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ANALYTICAL CONSTRUCTION
OF THE HIERARCHICAL MATRIX LYAPUNOYV FUNCTION

FOR IMPULSE SYSTEMS *

AHAJIITAYHA IIOBYIOBA
IEPAPXI9YHOI MATPUYIHOI ®YHKIIII JIIIIYHOBA
AJIA IMITY JIbCHUX CHCTEM

For impulse systems, we develop a method for the construction of the hierarchical matrix Lyapunov
function.
s iMnyJibeHOl cHeTeMH poapoflieno MeTol o6y RoBH iepapxiynol MaTprunol hyskuii JIsanynosa.

Introduction. In this paper, we consider systems of differential equations that simulate
evolutionary processes in techniques and engineering under impulse perturbations.

In the last years, many phenomena with manifested impulse effect were described
in biology, medicine, the theory of optimal control, economics, pharmacokinetics, and
the theory of systems with modulation.

Numerous problems in the theory of differential equations with impulse
perturbation are already solved (see [1—-5]). Nevertheless, in general, the development
of constructive methods for the investigation of various dynamical properties of such
systems is still of considerable interest.

The aim of this paper is to develop a method of matrlx valued Lyapunov functions

for impulse systems.
Hierarchical impulse systems. We consider the impulse system

dx
—_= t, x), I+ T "
= f(t, x) k(%)
Ax = x(t+0) — x(8) = I*(x), (1)
x(f) = x, keZ.
Here, x€ (x1,...,x)Te R" fe C(R.xQ(p),R"), I*e C(Q(p),R",
Q(p) = {xeR" lxli<p}, p>0, Q(p)=R"
‘We assume that system (1) satisfies some general conditions.
A . The functions T,: Q — R, are continuous in x.
A, . The following relations hold:
0 <1i(x) < 1(x) < ... < Tp(x) < ... for xe Q,
inf {T,(x) = T4 (x): k22, xe R"} > 0,
and lim Ty (x)=c uniformlyin xe Q.
k= oo
A5. The integral curve of any solution of system (1) intersects any hypersurface
Sg: t =T4(x), ke Z, not more than once.
A,. There exists a constant e (0, p) such that X+ Ik(x) e Q(p) Vke Z
whenever xe Q(U).
As. For any decomposition of a vector x € R" into subvectors x,€ R™, n, +...
..+ny = n, the values T;(x,), k€ Z, satisfy conditions A —A,.
Assume that system (1) consists of N independent subsystems
dx;
dt

* The research described in this publication was made possible in part by Grant N2 K41100 from Joint
Fund of the Government of Ukraine and International Science Foundation.

g!(f x,) f?ﬁ'rk(x"), i=1,2,.“,N,
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Ax; = ®F(x), tetx), keZ, @)
x; (1) = X0,
where x; € R", g;e C(R,x R",R"), g;(t,0)=0 V te R, and link functions
Ry, x5 oo om0 s he C(R % RM X ... xR RY), 12105,

3)
@ = -0 (x), =100
Thus, system (1) can be transformed as follows:
dx:
'd_; = g‘.(t, x:') + hf(t)xj: wen !xN)! r¢1k(xf):
@

O An = )+ @, te T,
Furthermore, we assume that subsystems (2) are disconnected and
X=X X, ® .. X, &)
where X and X; are state spaces of systems (1) and (2), respectively.
Further, we assume that each subsystem (2) admits a decomposition into M;
components defined by

o i=1,2,.... M
5 = piit, %), tELG(x), J=12,.... M,

Axy = ®f (xp),  t=T(xy), keZ, | (6)
Xjj (%) = Xij0s
which after interaction form the subsystems

dx; ‘
d_: = pijt X)) + ;5 x5 t#FTlx) j=12,...,. M,

Axy; = If () + J(x), . t=7u(x;) ke Z, )
Xjj (&) = Xijos
where xijeR"”, pij€ C(R. X R"i, R"i), gij€ C(R. % R",R"), and x;;=0 is the
only equilibrium state of subsystems (6). Assume that subsystems (6) are
disconnected, i. e.,
X‘:=X“ ®Xf2® ‘e @X‘.'M, i=1,2,.;‘,N, (8)
where X; and X;; are state spaces of subsystems (7) and (6), respectively.
Impulse systems simulated by equations (1) and admitting the first-level

