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We studied the properties of a single impurity atom immersed in a dilute Bose condensate at low temperatures.
In particular, we perturbatively obtained the momentum dependence of the impurity spectrum and damping.
By means of the Brillouin-Wigner perturbation theory we also calculated the self-energy both for attractive and
repulsive polaron in the long-wavelength limit. The stability problem of the impurity atom in a weakly-interacting
Bose gas is also examined.
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1. Introduction

When an impurity atom is immersed in a dilute Bose gas, impurity-boson interactions are expected
to dress the impurity into a quasiparticle, namely a Bose polaron. Methods for obtaining the dynamical
properties of such a quasiparticle are the subject of research in many papers.

Investigation of moving impurities in Bose systems was motivated by the progress in the experimental
research, where charged or localized impurities in a Bose-Einstein condensate [1] and impurities inter-
acting with uncondensed bosonic medium [2] were obtained. In recent work [3], the lifetime of a Bose
polaron in the ultracold #’Rb Bose gas in a strongly interacting regime was experimentally estimated. In
[4], the dependence of the energy of impurity atom which is moving in a Bose-Einstein condensate on the
variation of the interaction between the impurity atom and the bosonic system is measured.

Alot of theoretical works, where the properties of a Bose polaron are investigated by various methods,
have been published in recent years. Namely, attractive and repulsive interaction between the impurity
atom and the environment is considered. In particular, the self-localised impurity states are studied in a
one-dimensional [5] and in a dilute three-dimensional Bose-Einstein condensate [6] in a strong coupling
regime. The strongly interacting Bose polaron is also investigated in [7]. By means of the self-consistent T-
matrix approach, the authors calculated the impurity spectral function, the effective mass, the quasipar-
ticle energy of the attractive and repulsive Bose polarons. Qualitatively, the same results were obtained
in [8] with the help of variational methods. Particularly, the parameters of the spectrum of the impurity
atom immersed in the non-interacting BEC and in a Bose gas with weak repulsive interaction between
particles were found. The systematic diagrammatic techniques applied in [9] to the polaron problem re-
vealed a similarity between the structure of polaron energy and the energy of weakly-interacting Bose
gas. In the paper [10], the dynamics of ultracold Bose polaron was analyzed and smooth transition from
the attractive polaron to a molecular state near the Feshbach resonance was explained. The quantum
Monte Carlo method was used in [11}[12] to study the dependence of the Bose polaron energy on the gas
parameter at different mass ratios of the impurity atom and Bose particle. In the work [13], the impurity
self-energy and the spectral function for ®Li-!33Cs system was determined by the diagrammatic approach
considering that the impurity can form a sequence of the Efimov bound states with two bosons. In [14],
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using the Lee-Low-Pines transformation, the absorption spectra of impurity with two or more internal
hyperfine states is calculated.

In this paper, we consider the behavior of the impurity atom in a weakly-interacting Bose gas. We
focus our attention on finding the impurity spectrum in the Bogoliubov approach. We have found the
correction to the impurity spectrum within the standard perturbation theory, assuming that the Bose par-
ticles are hard spheres (see section 3). The most interesting results for the self-energy and the effective
mass of the attractive and repulsive polarons were obtained within the Brillouin-Wigner perturbation
theory. We have also showed that the spectrum of an impurity is damped in the case of a positive value
of the Bose polaron energy and calculated the dependence of the damping in the limit of the Rayleigh-
Schrodinger perturbation theory on the velocity of the impurity atom (see section[3.I). Considering vari-
ous values for the interaction between bosons and the impurity, as well as the gas parameter values, we
were able to find the region of applicability for our approach.

2. Problem statement

The system N of interacting Bose particles which also interacts with the impurity atom can be de-
scribed by the Hamiltonian:

H=H+ Hy, + By 2.1
Here, H is the kinetic energy of the impurity:
. P?
Hy = M (2.2)

The operator H;, is the Hamiltonian of the interacting Bose particles. In Bogohubov approximation, this
Hamiltonian has a diagonal form in the second quantization representation b+ bk

Hy=Eg+ ) hoib by, (2.3)
k0
where Ejp is the ground-state energy of the Bose particles in the Bogoliubov’s approximation, iwy. is the
Bogoliubov’s spectrum. The operator Hiy; describes the interaction between bosons and impurity with
two-body scattering processes of the impurity atom on the Bose particles taken into account:

Hine = pvo+ — Z VPV (Efkeik‘+5ke‘ikr), 2.4)

VV io
where p = N/V and m is the density and mass of Bose particles, respectively. The coordinate of the
impurity atom r is introduced. The coefficients V¢ and v are the Fourier transforms of the interaction
potential between the impurity and Bose particles when k =0 and k # 0, respectively.

