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The mixed spin-1/2 and spin-5/2 Ising model is investigated on the Bethe lattice in the presence of a magnetic
field h via the recursion relations method. A ground-state phase diagram is constructed which may be needful
to explore important regions of the temperature phase diagrams of a model. The order-parameters, the cor-
responding response functions and internal energy are thoroughly investigated in order to typify the nature of
the phase transition and to get the corresponding temperatures. So, in the absence of the magnetic field, the
temperature phase diagrams are displayed in the case of an equal crystal-field on the (kg T/|J|, D/|J]) plane
when g = 3,4, 5 and 6. The model only exhibits the second-order phase transition for appropriate values of
physical parameters of a model.
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1. Introduction

Over the last five decades, the Ising model has been one of the most largely used models to describe
critical behaviors of several systems in nature. Lately, numerous extensions have been made in the
spin-% Ising model to describe a wide variety of systems. For example, the models consisting of mixed
spins with different magnitudes are interesting extensions, forming the so-called mixed-spin Ising class
[1,12]. Beyond that, magnetic materials have several important technological applications: they find wide
use in information storage devices, microwaves communication systems, electric power transformers
and dynamo, and high-fidelity speakers [3H6]. Thus, in response to an increasing demand placed on the
performance of magnetic solids, there has been a surge of interest in molecular-based magnetic materials
[7H10]. Indeed, the discovery of these materials [11] has been one of the advances in modern magnetism.
Many magnetic materials have two types of magnetic atoms regularly alternating which exhibit ferrimag-
netism. In this context, a good description of their physical properties is given by means of mixed-spin
configurations. The interest in studying magnetic properties of these materials is due to their reduced
translational symmetry rather than to their single-spin counterparts, since they consist of two interpene-
trating sublattices. Thus, ferrimagnetic materials are of great interest due to their possible technological
applications and from a fundamental point of view. These materials are modelled using mixed-spin Ising
models that can be built up by infinite combinations of different spins.

In literature there exist many studies on mixed-spin Ising systems which intend to clarify the mag-
netic properties of magnetic systems. In this regard, there has been great interest in the study of mag-
netic properties of the systems formed by two sublattices with different spins and crystal-field interac-
tions [12]. Theoretically, such systems have been widely analysed using several numerical approaches,
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e.g., effective-field theory [13H18], mean-field approximation [19-23], renormalization-group technique
[24} [25], numerical simulations based on Monte-Carlo [26H30] and exact recursion equations [31H38]. A
somewhat newer interest is to extend such investigations into a more general mixed-spin Ising model
with one constituent spin-% and the other constituent spin—g. To this end, Deriven et al. [18] used an
effective-field theory with correlation to study the same model and got interesting results. Recently, Guo
et al. [17] studied the thermal entanglement of the same model by means of the concept of negativity and
also got interesting results concerning the effects of the magnetic field on the entanglement.

In the present paper, we use the exact recursion equations technique to examine the magnetic proper-
ties of the mixed spin-% and spin-g Ising model with equal crystal-field on the Bethe lattice in the presence
of a longitudinal magnetic field. The aim of this work is to investigate the effect of the crystal-field and
the magnetic field on the physical magnetic properties of the model.

The remainder of this paper is arranged as follows. In section[2] the description of the model on the
Bethe lattice is clarified. Furthermore, the order-parameters, the corresponding response functions and
the internal energy are expressed in terms of recursion relations. In the next section, some definitions
of the critical temperature of the model are explained. In section [4 we present some illustrations and
discuss in detail the numerical results. We finally conclude in the last section .

2. Description of the model on the Bethe lattice

The mixed spins system on the Bethe lattice is shown in ﬁgure We consider the mixed spin—% and
spin-% system consisting of two sublattices A and B. The sites of sublattice A are occupied by atoms of spins
Si, where S; = +1. Those of the sublattice B are occupied by atoms of spins 0 j, where 0j = £3,+3,+1.In
our case, the Bethe lattice is arranged in such a way that the central spin is spin-% and the next generation
spin is spin-% and so on to infinity. Thus, the Ising Hamiltonian of such a model on the Bethe lattice may
be written as:

H:—]Zajsi—DZaﬁ—h(ZsﬁZoj); 2.1)
@.p j i j

J < 0 is the bilinear exchange coupling interaction strength. D and h are, respectively, the single-ion
anisotropy or the crystal-field and the longitudinal magnetic field acting on the spins of the model.

