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We study characteristics of quantum evolution which can be called curvature and torsion. The curvature shows
a deviation of the state vector in quantum evolution from the geodesic line. The torsion shows a deviation of
state vector from the plane of evolution (a two-dimensional subspace) at a given time.
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1. Introduction

Geometric ideas play an important role in quantum mechanics, in particular in the studies of quan-
tum evolution [1–4], quantum brachistochrone problem [5–8], entanglement of quantum states [9, 10],
quantum correlations [11], Berry phase that has geometric origin [12].
In the classical case, the curvature and torsion are important geometric characteristics of the trajec-

tory. The aim of the present paper is to answer the question: What is the quantum analogue of these
classical geometrical notions? Partly, the answer to this question was given in [13] where the authors
from the perspective different from this paper, namely, considering geometry of quantum statistical in-
terference, derived an explicit expression for the curvature of quantum evolution.
First, let us consider some facts of the geometry of the space of quantum states. A distance between

two quantum states |ψ1〉, |ψ2〉 which is normed to unity can be defined in different ways. In this paper,we will refer to the Fubiny-Study distance and the Wootters distance defined, respectively, as follows:
d (FS)(|ψ1〉, |ψ2〉) = γ

√
1−|〈ψ1|ψ2〉|2, (1.1)

d (W)(|ψ1〉, |ψ2〉) = γarccos |〈ψ1|ψ2〉|, (1.2)
where γ is an arbitrary constant (for a short review see, for instance, [14]).
These distances are equivalent for the neighboring states when |〈ψ1|ψ2〉|2 = 1−δ2, where δ is a small

value, namely, d (FS) = d (W) = γδ. As a result, the element of length for the family (set) of quantum state
vectors |ψ(ξ1,ξ2, . . . ,ξk )〉 parameterized by k parameters ξ1, ξ2, . . . , ξk is the same for different definitions
of the distance

ds2 = gi j dξi dξ j (1.3)
with metric tensor

gi j = γ2 Re(〈ψi |ψ j 〉−〈ψi |ψ〉〈ψ|ψ j 〉), (1.4)
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where
|ψi 〉 = ∂

∂ξi
|ψ(ξ1,ξ2, . . . ,ξk )〉. (1.5)

This form of metrics of quantum states was discussed by many authors (see, for example, [2, 15–19]).
It is convenient to put γ= 2. Then, in a two-dimensional case, gi j is a metric tensor of a sphere withthe radius equal to one (the Bloch sphere).
According to Schrödinger equation, one can introduce the velocity of quantum evolution [1]

v = ds

dt
= γ

ħ
√
〈(∆H)2〉, (1.6)

where ∆H = H −〈H〉.

2. Geodesic in the space of quantum state vectors

The geodesic line (one-parametric set of the quantum state vectors) that connects two state vectors
|ψ0〉 and |ψ1〉 can be defined as their linear combination

|ψ(ξ)〉 =C
[
(1−ξ)|ψ0〉+ξ|ψ1〉eiφ]

, (2.1)
where ξ is a real parameter changing from 0 to 1. This definition is similar to the definition of a direct line
connecting two points r0 and r1 in Euclidean space r = (1−ξ)r0+ξr1. However, in contrast to the classicalcase, in quantum case the states |ψ0〉 and eiφ0 |ψ0〉 describe the same quantum state, similarly, |ψ1〉 and
eiφ1 |ψ1〉 describe the same quantum state. Therefore, we require that geodesic lines defined between thestates |ψ0〉, |ψ1〉 and between the states eiφ0 |ψ0〉, eiφ1 |ψ1〉 coincide. This requirement is satisfied if wechoose

eiφ = 〈ψ1|ψ0〉
|〈ψ1|ψ0〉|

. (2.2)
The normalization condition 〈ψ(ξ)|ψ(ξ)〉 = 1 gives

C = 1√
1−2ξ(1−ξ)(1−|〈ψ1|ψ0〉|)

. (2.3)
Now, let us show that (2.1) is really a geodesic line. For this purpose, we calculate its length and show

that it is a minimal possible length. The geodesic line (2.1) is a one-parametric set of states and there exist
many possibilities to parameterize it. One can show that the length of the curve in quantum space does
not depend on the way of its parametrization. To calculate the length of the geodesic line it is convenient
to write its equation as follows:

|ψ(θ)〉 =C ′[sin(θ/2)|ψ0〉+cos(θ/2)|ψ1〉eiφ]
, (2.4)

here, a new parameter θ changes in the range 0 É θ Éπ and the normalization constant reads
C ′ = 1√