To describe the interaction between the bosons and the impurity atom we can use the model potential
of hard spheres instead of the real potential. This potential gives an adequate description of the contact
repulsion between particles. The Fourier image of this pseudopotential is constant for all the values of
the wave vectors:

v =27h%a , 2.5
k M (2.5)

and is determined by the s-scattering length a of the impurity atom on a Bose particle. The moving impu-
rity in the environment of weakly interacting Bose particles is usually called the Bose polaron. Moreover,
the sign of the coupling constant v in the relation indicates whether the polaron is attractive (Vi < 0)
or repulsive (v > 0).

Our task is to find the full energy of the system “impurity atom plus Bose particles” by using the
Brillouin-Wigner perturbation theory. We will also consider the limit of the Rayleigh-Schrodinger pertur-
bation theory.

Let the impurity atom with momentum 7iq move in the environment of the bosons, which are in
the ground state |0) with the energy Eg. The full energy of that system can be written in the form of
transcendental equation:

Eq=EY +pvo—I(Eg), (2.6)
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where Efio) is the zeroth approximation of the ground state energy of the system “the impurity atom plus

interacting bosons”:
thZ
EO _ +Eg, 2.7
T VIR 2.7)

the second term in (2.6) is the diagonal matrix element of the perturbation operator (2.4). It is calculated
on the ground state wave functions of the system “the impurity atom plus Bose particles”. The next term
in (2.6) is second order correction to the full energy:

5 (K, q'| Hintl0, q)1?

q'#0, K'#0, E(g)kr - Eq
q'+K'#0 T

I(Eg) = 2.8)

Since we treat the Bose gas as a weakly-interacting gas, the most probable transitions in this system are
those which are accompanied by the appearance of a single phonon. An intermediate state |k’,q’) can
be determined by the momentum of quasiparticles 7q’ and the energy of the first excited state of the

environment:
2

h 2
= S +ho + By (2.9)
In order to find the energy Eg, it is convenient to perform an analytic continuation in the complex energy
plane E; — E; +in (here 1 — +0). In what follows we will continue to work with its real and imaginary
parts:

Eq-Ep=Aey—ily, (2.10)

where Agg, I'; are determined by the second-order correction of the perturbation theory. The real
and imaginary parts of this correction can be found throughout the Sokhotski formula. So,

2.2
Agg = oM +pVvo—Rel(Aey), (2.11)
Iy =ImI(Agg). (2.12)

The impurity atom with momentum /iq always loses its energy Ae,; when it moves in the environment
formed by Bose particles. Even when the impurity atom is decelerated by weakly-interacting bosons,
its energy is not equal to zero. This immersion energy which appears due to the interaction with Bose
particles is usually called the self-energy of the impurity atom. If the sign of this interaction is negative,
then the energy A¢, can attain different values. If the impurity atom is repulsed by the environment of
the Bose particles, then Aeg > 0 and this energy is converted into the emission of phonons. Moreover,
in the case of a strong attractive impurity-boson interaction, various phenomena can occur, namely, self-
localization of the impurity or even the formation of the polaron-boson bound states “impurity plus Bose
particle”. The imaginary part of the spectrum I'; determines the rate of the energy loss of the impurity
and indicates the lifetime of the polaron quasiparticle. Therefore, the immersion energy of the impurity
atom should be much greater than the magnitude of the spectrum attenuation I';. The impurity atom
almost immediately loses its energy and slows down when Ae,; < I'y. It should be also noted that for
the case Ae, =T, equations and are a system of transcendental equations in which I(Ag, —
Agg4—il'g). The solution of this problem is quite cumbersome. Therefore, we will consider the case Agg >
I'; and then discuss the applicability of our approach.