‘decomposition (2) — (4) and second-level one (6)— (8) have a multilevel hierarchical

structure (see [6]). ;

The structure of a hierarchical matrix function. According to the two levels of
decomposition (2)— (4) and (6)— (8) of system (6), we consider a two-level
construction of a submatrix of a matrix-valued function (see [7])

U(t,x) = [Uij(t$')]: Ui‘j=b}f’ ®
where Ui;': R+XR"J-—) R+! i= 1} 2:---:N* Uff: R+XR"FXR”J._) R! i;&j! j=

=1,2,...,N, forsystem (6).
Further, we need the class Uy of piecewise continuous matrix-valued functions.

Let To(x)=0 forall xe R". We introduce the sets
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550 A. A. MARTYNYUK, K. A, BEGMURATOV
G ={(t,x): Ry xQ(p): 5 i(x)<t<t{x)},
UG. kez,

oy = {0 x): Ry x Q: r=1ktx)}, ke Z.

Definition 1. A matrix-valued function U : R, x Q(p) = R™V belongs to the
class Wy if U(t,x) is continuous on every set {G,} and for (ty,xy) € 0,1 D c
c R, x Q(p), ke Z, there exist the limits

' im  U@x) = UG, %),

(t,x)— (tg,xp)
(t,x) e Gy

lim U(t, x)
(£,x)— (g, xp)
(1,x)€Gpyy

U(tg:x0)=

Il

and

U(ty, %) = Uy, x,) € RVN.

The matrix-valued function (9) has the following structure: The functions Uj;(t, -)
are constructed for subsystems (2), and the functions Uj; (t,-) (i#j) take into account
the links A;(¢, x, ..., xy) between subsystems (2).

The functions Uj;(t, -) have the explicite form

Uyt,-) = & B, &, i=1,2..,N, (10)

" where E;e R}, £;>0, and the submatrix functions B;(t, ) = [ugg @], p.g=
=1,2,..., M;, have the elements
¥ : R xR R, j=1,2,..,N,
u "’ : Ryx R"rx R"t R, uf) = u)
pq - 4 ’ pg = Ygp -

The functions u(') (t,-) are constructed for subsystems (6), and uf,'.; ( p#q) take
into account the mﬂucnce of link functions g; T (t, x;) between subsystems (6).

Similarly to Definition 1, for the elements u}) with i=1,2,...,N and p,q=
=1,2,..., M;, we consider the classes wy of piecewise continuous functions.
In order to establish conditions for the function
V(t,x,n)=nTU@x)M, me R', n>0, (11)

of fixed sign, we need several assumptions.

Assumption 1. There exist

1) open connected time-invariant neighborhoods N;,c R"”, i=1,2,...,N, p=
=1,2,..., M;, of states x;,=0;

2) functions @;,, @;, € K(KR);

) (r} Do g0 g =
3) constants oy >0, Tpy>0, oy, =ap,, Op= 0y, g=1,2,... ... , M;,
(1)

and functions ”1(7?7 € Wg, Uy, € Wo, P#¢, p,g=1,2,..., M;, satisfying the
estimates
a) oD oF (I, 1) < w2, x;,) < TP (Ix;,ll) forall r#7,(-), ke Z, and

Xip€ Nip;
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b) & @y, (123, 1D 97 Ulxig 1) < w8 (2, x5, xig) < TS @35 (123 ) @3 (i 1l) For
all t;ﬂ‘rk( ), ke Z, and (x;p, x;9) € N X N

Proposition 1. If all conditions of Assumption 1 are satisfied, then the functions
U,;(t, x;) satisfy the estimates

wl ®F A; @;w; < Uyt,x;) < W ©F B; @, w; (12)

Jorall t #1,(), ke Z, and all x;e N;, N;=N;1x N;3% ---XNM@! i} =
% L '

Here, we have used the following notation:

wi = (@ (xii 1) @i2(llxia ). @iy (l Xiag, 1)),
= (@i (xit D, Bi2 (1xi2 1D, - Bing, Ulxing, 1) »
@] = ®; = diag (&;1, Eizr - » Eing)s

Ay =[ae9], B;=[a@¥], i=12...M.