In order to formulate the problem on the Bethe lattice, the partition function is the main ingredient

Figure 1. The mixed spin Ising model consisting of two different magnetic atoms with spins values s; = %

andoj = %, respectively, defined on the Bethe lattice with coordination number g = 3.
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which is given as:

Z:Zexp{ []Z 0,8,+DZU +h(ZS,+Za])

(@, J)

} (2.2)

If the Bethe lattice is cut at the central spin Sy, it splits into g disconnected pieces. Thus, the partition
function on the Bethe lattice can be written as:

Z=Y exp[B(hSo)] g (So), 2.3)
So

where Sy is the central spin value of the lattice, g,(Sp) is the partition function of an individual branch
and the suffix n represents the fact that the sub-tree has n shells, i.e., n steps from the root to the bound-
ary sites. If we continue to cut the Bethe lattice on the sites 7 and S, which are respectively the near-
est and the next-nearest of the central spin Sy, we can obtain the recurrence relations for g,(Sp) and
8n-1(01) as:

gn(S0) =Y exp[B(JSoo1 + Do} + ho1)] [gnfl(al)]q_ly 2.4
{o1}
gn1(01) = Y exp [BUS201 +hS2)] [gn-2(S2)]77". 2.5)
{S2}

Now, we explicitly calculate some g,(Sp) and g,-1(01) as follows:

eld)-gom

{o1}

[gn—l(al)]lF

(+ ]01 +Do? + hal)

J 5 5 5)]1971 5] 25_ 5 5)]1971
= o[+ 0 30)] [ona (5] e o(+ - Fo-30)| o [-3))
3] 9 3)\197! 3] 9 _ 3 319!
+exp ﬁ(iz ZD+ h) 8n-1 (E)] +exp ﬁ(+I+ZD_Eh) 8n-1 (_E)]
J 1 1 1\197! J 1 1 1\197!
+exp ﬁ(iz+;}D+§h) gn_l(E) +exp ‘B( Z+ZD_Eh) gn_l(_i) , (2.6)
5 5 _
En-1 (i—) = Z exp ﬁ(i—]SQ+h82)] [gn_z(SZ)]q !
2) s 2
5] h 1\197! 5] h 1\197!
= exp ﬁ(iI'l'E) 8n-2 (5) +exp ﬁ(iZ—E)] [gn—Z (—z) , 2.7
3 3 _
8n-1 (i—) = Z exp ﬁ(i—]82+h82)] [gn_z(SQ)]q !
2) s 2
3] h 1\]79°! 3] h 1\19-1
= exp ﬂ(iI'l'E) 8n-2 (E) +exp ﬁ(iz—g)] [gn_g (—z) , (2.8)
1 _
gn—l(i—) =) exp ﬁ(ilsﬂ‘hsz)] [gn-2(82)]" !
2) s 2
J h 1\197! J h 1)\19°!
= €xp ﬂ( 4 ][gn 2( ) +exp ﬁ(+é_l__)] 8n— 2(_5) (2.9

After calculating all the g,,(Sp) and g,-1(01), we can define the recursion relations for the spin—% as:

~—

gn(3

Zn = y
gn(~3)
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and for the spm-— as:

5 (-2 e
Ap = 81 (21) ’ By-1= 8n 1( ?) , Cp1= 8n 1(21) ,
gn-1(-3) gn-1(-3) gn-1(-3)
_3 1
Dy = g”;(i), B, = g”;(zl), (2.10)
gn-1(-3) gn-1(-3)

To investigate our model, we define two order-parameters, the magnetization M and the corresponding
quadrupolar moment Q. For the sublattice A, the sublattice magnetization M, is defined by:

Ma=2Z"Y Soexp (BhSo) g (So)- 2.11)
{So}

After some mathematical manipulations, the sublattice magnetization M, is explicitly given by:

exp () 20 - exp - 22)

Mp . (2.12)
Z[exp( )Zq+exp(—@)]
In the same way, we also calculate the two order-parameters for the sublattice B as follows:
MI QI
Mg = V}S’ Qs = Q—Br
B B
where:
, 25 5 3 q
My =5exp ZﬁD exp Eﬁh —exp zﬁh 1| +3exp ﬁD exp Eﬁh Ci,
3 q 1 1
—exp _E'Bh D, +exp exp 2,Bh _,—€xp _E'Bh , (2.13)
25 5 5 9
Mg=2exp(ZﬁD) exp(gﬂh)AZ_1+exp(—§ﬁh)BZ 1 +2exp( BD ) exp( ﬁh)
3 q 1 1 q 1
+exp _Eﬁh D,_,|+2exp Z'BD exp Eﬁh E, ,+exp _Eﬁh , (2.14)
25 5 5 9 3
Qé:ZSexp(ZﬁD) exp(iﬁh)AZ_l+exp(—§ﬁh)BZ_1 +9exp(ZﬁD) exp(éﬁh)cz_l
3 1 1 1
+exp(—§,6h)Dq_1 +exp(ZﬁD) exp(éﬁh)EZ_l+exp(—§ﬁh)], (2.15)
25 5 5 9 3
Qg:4exp(ZﬁD) exp(iﬁh)AZ_1+exp(—zﬁh)BZ 1 +4exp(ZﬁD) exp(iﬁh)cz_l
3 1 1 1
+exp (_Eﬁh)DZ—l] +4exp(ZﬁD) exp(aﬁh)EZ_l +exp (_E’Bh)] . (2.16)