3. The impurity spectrum

Let us write the impurity spectrum (2.11) as follows:

nlq®  _ pVy Pk 1/ how
Neg= +pvo—70 S : 3.1)
Kz0 M o+ 2 4w - Agy
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here, Bogoliubov’s spectrum can be expressed through the Fourier transform of the interaction potential

between Bose particles vy:
k" n2k2)!
ﬁwkr = 1+2p1/k( ) . (3.2)
2m 2m

The last term in (3.1) is divergent because we describe the interaction between the impurity and bosons
by the model potential. The convergence of this contribution is provided by renormalization of the cou-
pling constant v [15}[16l:

V2 2Mm

- - 0
Vo —Vo+ — Z —(m+M)h2k2 .

(3.3)
V %o

In the case of more realistic interaction potential between the impurity atom and the Bose system, this
convergence is provided by the Fourier transform v # const which tends to zero for large values of k/
while it is constant in the long-wavelength limit.

We write down the damping of spectrum of the impurity atom in an explicit form:

1—/2 hk’2 hz kIZ th/
Fq = ﬂu 1) + hwk/ + 1
\% K £0 mek/ 2M

~Aeg|. (3.4)

The integral in expression for the damping in the case of arbitrary interaction (when the Fourier
transform of the interaction potential is constant and when v # const) is always convergent. Moreover,
due to the presence of -function, it is also clear that I; is not equal to zero only when the self-energy of
the impurity is positive, i.e., Ag4 > 0.

In next sections we will investigate the full momentum dependence of the impurity spectrum and
damping within Rayleigh-Schrédinger second-order perturbation theory and will study only the long-
wavelength behavior of these parameters by means of Brillouin-Wigner perturbative approach.

3.1. The case of the Rayleigh-Schrodinger perturbation theory

The calculation of the spectrum of the impurity atom in the limit of the standard perturbation theory,
when Ag; = 0 in the last term equation (3.1), is rather simple. In the thermodynamic limit (V' — oo, N —
g

oo, p = const), where Y v — JdK/, introducing a dimensionless momentum of the impurity p = e

v
@n)3
(here ¢ = /pvo/m is the velocity of sound in the environment of the Bose particles) and calculating
the integral over the variable k' in the sense of principal value, we obtain the final expression for the

spectrum of a Bose polaron:

p2 al+y

AEp=—+ 1+d pa3€() (3.5)
P72y a2y a\ 7 ) '

here, y = M/m, A&, = Ae p/mcz are the impurity dimensionless mass and energy, respectively. For the
explicit form of the function €, (y) see appendix@ The parameter pa® is the gas parameter which deter-
mines the strength of the short-range repulsion between Bose particles. In figure[l} we present the results
of numerical calculations of the function €, (y). The correction to the spectrum €, (y) essentially depends
on the mass ratio y.

In the limit of p — oo, the leading term in (3.5) is quadratic in momentum. The correction to the
spectrum tends to a constant when p — 0 (see appendix [A). So, we conclude that even the immobile
impurity due to interaction with Bose system will have a nonzero energy.

The sum over k' in equation was calculated in the thermodynamic limit when Ae, = 0. Taking
into account the argument of the §-function which is nothing but the energy conservation in the single
phonon creation process, it is easily seen that the impurity atom with momentum #q will transfer its
energy to the bosons when the velocity of the impurity atom is greater than the velocity sound of the
environment. This fact should be taken into account when calculating the integrals in equation (3.4).
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Figure 1. The correction of the impurity spectrum in the limit of the Rayleigh-Schrodinger perturbation
theory. Left-hand: the dependence of the corrections on momentum of the impurity atom. Right-hand:
the dependence of the corrections on mass of the impurity in the region of small momenta.

Omitting the details of computations, we write down the final expression for the damping of spectrum in
dimensionless variables:

I, =/mpa® (a) (17)2 (kp 1+ 8 ~In [k + /14 83)), (3.6)
kp:l—lyz (p—y\/p2+1—y2), I,=T,/mc* (3.7

are used. When y = 1, the damping can be written in a simple analytical form:
- pt- Inp
r,= \/ﬂpa3( ) ( —4—) (3.8)
g al \ p p
and here, p > 1.

