08833 —0.111602 —0.206836 0.0012982 0.00351632 0.00478842 0.00743084
2.0 1.66822 —0.0244131 —0.0882987 —0.111555 —0.206693 0.00128866 0.00347628 0.00474798 0.00733015
3.0 1.82417 —0.0244459 —0.0881427 —0.111308 —0.205863 0.00122235 0.00321213 0.00447214 0.00668381
4.0 1.89283 —0.0244708 —0.0880955 —0.111226 —0.205545 0.00119715 0.0031007 0.00431866 0.00642247
5.0 1.92833 —0.024488 —0.0880781 —0.111192 —0.205404 | 0.00118685 0.00304877 0.00422167 0.00630395

Here,
F(x) = x2x% =3)1 +x)? +31In[x + (1 + x2)'/?] (5.3)

is the contribution of the ideal degenerate relativistic spatially homogeneous electron gas;

1 44d (%)
0 = 20| 1 = 32 @i + ol 2e 00 + oo | 5.4
is the contribution of Coulomb interactions in the two-electron correlations approximation;
()
f(x) = 8adx* [<z2>g<3><x|<z>> o a6l (x) (5.5)

is the contribution of the three-particle electron correlations.

In the region x > 1, all contributions [with the exception of 8( )(xl (z))] to the model energy caused
by interactions are negative monotonously decreasing functions of the relativistic parameter. In the two-
electron correlations approximation, the equation of state (5.2) numerically is very close to the result of
Salpeter [6].

In table [3| there is shown a dependence of terms F(x), f>(x), f3(x) on the relativistic parameter
for the helium (z; = 2z = 2), carbon (z; = zp = 6), nitrogen-oxygen (z; = 7, z2 = 8; N = N;) and
magnesium (z; = zz = 12) dwarf models. A relative decrease of pressure caused by the interactions

[F(x) + fo(x) + f3(x)]F " (x) is illustrated in ﬁgure

6. Conclusions

Reference system approach was adapted for the description of a degenerate relativistic electron
subsystem. There were investigated the features of two- and three-particle correlation functions in a wide
domain of a relativistic parameter, as well as there was obtained an exact expression for the static two-
particle correlation function. For the first time, the expressions for the three-particle correlation function
were approximated and the local field correction of interacting relativistic electron gas was studied, which
is the basis for the calculation of the energy and structural characteristics of degenerated dwarfs. The
energy of the ground state of the electron-nuclear model, as well as the equation of state of the model,
have been calculated in a wide range of the relativistic parameter at absolute zero temperature. As it was
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Figure 11. The ratio of pressure P(x) to the pressure of the ideal relativistic electron gas Py(x) as
function of the relativistic parameter and nuclear charge (curve 1 — z; = zp = 2,2 — 7z =20 = 6,
3—au=Tzn=84—z1=2=12).

shown in our calculation, the contributions of Coulomb interactions to the energy of the ground state
and pressure, caused by two-electron correlations are important and increase with an increase of nuclear
charge. The contributions caused by three-electron correlations are much smaller but they exceed the
contribution of correlation energy of the electron fluid, especially at large values of the nuclear charge.
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basncHUA nigxip B Teopii BUPOAKEHUX KapanKiB

M.B. BaBpyx, 4.B. A3ikoBcbkuid, H.J1. Tuwko

JIbBIBCbKWIA HaLiOHaNbHWIA yHiBepcuTeT iMeHi IBaHa PpaHka, kadegpa acTpodismku,
Byn. Kupuna i Medogis, 8, 79005 /1bBiB, YkpaiHa

basucHWin nigxia HepensaTUBICTCHKOI Teopii eNeKTPOHHOI PiANHK ajanToBaHO A0 PO3PaxyHKy XapakTepucTuk
eNeKTPoH-AAepHOI MoAeni Npy rycTUHax, Lo BiANOBiAal0Tb BUPOMKEHNM KapavKaM. Po3paxoBaHo 4BO- Ta Tpu-
YaCTVHKOBI KOpenaLiliHi yHKLiT BUPOJKEHOro pensiTUBICTCbKOro eNeKTPOHHOrO0 rasy B iMnyabCHO-4acTOTHOMY
npeACTaB/eHHI Y HabAVXeHHi nokanbHoro nons. B agiabatmuHoMy HabavKeHHi 064NCIEHO OCHOBHI BHECKM
KYNOHIBCbKIMX B3a€EMOZlA B eHeprito Ta piBHAHHSA cTaHy mogeni npn T = 0 K.

Kntouosi cnoBa: esiekTpoH-figepHa MoAeNb, KOPenayiiHi QyHKLii, monpaska Ha 10KaibHe r1oJe, eHeprisi
mogeninpuT = 0 K, piBHSIHHS cTaHy
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