1+|〈ψ1|ψ0〉|sinθ
. (2.5)

Let us stress once more that (2.1) and (2.4) describe the same one-parametric family of quantum state
vectors, namely, the geodesic line. Comparing (2.1) and (2.4) we find the relation between the parameters
ξ and θ

ξ= tan(θ/2)

1+ tan(θ/2)
. (2.6)

One can verify that substituting (2.6) into (2.1) we find (2.4).
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Figure 1. Geodesic on Bloch sphere. Vectors a0 and a1 on Bloch sphere correspond to |ψ0〉 and |ψ1〉.

Using (1.4) for the one-parameter set of states (2.4) we obtain
ds = γ

2

√
1−|〈ψ1|ψ0〉|2

1+|〈ψ1|ψ0〉|sinθ
dθ. (2.7)

Then, the length of the geodesic line connecting the states |ψ0〉 and |ψ1〉 is

s =
∫

ds =
π∫

0

γ

2

√
1−|〈ψ1|ψ0〉|2

1+|〈ψ1|ψ0〉|sinθ
dθ = γarccos |〈ψ1|ψ0〉|. (2.8)

Thus, this length is equal to the Wootters distance, that is, the length of geodesic between two states (see
figure 1). For γ= 2, the Wootters distance is equal to the angle between vectors a0 and a1 on Bloch spherewhich correspond to |ψ0〉 and |ψ1〉, respectively. This angle is the minimal possible length of the curve onthe Bloch sphere connecting the states |ψ0〉 and |ψ1〉.In conclusion of this section, let us note that we can calculate the length of the curve (2.1) connecting
the states |ψ0〉 and |ψ1〉 for an arbitrary phase φ. Then, the geodesic line can be defined as the one havinga minimal length. One can find that the minimal length is achieved for φ given in (2.2) and is equal to the
Wootters distance.

3. Curvature

The state vector of the quantum evolution belongs to a one-parametric set of state vectors |ψ(t )〉 =
exp(−iH t )|ψ0〉 generated by the Hamiltonian of the system. The deviation of evolution state vector |ψ(t )〉
from the geodesic, connecting the same two state vectors, is related with the curvature of quantum evo-
lution.
In order to introduce the curvature as well as the torsion, we consider the evolution in two stages. At

first, we consider the evolution during the time ∆t from an initial state |ψ0〉 to
|ψ′〉 = e−iH∆t/ħ|ψ0〉 (3.1)

and then the evolution during the time ∆t ′ from |ψ′〉 to
|ψ1〉 = e−iH∆t ′/ħ|ψ′〉 = e−iH(∆t+∆t ′)/ħ|ψ0〉, (3.2)
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where H is a time independent Hamiltonian. In this section, without the loss of generality, we put
∆t =∆t ′.
A deviation of the quantum evolution from the geodesic line connecting |ψ0〉 and |ψ1〉 can be charac-terized by the minimal distance between the state |ψ′〉 and the geodesic line |ψ(ξ)〉

d 2 = mind 2(ξ) = minγ2 [
1−|〈ψ′|ψ(ξ)〉|2] . (3.3)

The minimal value of this expression is achieved at ξ= 1/2. Taking into account the terms of order (∆t )4

we find
d 2 = γ2

4

[〈(∆H)4〉−〈(∆H)2〉2] (∆t )4

ħ4 = γ2

4
κ

(∆t )4

ħ4 . (3.4)
Here, the multiplier

κ= 〈(∆H)4〉−〈(∆H)2〉2 (3.5)
can be called the curvature coefficient or curvature. It is convenient to introduce a dimensionless curva-
ture coefficient

κ̄= 〈(∆H)4〉−〈(∆H)2〉2

〈(∆H)2〉2 . (3.6)
For the first time, this result was obtained within the framework of the study of the geometry of quantum
statistical interference in [13].
Now, we show that the curvature of the quantum evolution can also be obtained using the geometric

treatment. For a small time, the classical motion along a given curve can be treated as a motion along the
circle with radius R for which we can write