In order to determine the compensation temperature, one has to define the global magnetization Mt
of the model which is given by:
My + M,
Mp=—2""F 2.17)
2
To really study the model in detail and single out the effect of the crystal-field and of the applied mag-
netic field on the magnetic properties of the model, we have also examined the thermal variations of the
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response functions, i.e., the susceptibilities, the specific heat and the internal energy defined respectively
by:

XTotal = YA+ XB = ah oh .
62( ﬁF’
=—p? ) 2.19
C=-p 6,62 ( )
U , 0 ( F )
—  — e T?— , 2.2
NI ks 3T \ T (2.20)

where F’ is the free energy of the model.

3. Definition of the critical temperature

The Curie temperature or the second-order transition temperature T; is the temperature at which
both sublattice magnetizations and the global magnetization continuously go to zero. T, separates the or-
dered ferrimagnetic phase (F) from the disordered paramagnetic phase (P). At T¢, one can obtain explicit
expressions of the recursion relations as follows:
for the spin-1,

Zy=1, (3.1)

and for the spin-2,
cosh (#)
cosh (%]) ,

cosh(3ﬁ])

Ap-1=Bp-1= —Cosh (ﬁT])

Cho1=Dp1 = E,—1=1. (3.2)

In addition to the thermal variations of the order-parameters and the global magnetization of the model,
we also calculate and analyze the free energy F’ of the model in order to identify the first-order transition
temperature T. Thus, using the definition of the free energy F' = —kg TIn(Z) in the thermodynamic limit
(n — oo) and in order to introduce the recursion relations, we can rewrite the free energy as:

qg-1 1 ]

FllJ=-— —1 Fi+——1InF, +InF;
2-q

ﬁ!

(3.3)

where ' = BJ, Fi = gu-1(-1/2)/gl " (~1/2), Fo=gu(-1/2)/g"" | (~1/2) and F3 = Z/ g}l (~1/2).
After some mathematical manipulations, the free energy expression in terms of recursion relations is
explicitly given by:

=31l onl -
—i,{ln exp(ﬁg Zg+exp(—ﬁ§)]}
el a2
rep[p(- 2+ 22 2ot xp 5[ 4 2 31)
+exp ﬁ(—£+§ h) Eq 1+exp ﬁ(i+§—§)]}) (3.9
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We also investigate the compensation temperature Tcomp at which the global magnetization vanishes
while both sublattice magnetizations cancel each other. Tcomp is found by locating the crossing point
between the absolute values of sublattice magnetizations, i.e.,

|MA(Tcomp)| = |MB(Tcomp)|- 3.5)

Considering different definitions of the critical temperature, we can now investigate the thermal vari-
ations of the calculated thermodynamical quantities of interest and display the temperature phase dia-
grams of the model for g = 3,4,5 and 6.

4. Numerical results and discussions

In this section, we present and discuss the results we obtained for the thermal variations of the
order-parameters, the response functions, the internal energy and the temperature phase diagrams of the
model. We begin discussions with the ground-state phase diagram which is necessary for understanding
the obtained temperature phase diagrams.

4.1. Ground-state phase diagram

Before presenting the numerical results for the temperature dependence of magnetic properties of
the model, we first investigate the ground-state phase diagram. The ground-state structure of the model
can be represented by comparing the values of the energy Hy for different spin configurations which can
be expressed as:

HozsU—i[Daz+h(s+a)]. 4.1
qlJl

We only get eleven possible pairs of spins. Computational calculations of the corresponding energies
in the (h/qlJ1, D/qlJ)) plane yields the ground-state phase diagram displayed in figure [2] This diagram
shows some interesting features of the model, in particular, the existence of eight multicritical points

4
+1/2, +5/2
— 2 B B
S
—= -1/2, +5/2
o
c
B 3 35
00— +1/2,-1/2 or -1/2, +1/2 B
Bg v
. > +112, -5/2
&
2= /2,172 * —
& /e
& 8
.'} -1/2, -5/2
4 | | |
-2 -1 0 1
D/q|J|