Proposition 1 can bc proved by direct substitution of estimates 3a) and 3b) into the
quadratic forms &7 B (t,-)€;, i=1,2,..., N, provided that the other conditions of
Assumption 1 are satisfied.

Assumption 2. There exist

1) open connected time-invariant neighborhoods N;cR™ i=1,2,...,N, of
equilibrium states x;=0;

2) functions ¢;, ¢; € K(KR);

3) constants B, B,_, Bij= By E,_, — BJ-,- forall (i#j)e [1,N], such that

By lwillllwill < Uy, x, )< Byliwlllmg - (13)
forall t#1,(-), ke Z, and (x,-,xj)e NixN;, (E#j)e [1,N].

Proposition 2. If the conditions of Assumption 2 and estimates a) and b) of
condition 3) in Assumption 1 are satisfied, then functions (11) satisfies the bilateral
inequality

wTHTAHw < V(t,x,n)< w H'BHW (14)
forall t#1,(-), ke Z, andall xe N=N;xNyx...xNy.
Here,
R _
w' o= (W, Wy, W), W= (W, W, .., W),

H' = H = diag [, M2, ---» Myl
A=[Byl B= [E.‘_,-], b j=1,2. 5N,
Bis = Ap(®] A3 ®;), By = Ay (@] B; ;).

Proof. The direct substitution of estimates (12) and (13) into expression (11) for

the function V(t, x,n) yields estimate (14).

Structure of the total derivative of the hierarchical matrix function. Further, in
order to establish the structure of the total derivative of function (11) along the solution
of system (1) admitting two-level decomposition, we introduce some definitions and

notations.

Definition 2. A matrix-valued function U : R, x Q(p) = e belongs to the
class W, if the matrix function U € W, and is continuously differentiable on the

set 3, _, GeND, DcR.x Q(p).
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Definition 3. A matrix-valued function U : R, x Q (p) = R™Y belongs to the
class W, if the matrix function U e W, and is locally Lipschitzian in the second

argumenr.
Let x(t) be any solution of (1) defined for te [,y +a)c J < R,, a = const >

>0, and such that x(t)e Q,;, Q;cQ(p) forall te J.
‘We define the function

D*U(r, x) = limsup {[U(¢+8,x(t+0)) — U(t, x(t))]e"l}
8—0*

forall (z,x()) € z;’:l G.ND.

The actual computation of D U(¢, x) is performed elementwise. An efficient
application of the upper right-hand derivative within the framework of the second
Lyapunov method is based on the following result [5] which enables the computation

of DT U(t, x) without immediate use of a solution on (1) :
Let a matrix-valued function U belong to W,. Then
DY U(t,x) = limsup {[U(t+0,x+0f(t,x)) — U(t, x@®)]067 '}
8- 0%

for (t,x)e D.

Assumption 3. There exist

1) open connected time-invariant neighborhoods N;,, N, R"e, of states Xip=
=0, i=1,2,...,N, p=1,2,..., M;;

2) functions “qu € wy, g=1,2,..., M;;
3) functions B;,€ K(KR);
4) real numbers p(’], u‘(,;), u(‘) such that

2) 2&2 {07, + (D, u])) by (1. 33,)} -< Zp“’ 7 (lxpll) for all ¢

#‘ck() keZ and x;,€ N3

M;
b) 2 &5 {(DF, ul)) ap (1. x)} +

M;-1
p=1g=p+l
+ (Df, “’)T(p,q(r i)+ a5y (8, X))} <
M; 5 M;—1 M; .
2 g B Ul + 2 35 30 1) By (s 1D By (g )
p= p=1 g=p+l
forall t#1,(+), ke Z, andall (x;, x;p) € N;pX N
Here,
ul) (£ 46, x;,) — u$) (¢, x;
b ul) ¢, 2 = limsup{ p ’pi} AUL g (15)

uld (£ 40, x; + Iy Axy) — ul) (246, Xip + I Axip).
Ax;