Thus, in the limit A, = 0, the spectrum damping f,, essentially depends on dimensionless momen-
tum of the impurity p when p > y. In the case of immobile impurity, the damping is equal to zero. This
can be easily seen calculating the limit fp_,o in the relation . In the case 1~“,[,_,oo ~ p, the damping
increases linearly with increasing the velocity of the impurity, but the condition I',/Ag), <« 1 is satisfied.
Finally, taking into account the above calculations, we conclude that the impurity states in a dilute Bose
condensate are always well-defined (i.e., I'p/Agp <« 1) in the weak-coupling limit +/ pa3(c'z/ a)? «1.

where notations

3.2. The case of the Brillouin-Wigner perturbation theory

Let us find the impurity spectrum when Ae, # 0. To do this, we will expand expression into a
series in powers of g:

Aeg = Agg + it +0(g"), (3.9)
2M*
where
PVO h?k" 1/hwy 1
Agg = pVog— — ( - - - (3.10)
V K # 2m h2k2 +hwk’ AEO h2211\642 hzzfnz

is the self-energy of the impurity. In particular, the energy Agg can be both positive and negative. Its sign
will be determined by the type of interaction (attractive or repulsive) between the impurity atom and
the Bose system. The second term in is the kinetic energy of the impurity atom with the effective
mass M*: ) it
M 1pV 1 ntK 1/hwy
—1-2P% ¥ (3.11)

M 3V flAeo) gzp mM (’722]’\“4'2 +hwk/—A€0)
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here, the function
52 2702
v h-k 1/Awy
flae=1+220 ¥ s . (3.12)

1% 2m (p2k2 2
K'#0 ( oA +h(ukr—A£0)

It is seen that the effective mass is determined by the self-energy of the impurity. Therefore, first we have
to calculate the impurity energy Agy and then compute M*.

The integrals in equations (3.10), (3.11) and (3.12) can be calculated analytically. Performing these
simple but nevertheless cumbersome integrations for the dimensionless energy of impurity, we obtain

the following equation:
al+ a |pa®
e Py O (3.13)
a 2y a /4

where the explicit form of the contributions € (y, A€p) is shown in appendix@

Despite the standard perturbation theory result where the spectrum damping is always zero in the
limit p — 0, the solution of equation could exist even for I'g in the Brillouin-Wigner prescription.
This defect of the approximate consideration of the polaron problem when I'g = Agy, is usually treated as
a polaron instability [7}8]. Of course, such a treatment is physically wrong and the magnitude of I'y/Agg
only defines the limits of applicability of the arbitrary approximation scheme. Let us estimate the value
of the spectrum damping in the limit of the immobile impurity atom with the self-energy Agy. After
simple calculations, in the dimensionless variables for any values of y we obtain:

N 3(a
roz_,/&(z
2 T \a

2 (1+7y)? K32

Y y(l+2k) +2Vko(L+ ko)

Io=To/mc?, (3.14)
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Figure 2. The attractive polaron: left-hand panel is the self-energy of the impurity atom, right-hand panel
is the ratio of the spectrum damping to the self-energy impurity atom. (Top row pa3 =5x 1074, bottom
row pa3 =3x1072).
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where

Y

ko= 307 —y

Y+ A8~ \/(y+Ag0)2 + AB (Y2 - 1)

It is quite natural that the Bose polaron remains stable in the weak-coupling limit but surely the
most interesting is the region of strong boson-impurity interaction where the use of the Brillouin-Wigner
perturbation theory can give some non-trivial results. In this limit, the spectrum damping has a square
root behavior on the polaron energy