1

R
= 2d

(s/2)2 , (3.7)
where s is the length of the curve between two neighboring points on it, which can be considered as an
arc of the circle, and d is the distance between the middle point of an arc and the chord connecting these
two points. Similarly to (3.7) we define the radius of the curvature for the quantum evolution. In our case,
d is given by (3.4) and

s = v2∆t = γ
√

〈(∆H)2〉
ħ 2∆t (3.8)

is the length that a quantum system passes during the time 2∆t of the evolution. Here, v is the velocity of
quantum evolution given in (1.6). As a result, we have

1

R2 = 1

γ2

〈(∆H)4〉−〈(∆H)2〉2

〈(∆H)2〉2 = κ̄

γ2 . (3.9)

4. Torsion

Torsion is related with the deviation of the evolution state vector from the plane of evolution (a two-
dimensional subspace) at a given time.
In order to find torsion, we consider the evolution in the two stages given by (3.1) and (3.2). Two

vectors |ψ0〉 and |ψ′〉 that form the first stage define the plane of evolution. Using these vectors we can
construct the orthogonal ones

|φ1〉 = 1p
2(1+a)

(|ψ0〉+e−iα|ψ′〉) , (4.1)
|φ2〉 = 1p

2(1+a)

(|ψ0〉−e−iα|ψ′〉) , (4.2)
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where a and φ are defined by 〈ψ0|ψ′〉 = aeiα. Then, the unit operator in a two-dimensional subspace
spanned by |φ1〉 and |φ2〉 is

Î2 = |φ1〉〈φ1|+ |φ2〉〈φ2|. (4.3)
Note that this is the projection operator of an arbitrary state vector on a two-dimensional subspace.
In order to find the deviation of the state vector |ψ1〉 obtained at the second stage from the plane ofevolution, we calculate the mean value of Î2

I2 = 〈ψ1|Î2|ψ1〉 = |〈φ1|ψ1〉|2 +|〈φ2|ψ1〉|2. (4.4)
When I2 = 1, then |ψ1〉 belongs to the subspace spanned by |φ1〉 and |φ2〉. It means that three state vectors
|ψ0〉, |ψ′〉, |ψ1〉 belong to the same plane (the two-dimensional subspace) of evolution and thus the torsionis zero. The expression 1− I2 gives the magnitude of the torsion. Considering small ∆t and ∆t ′ and taking
into account the terms up to the fourth order, we find

1− I2 =
[
〈(∆H)4〉−〈(∆H)2〉2 − 〈(∆H)3〉2

〈(∆H)2〉
]
∆t 2(∆t +∆t ′)2

4ħ4 . (4.5)
The coefficient

τ= 〈(∆H)4〉−〈(∆H)2〉2 − 〈(∆H)3〉2

〈(∆H)2〉 (4.6)
does not depend on ∆t and ∆t ′ and can be called the torsion coefficient. For simplicity, we put ∆t = ∆t ′
and then

1− I2 = τ∆t 4

ħ4 . (4.7)
Similarly to the dimensionless curvature coefficient, we introduce a dimensionless torsion coefficient

τ̄= τ

〈(∆H)2〉2 = 〈(∆H)4〉−〈(∆H)2〉2

〈(∆H)2〉2 − 〈(∆H)3〉2

〈(∆H)2〉3 = κ̄− 〈(∆H)3〉2

〈(∆H)2〉3 . (4.8)
Now, let us show that 1− I2 has a geometrical meaning, namely, it is proportional to the squared dis-tance of the state |ψ1〉 to the plane of quantum evolution spanned by |φ1〉 and |φ2〉. The distance betweena given state |ψ1〉 and the plane is equal to the distance between |ψ1〉 and the normalized projection ofthis vector onto the plane. The normalized projection of |ψ1〉 on the plane is

|ψ̃1〉 = c Î2|ψ1〉, (4.9)
where from the condition 〈ψ̃1|ψ̃1〉 = 1, we find c = (〈ψ1|Î2 Î2|ψ1〉)−1/2 = (〈ψ1|Î2|ψ1〉)−1/2. Here, we use
that (Î2)2 = Î2. Then, the squared distance between the state |ψ1〉 and the plane is

d 2 = γ2 (
1−|〈ψ1|ψ̃1〉|2

)= γ2 (
1−|〈ψ1|Î2|ψ1〉|

)= γ2(1− I2), (4.10)
where we use that |I2| = I2.