D;} ulf) ot x,) = limsup{
ip

ISSN 0041-6053. YKp. astam. sxypin., 1997, m. 49, N2 4



ANALYTICAL CONSTRUCTION OF THE HIERARCHICAL MATRIX ... 553

8- 0%, nx,-},u—)o}, (16)

where x;,(t+0;1t,x;)) = x;,+ Ax;,

" I = diag ((1-8,), (1-83p), ..., (1=8,),0, ..., 0) e R,

0, i#k;.
aikz { £
1, i=k,

and_

is the Kronecker symbol.
Proposition 3. If all conditions of Assumptions 3 are satisfied, then rhe upper
right-hand derivative of the functions U;;(t, x) along solutions of (7) satisfies the

estimate
y FU x) < Apg(Si) I Bill an
forall t#7,(-), ke Z, andall x;e N;.
. T . .
Here, B; = (Bj(llxiilD), Bia(llxiall), o s Bang(llxing 1)) and X p(Sy) is
the maximal eigenvalue of the matrix S;; with the elements
i _ () 2
oy = p 8. el 0., M,
; (18)
o%y =.0p = nl.  (=a)e 1, M)
Proof. In view of (15) and (16), we establish that the expressions D*u ( (r *)
satisfy the estimates
dx
D ul) (1, x;,) < Dfuyy (8, xp) + (D3, @ (¢, x,)T —22 dt (19)

forall i=1,2,...,N and (p,q)e [1,M;]. In view of (19) and conditions 1) —4) in

Assumption 3, we arrive at estimates (17).
Assumption 4. There exist

1) some constants p,p>0 and p,’tJ <p such that x;,e Q(pg,) guarantees the
inclusion x;, +J;‘,, (xip) € Q(p;p) forall ke Z;

2) functions u{) € wy forall i=1,2,...,N and (p,q)e [1, M;];

3) functions y;,€ K(KR);

4) real numbers agg, b("), and b("') such that

a) E2{u® (. (xp), % +ﬁ cx,,,,)) — Ul (2 (), %)} < @D wh (lxll) for
all x;,e N,p_ﬂ(p,p)

b) 2' €2, {1, (1 (37), % + IE () — 1D (1 (o), iy + TE (x)) +
. p=l
+ u(f) (Tk (xp) I;p) - u(‘J (tk (I"), x:')} +

+ 2 z E &ip&:q {u ® (Tk (xi)s.xfp + Jk (.I ): pq + J.-); (xi)) g

p=1g=p+l

(J) (Tk (x) Xip» tq)}
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< Z B2 (I, ) + 2 2 2 D v, (163, 1D Wi, (g )
p=1g=p+l
for all (xrp,x q) € Nipx Nig.
Proposition 4! If all conditions of Assumption 4 are satisfied, then for t =
=T,(x;), ke Z, i=1,2,...,N, the estimates
Uy (v (%), x; + TE () = Uy (v (), %) < Apg(Cip) Iy I (20)
are true for the functions U;;(t, x;).
Here,
\I»':T = (WUl 1), Wil xia 1), - Wiag (% 1))
=21, i=1,2,.,N, (,q)e 1, M),
@ =@ =g 20 '

Pq qp? FP pp?
O] (l) (@) -
Cpg = Cqp = bpq, F— s e S

and A p(C;;) is the maximal e:genvalue of the matrix C;;.

The proof of Proposition 4 is obvious in view of condition 4a) and 4) of
Assumption 4.