Figure 2. Ground-state phase diagram of the mixed spin-% and spin-g Ising ferrimagnetic model with the
same crystal-field D for the two sublattices in the (h/q|J|, D/ qlJ|) plane. There exist eleven stable phases.
Along the D/g|J|-axis and for all values of g, two hybrid phases may appear at the multicritical points By
and Bs.
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(B1,Bo,--+, Bg) and coexistence lines where the spin pair energy of some phases is the same. In the ab-
sence of the magnetic field, for all values of g and D/ql|J|, Mg shows five saturation values whereas
for My, i% is the only saturation value. Thus, we get the ferrimagnetic phases F(J_r%,‘%), F(i%,i%),
F(+1,71) and at the borders of these phases, two hybrid phases: F(+1,¥1), F(+3,¥2) at the multicriti-
cal points B, and Bs, respectively. These hybrid phases should correspond to cases where the sublattice
B is half-half covered by spins of the two neighboring phases. It is important to indicate that the ground-
state phase diagram is very useful because it helps to check the reliability of the theoretical results and
to classify different phase domains of the model for the temperature dependence phase diagram:s.

4.2. Thermal variations of the order-parameters, the response functions and the in-
ternal energy

As it is explained above, thermal variations of the order-parameters, the response functions and the
internal energy for the present model were calculated in terms of recursion relations. Thermal varia-
tions of the order-parameters are crucial in obtaining the temperature dependence phase diagrams of the
model. Thus, when the magnetization curves go to zero continuously separating the ferrimagnetic phase
from the paramagnetic phase, one gets the second-order phase transition or Curie temperature, i.e., the
temperature at which magnetizations become zero. In the case of a jump in the magnetization curves

M
5/2 D/|J|= 0.66

D/J= 0.5

M, 05 Jlj// |J| | |
0 0.5 . T/|J|1 5 2.5
B
Mg/,
M/

2 3
kgl/|J|

Figure 3. Sublattice magnetizations of the model as functions of the reduced temperature kg 7'/|J| when
q = 3,4 and 6 for various values of the crystal-field interactions D/|J|. Panel (a): Curves are displayed for
g =3 and selected values of D/|J| indicated on the curves. Panel (b): curves are displayed for g =4 and
selected values of D/|J| indicated on the curves. Panel (c): curves are displayed for g = 6 and selected
values of D/|J| indicated on the curves. For all values of g, the sublattice magnetization curves are all
continuous.
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followed by a discontinuity of the first derivative of the free-energy F', one gets a first-order transition
temperature. Besides these two temperatures, there is another temperature referred to as compensation
temperature defined as the temperature where the global magnetization becomes zero prior to the criti-
cal temperature. Therefore, in order to identify transitions and compensation lines, one should study the
thermal behaviors of the considered thermodynamical quantities of the model. Now, we present some
results on the thermal behaviors of the order-parameters, the response functions and the internal energy
in the the absence of the magnetic field & when g = 3,4 and 6.

Figure (3] displays some thermal variations of the sublattice magnetizations M;,» and M5, when
g = 3,4 and 6 for selected values of the crystal-field D/|J|. From panels (a) to (c), we have depicted
the thermal behaviors of sublattice magnetizations M;,» and M5/, as functions of the temperature for
selected values of D/|J| when g = 3,4 and 6. The results are in perfect agreement with the ground-state
phase diagram concerning the saturation values. Indeed, M), increases from its unique saturation value
J_r% with increasing temperature whereas Ms,» shows five saturation values. The behaviors of the sublat-
tice magnetizations Mj,» and M5/, are quite similar. We notice that all the curves are continuous and the
Curie temperature 7, at which both magnetizations curves go to zero increases with the strength of the
crystal-field D/|J| and the coordination number g. Moreover, by comparing figure [3| to figure [4 of [18],
the sublattice magnetizations show similar thermal variations.

To explain in detail the results obtained in figure [3] we have investigated the thermal variations of
order-parameters, the corresponding response functions and the internal energy.