s n |pad(a\? [1+y — .
r0_4\/§ , (a) ; VAEy, A& > 1. (3.15)
The results of numerical computations of the polaron energy and damping rate I'g/Agg are depicted in
figures As it is seen, the attractive polaron can have both positive and negative values of the self-
energy (see left-hand panel in figure [2). The energy of the repulsive polaron is always positive [see left-
hand panel in figure (3)]. In the case of the attractive interaction between the impurity atom and Bose
particles (when a < 0), the heavier impurities rather leave the potential well formed by Bose environment
(see left-hand panel in figure[2] dot line). If we described the interaction between Bose particles by a more
realistic potential, then the heavy impurities conversely would be deeper in the potential well. In the case
of weak and strong repulsive interaction between the impurity atom and Bose particles (when & > 0), the
self-energy increases linearly with increasing the parameter a/a (see left-hand panel in figure [3). The
spectrum of the impurity atom is damped in the case of strong attraction (see figure[2] right-hand panel),
when the energy of impurity is positive (see figure [2| right-hand). In the case of repulsive interaction
between the impurity atom and the Bose system, the spectrum is always damped (see figure [3} right-
hand). Thus, the spectrum damping grows with an increase of the interaction strength and in the case
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Ago 7 3 ooce /
ol o o 008 £
o i 0,06 1
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N | o] TR w3 _
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Y N At B 1 0,024
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0 2 4 ., 8 0 2 4 5
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Ag |-
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0,25+
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Figure 3. The repulsive polaron: left-hand panel is the self-energy of the impurity atom, right-hand panel
is the ratio of the spectrum damping to the self-energy impurity atom. (Top row pa3 =5 x 1074, bottom
row pa3 =3x1072).
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pa3 =5x 1074, our calculations indicate that the attractive polaron is well-defined for a/a < 15 + 16,
whereas the damping rate of a repulsive polaron becomes the same order of magnitude as the self-energy
for a/a = 20 (see right-hand upper panel in ﬁgureand right-hand upper panel in ﬁgure. When pa® =
3 x 1072, the condition of the applicability of the presented approach is restricted to @/a < 5 + 6 for the
attractive and to a/a < 8 + 10 for the repulsive polarons, respectively.

Therefore, the calculations of the effective mass were performed in the region where Ae; > I'y. The
computation of these integrals can be reduced to the previously found one. In particular, contribution
to the effective mass can be obtained by differentiation of the expression for the self-energy
with respect to the parameter Agy. In the thermodynamic limit, it is not difficult to calculate the sum with
a cubic term in by differentiation with respect to the parameter y~!. Thus, the effective mass in
dimensionless units can be written as follows:

-1
3212 2 52 = 3712 2 =

M_ 4 ﬂ(g) (1+7)° "oy, A0) |, &(f) 1+7) 65‘1(%}60) 316

M* 3V 7 \a Y3 a(y—1)? T \a Y 0AE

where .#, »(y, A&) is presented in appendix[A] An increase of the attractive interaction (see figure [4left-
hand panel) and repulsive interaction (see figure 4| right-hand panel) between the impurity and Bose
particles leads to an increase of the effective mass of the polaron to a certain critical value of the interac-
tion. In the case of very strong interaction, the effective mass gradually decreases. Note that in the paper
[17], the effective mass of the impurity atom 3He in the liquid “He with the real interaction potential be-
tween Bose particles was found for the first time by means of the Brillouin-Wigner theory. In the paper
[18], the energy of the moving impurity in the liquid *He was found. The author showed that the inter-
action potential between the Bose particles and the impurity atom can be expressed as a function of the
structure factor of the liquid *He. In the work [19], using a deformed Heisenberg algebra, the effective
mass and the separation energy of the impurity atom 3He for different values of the density of “He is
calculated.