Assumption 5. There exist

1) functions u\) € wy forall i=1,2,...,N, (p,q) e [1, M];

2) functions y;,€ K(KR);

3) real numbers d? l":o’;}, such that, for r=1,(x;), k€ Z, and x;,e Nip the

pp>
following conditions are satisfied: ;

a) éxp 1(0?7 (Tk (xip) I + Jk (xlp)) d(l) Il'r(p (”x:p ")

b) 2’&? ul) (T (x, Xip)s % +Jh () = oy (T (x3p), % + T (x3p))} +

M;—1
+2 ) 2 Eip Eig 1) (T (x1), Xipp + Ty (X, Xig + Tiy (%)) <
p=1 g=p+l
M; Mi—1 M;
< D IDvEUxI) + 2 Y, D, K wip (1) wig (g D).
p=1 p=1 g=p+l

Proposition 5. If all conditions of Assumption S are satisfied, then for functions
U;i(t, ) with t=1,(x;), ke Z, and i=1,2,..., N, the estimate

Uit (T (), % + TE () < Apg (C3) 1w 112

is valid for all x; € N;, where KM(-) is the maximal eigenvalue of the matrix Cj;
with the elements

S0 = g L
) = d*+£p;,, il .., N,

D) _ A0 _ 0
Pq ap Pq°

The proof of Proposition 5 is similar to that of Proposition 4.
Assumption 6. There exist

1) an open connected neighborhood N ¢ R" of x=0;

o = ¢ p,qg=12,..., M.
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2) the functions B;p, = Y200 3 N p‘ =1, 2,...,M;, mentioned in
Assumption 3 ;

3) functions Uj;(¢, ) satisfying the conditions of Assumption 2 ;

4) real number 8;, i,k=1,2,..., N, such that

N
S nF(DF Ut x)) i (8, x) +
i=1
N-1 N
+2 Y e {D Uy e, ) + (Df ,-k(t,x,-,xk))T(gf(t,x,-)-i-h,-(t,x)) +

i=1 k=i+l

+ (D5, Un (t, x;, x)) (8 (£, x¢) + Iy (£, X))} <

N N-1 N
< X 8lBiIP + 2% 3 OullBill Bl
i=1 i=1 k=i+l
forall r#1,(x;), ke Z, and (x;,x) € N; XN
Proposition 6. If all conditions of Assumptions 3 and 6 are satisfied, then for

the function D¥ V(¢t, x, 1), the estimate
D*v(,x,m) < BTSP e3))

is valid along solutions of (1) for all t # 1;(x;), where B = (Bl - B;‘:,) and’
the matrix S has the elements

n; A'M( ) + 9” ]
S£k=3k;=eik, t,k=1,2,..‘,N,
Proaof. Estimate (21) can be obviously obtained- from the conditions of
Assumption 6 by using estimate (19). _
Proposition 7. If inequality (21) is true, then there exist continuous functions
H{,Hy: R, — R,, H)=H,(0)=0, H{(r)>0, Hy(r)>0 for r>0, such
that .

N L
0 <.H (V(t,x,m) < 3 B (Ixl) < (V£ x,n).
i=1
If, moreover,
a) Ay (S)<0,
b) Ap(S)>0,
then for all t#1,(x), xe N, ke Z, the following estimates, respectively, hold:
a) D V(t,x,‘r]) < XM(S)HI (V(f, x,'r])),
a) DTV(t,x,m) < Mp(S) Hy (V(2, x,M)).
Here, Ay () is the maximal eigenvalue of the matrix §.
Proof. Estimates a) and b) follow from the fact that B’ SPB < Ap(S) [iTB under

the conditions of Proposition 7.
Assumption 7. There exist

1) open connected time-invariant neighborhoods N; < R" of x;=0, i=1,2,...
, N, and the neighborhood N=N X N;xX ... XNy of x=0;

2) functions U;,,, m=1,2, ..., N, satisfying the conditions of Assumption 2;

3) functions VYip€ K
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4) real numbers Vv ip P= 1,2,..., N, suchthat for all ke Z, the following
conditions are satisfied for all (x;, x,) € N; XN ;:

N
S 07 {U; (0 (x), x; + TF (1) = Uy (7. (x), )} +
5

-1

+22i

i=1 p=i+l

N N-1 N .
< Yovavilad) + 23 X vipwdlxiD v, (). (22)
=1

i=1 p=i+l

MM, {Up (1 (1), x; + TF (), x, + T, () = Up, (4, (2), %, x,)} <

Proposition 8. [f inequalities (20) and (22) are satisfied, then the estimate .
V(e (x), x+J(x),m) = V(1. (%), x,m) < yTCy (23)
holds for all t=<,(-), ke.Z, xe N, where
v = (Wi (ml) g 1D, (), D),
and the matrix C has the elements
cii = M7 Aag (Ci) + Vi,
Cip =Vin i#pe[l,N].

Proposition 9. If inequality (23) is satisfied, then there exist continuous functions
Q, and Q, such that Q;(0)=0,(0)=0, Q,(s)>0 and Q,(s)>0 for s >
>0, and

CP;

. :
0 < 0, (V(tx), %)) < 3, Wi (wlixl) < Qa(V(rix), x)).
i=1
If, moreover,
a) Ap(5)<0,
b) Ap(S)>0, -
then for all k € Z, the following estimates, respectively, hold:
a) V(T (x), x+J5(x)) = V(1. (%), x) € Ae(C) Q; (V(T2(x), %)),
b) V(T (x), x+ 75 (%)) = V(1 (), 2) < Apy(C) Q5 (V(T4(x), %)).
" Here, Ap(C) is the maximal eigenvalue of the matrix C.
Proof. Consider the quadratic form w7 Cy. It is known that

N
VICY < MC)WTY = 2y (C) 3, Wi (i (), Il

Hence, -
V(T (x), x+ T (x)) = V(1 (x), x) <

{xM(C)QI(V(-ck(x),x) if Ay (C)<0;
A (OO (V(Te(x),x) if Ay (C)>0.

This proves Proposition 9.

Assumption 8. There exist
1) open connected time-invariant neighborhoods N; < R™ of x;=0, i=1,2,...
T ;

<

ISSN 0041-6053. Ykp. sam. sxypi., 1997, m. 49, N* 4



ANALYTICAL CONSTRUCTION OF THE HIERARCHICAL MATRIX ... 557

2) the functions U;,,

3) functions q!fp('l:k(x), [l x:1), i, p e [1,N], ke Z, continuous in the second
argument and such that W;,(Tx(x),0) = 0 and ;{T4(x),7) > 0 for r>0;

4) real numbers L ;, such that, forall ke Z, the estimates

i, p=[1, N], mentioned in Assumption 2;

N
S, {U; (1 (), % + TE )} +

i=1

N-=1 N
+ 23 Y mn,Up (1 (0, x; + JF(x), x, + 1, (%)) <
i=1 p=i+l
N-1
Z w7 (T G llxl) + 2 Y Z B ¥ (T (0, 15 1) W (T (), 113, 1)
i=1 i=1 p=i+l

are satisfied for all (x;, x) € N; XN,
Proposition 10. If all conditions of Assumption 8 are satisfied, then the estimate

V(1) x+ J5(x)) < yTC*y 24)

is true, where w7 = (y (), 11x,11), .o » WATLX), 1x4]1)), and the matrix
C* has the elements

ci = M Ay (Ch) + s
c;, = c = Wi i#pe[l,s].

Proposition 11. If estimate (24) is satisfied, then there exist functions Q;, Q,:
R, — R, such that 0,(0)=0,(0)=0, Q,(r)>0 and Q,(r)>0 for r >0,
and

a) V(T (x), x+J* (x)) — V(T (x), x) < ?\,M(C )QI(V(Tk(x) x)),
(25)

b) V(t (), x+7K() = V(5 (), %) < My(CT) 0 (V(5), %)),

for
a) Ap(C*) <0,

b) Ay, (C*)>0,

respectively.
Remark. It is easy to see that estimates (21) together with inequalities (24) allow

us to establish some conditions for the function V(f, x, 1) decreasing along solutions
of (1) and, furthermore, to apply this function to the investigation of the behaviour of

solutions of system (1).
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