5. Discussion

In this paper, we have obtained the curvature and torsion coefficients (3.6) and (4.8) for the quantum
evolution which is governed by a time independent Hamiltonian. In this case, the curvature and torsion
coefficients are constant.
The evolution is going along the geodesic when κ̄= 0 or explicitly

〈(∆H)4〉−〈(∆H)2〉2 = 0. (5.1)
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Introducing operator Â = (∆H)2 we rewrite this condition in the form 〈(∆Â)2〉 = 0. Then, we find that
(5.1) is equivalent to the equation ∆Â|ψ〉 = 0 which explicitly reads

(∆H)2|ψ〉 = 〈(∆H)2〉|ψ〉. (5.2)
The solution of this equation is

|ψ〉 = 1p
2

(|E1〉+eiα|E2〉
)

, (5.3)
where α is an arbitrary phase, |E1〉 and |E1〉 are two eigenstates of the Hamiltonian H with eigenenergies
E1 and E2. Considering (5.3) as an initial state for the time dependent state that evolves along the geodesicwe find

|ψ(t )〉 = 1p
2

(
e−iE1t/ħ|E1〉+eiαe−iE2t/ħ|E2〉

)
. (5.4)

One can find that for an arbitrary time, the evolution state vector (5.4) satisfies the equation (5.2) and the
curvature for this evolution is zero. It is worth stressing that the state vector of the geodesic evolution
contains only two eigenstates of the Hamiltonian and lies in a two-dimensional subspace.
Let us show that the torsion of the geodesic is zero. Using (5.2) we have

〈(∆H)3〉 = 〈ψ|∆H(∆H)2|ψ〉 = 〈(∆H)2〉〈ψ|∆H |ψ〉 = 0. (5.5)
Then, according to (4.8) and taking into account that for the geodesic κ̄= 0 we find that the torsion τ̄= 0.
Let us verify that for two-dimensional space the torsion given by (4.8) is zero because this is abiding

by the definition. The most general Hamiltonian for a two-dimensional case reads
H =ω(σn)+ε, (5.6)

where n is a unit vector. Note that the curvature and torsion depend on ∆H , where ε is canceled. So,
without loss of generality we put ε= 0. Then, using the properties of Pauli matrices for Hamiltonian (5.6)
with ε = 0 we find the following results 〈(∆H)2〉 = ω2 − 〈H〉2, 〈(∆H)4〉 − 〈(∆H)2〉2 = 4〈H〉2〈(∆H)2〉 and
〈(∆H)3〉 = −2〈H〉〈(∆H)2〉. Then, one can find that the torsion (4.8) in the two-dimensional case is always
zero. For curvature in this case, we have κ̄= 4〈H〉2/〈(∆H)2〉. Thus, in two-dimensional case the quantum
evolution is going along the geodesic line when 〈H〉 =ω〈(σn)〉 = 0.
In conclusion, let us note an interesting fact which follows from (4.8). Namely, for symmetric states

when 〈(∆H)3〉 = 0, we find that κ̄ = τ̄. It means that the curvature and torsion during the evolution of
symmetric states are strongly related.
Finally, we would like to note that the curvature and torsion, presented in this paper, are interesting

on their own rights. They can be used for the study of evolution of different quantum systems. In this
paper, we presented a simple example of quantum system, namely spin in magnetic field. For the system,
we find curvature and torsion during evolution. Of course, this example can be considered as a simple
demonstration. It is also interesting to study curvature and torsion for a many-spin system during the
evolution, in particular for a two-spin system. We think that such characteristics of quantum evolution
as curvature and torsion are useful for the study of brachistochrone problem and entanglement. Note
also that in this paper we considered curvature and torsion for a time independent Hamiltonian. Of
course, there appears a question regarding generalization of these characteristics on time dependent
Hamiltonian. This question is worth to be studied separately.
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Геометричнi характеристики квантової еволюцiї: кривизна

та кручення
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Ми вивчаємо характеристики квантової еволюцiї, такi як кривизна та кручення. Кривизна показує вiд-
хилення вектора стану пiд час квантової еволюцiї вiд геодезичної лiнiї. Кручення визначає вiдхилення
вектора стану вiд площини еволюцiї (двовимiрний пiдпростiр) в заданий момент часу.
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