L0047 T T T 3
< % —y=3/4
M/M S y=1
A AU, =3/2
0994 \: Ll
0,984 ‘\"‘-_.-. ——_‘
097 . . :
0 2 4 6
ala
1,0 1,00+ . ; .
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M/M 0se] % |
09- :
0,96 .
0,8+ N 094- ) ,' E
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092 \ -
0,7 N e y=1
~~~~~~~~ y=3/2
. . 090 . :
0 1 2 0 2 4 6
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Figure 4. The effective mass of the impurity atom: left-hand panel is the attractive polaron, right-hand
panel is the repulsive polaron. Top row pa3 =5x 1074, bottom row pa3 =3x1072,
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4. Conclusion

In conclusion, we have analyzed the spectral properties of attractive and repulsive Bose polarons in
a dilute Bose condensate. Particulary, using the Rayleigh-Schrédinger perturbation theory, we obtained
a full momentum dependence of the energy and damping of the impurity atom which is moving in the
Bose gas with a weak short-range repulsion. It is also shown that the Bose polaron behavior obtained
in the second-order Brillouin-Wigner perturbation theory qualitatively reproduces the results of a more
complicated T-matrix approach [7] and variational calculations [8].

A. Appendix

The corrections to the spectrum of the impurity €, (y) in the limit of the standard perturbation
theory depend on the mass and momentum of the impurity.
a) The case y < 1 (the light impurity):

p
8 1 1 2 _ 4+ 2 1+ 2 1 1 2_ 2
ep(y) = 1 . fdp@(p—\/l—yz)[y LA G PN LV i
-y 1=r"pJ 2y/1+p2—y2 1-/1+p2—y2

+}/pln‘y+p|]} (A1)

and the condition, p > /1 —72.
In the limit p — 0 equation (A.1):

1+ y/1-7?

v

8 y?
eo(y) = 1- In
o 1—7’( 2y/1-y2

b) For the case y > 1 (the heavy impurities):

p

8 11 Y-y +p*(1+7?)
€,y) = 1+ —fd 0( 21— )[ arctan \/y2 —1 - p?
oy Y{ v-ip) ¥ Vri-1-p = Vri-1-p

4 2_ A2 2
— 1 / 2_.2
+ypln| + 21 lfdp@(p—\/yz—l)[y rp +Y)ln Lt VIitp oy
Y+P Y—lpo 21+ p2—y2 1- /1+p2—y2

2
Y-p Y
+ypln)y+p‘]+ \/Yz__larctan\/yz—l}, (A.2)

the correction ( in the limit of the motionless impurity we obtain:

8 2
€0 = (1— Y arctan yz—l).

Ve

c) For thecasey =1

1+p lp l‘
2p3 1-

p
4
_ _f p‘]dp, (A3)
P 0
when g — 0 in , we obtain the results of the corrections: ¢y = %
The explicit form of the correction €y(y, A&p) to the self-energy of the Bose polaron (3.13):
Y? | A

)ﬂ (y,A&p) — (_Y +— )ﬂz(% AEg) |;

> (A4)

2 ~
1+(Y LYAE 14y
1-y 2 1-vy

€o(y,A&y) = 7
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and here, the quantities .#) »(y, A&g) are the integrals:

1 1

dx
Sy, AEg) = , P (v, AEy) =
10y, A&o) _‘[ 2 (2= 22) 2 (Y, A€p) _fl

x2dx

(x2 - x2)(x2 - x2)’

here,

1
X+ ﬁ(1+yAégi \/(1 +)/A§0)2 +y2 - 1).

The result of the integration depends on the ratio between the parameters y and A&y.
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Behavior of the impurity atom in a weakly-interacting Bose gas

MoBegiHKa AOMILLKOBOro aTomMa B C/labKoB3aEMoAilouomy
603e-rasi

. NMaHoukd®, B. |_|aCTyXOB[2], L BaKapqy@

L MpupoaHnunii koneax, JIbBiBCbKMI HaLioHanbHWIA yHiBepcuTeT iMeHi IBaHa PpaHka,
Byn. TapHaBscbKoro, 107, 79010 JlbBiB, YKpaiHa

2 Kadepapa TeopetnyHoi ¢isnku, JIbBIBCbKUIA HaLiOHaNbHNIA yHiIBepcuUTeT iMeHi IBaHa PpaHka,
ByN. [paromaHoBa, 12, 79005 J1bBiB, YkpaiHa

B po60Ti BUBYEHO NMOBEAIHKY AOMILLKOBOrO aToMa y Po3piskeHOMY 603e-KOHAEHCaTi B rpaHuLLi HU3bKMX TeMne-
patyp. OTprMaHo nepTypbaTMBHMM METOAOM CMEKTP AOMILLKM Ta 0o 3aracaHHs B 3a71€XHOCTI Bij iMnynbcy. B
pamkax Teopii 36ypeHb bpintoeHa-BirHepa 3HaiieHO BnacHy eHeprito NpUTAraabHOro Ta BiLLUTOBXYBaNbHOIO
noAspoHa B A0BroXBWLOBIl rpaHuL. TakoX BUBYEHO NUTAHHA CTabiNbHOCTI NOASPOHa B C1abKOB3aEMOito-
YoMy 6o3e-rasi.

Knrouosi cnoBa: 603E-I'IOIIHPOH, 3aracaHHs crnekrtpa, B/1acHa eHepri,q
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