3

2 4
keT/IJI Te

Figure 4. Thermal variations of sublattice magnetizations and corresponding susceptibilities are calcu-
lated for g = 3,4,6 and the reduced crystal-field D/|J| = 1 as shown from panel (a) to panel (c). Values
of the physical parameters considered for the system are indicated in different panels. T indicates the
second-order temperature.
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Thus, on the one hand, as shown in figure 4 we have displayed the thermal behaviors of the sub-
lattice magnetizations and corresponding susceptibilities when g = 3,4,6 and D/|J| = 1. In this figure,
one can notice that the model only exhibits the second-order phase transition, and the transition tem-
perature T. at which the transition occurs increases with an increasing coordination number ¢. Here,
T. separates the ferrimagnetic phase P(i%, ¥ g) from the paramagnetic phase (P) and T¢/|J| = 2.1724 (re-
spectively T¢/|J| = 3.2575 and 5.1398) for g = 3 (respectively for g = 4 and 6). Also, one remarks that for
T — T¢, x1/2 — —oo whereas xs5/2 — +oo. For T > T¢, the susceptibility yi,2 rapidly increases whereas
the susceptibility x5/, rapidly decreases when the temperature increases and is very far from the Curie

temperature Tc, y1/2 — 0 and ys5,2 — 0.

On the other hand, to really confirm that the model only exhibits the second-order transition for all
values of g, we have plotted in figure 5] the temperature dependence variations of the specific heat and
the internal energy for various values of the crystal-field as indicated in the figure. Both the specific
heat and the internal energy rapidly increase with an increasing temperature and make a peak without
jump discontinuities at the same 7. By increasing the strength of the crystal-field and the coordination
number, the T; at which the transition occurs, increases and this is easily observed by comparing the
results from different panels of figure |5 The results obtained in this figure also confirm that the model
only presents second-order transition for all values of the coordination number g.

T | |
h/|J|=0.0 h/|J|=0.0

7
01~ q=3 T 3 q=4
5
4

D/|J|=-1.0

(c)

h/|J]=0.0

h/|J|=0.0 |
! | |
0 1 2 0 1 2 3 4
kgT/[J] keT/|J]

Figure 5. Thermal variations of the specific heat and internal energy are calculated for g = 3,4 and
selected values of the crystal-field D/|J| as shown in the figures from panel (a) to panel (d). Values of
the physical parameters considered for the system are indicated in different panels. Analysis of different
panels of this figure shows that the model only exhibits a second-order transition.
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Let us now discuss the thermal variations of sublattice magnetizations, the corresponding response
functions and the internal energy of the system in the presence of a longitudinal magnetic field #.

Figure[6]expresses the effects of an applied magnetic field & on the magnetic properties of the model
when g =3 and D/|J| = 1.0 for selected values of k/|J|. From panel (a) to panel (b), the sublattice magne-
tizations and the global magnetization continuously fall from their saturation values to non-zero values
when the temperature increases. The remaining values of magnetizations are more important when the
value of the applied magnetic field //|J| increases. Thus, one can observe that the system does not present
any transition when #/|J| # 0. It is important to indicate that in the case of h/|J| = 0, the model exhibits
the second-order transition at a Curie temperature T./|J| = 2.1724, where the two sublattice magnetiza-
tions and the global magnetization continuously go to zero after falling from their saturation values at
T =0. In panels (c)—(e), we have displayed the temperature dependence of the total susceptibility yr, the
specific heat C and the internal energy U. One can see from these panels that the response functions and
the internal energy also indicate a second-order transition which occurs at the same 7¢/|J| as in the case

e A B R
q=3 D/IJI=1.0
]
-
=
0.5
h/1J1=0.0
ol
0 2 4
kgT/I
i N I
D/IJI=1.0 D/JI=1.0 _|
1_ —
Xl_ h/1J1=0.0 o
0.5
(c)
0 | . 3.0
0 2 4
0 2kBII'/IJI 4 0 kgl
Orgzs 1
1 E/IJI=1.0
) _2 L/IJI:0.0
(e)
_3—
4
0

Figure 6. Thermal behaviors of the sublattice magnetizations, the global magnetization, the correspond-
ing response functions and the internal energy of the model when D/|J| = 1.0 and g = 3 for selected
values of the magnetic field k/|J| as shown in different panels. From the analysis of different panels, one
can conclude that the model only shows temperature phase transition when h/|J| = 0. For h/|]J| # 0, the
remaining magnetizations are more important when the value of the magnetic field //|J| increases.
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| I | |
h/|J] =0.5 (a) h/|J] =0.5 (b)
q= 3 q= 4
04 o5 ° - 0.4 .
x'_ 0.5 3 .
-0.75 -0.50
0.2 D/J|=-1.0 0.2 1.0 ~
D/|J| =-1.5
| | | | |
0 0
0 2 4 6 0 2 6 8
ke /|4 kel Tl
25 | | | L T R R R
h/|_J|3=0.5 (c) h/|J| =0.5 (d)
2 q= q=4
e ]
o 0.0
-0.5
0.5 1 —
D/J| =15
o1 1

kgT/|J]

keT/|J|

Figure 7. Temperature variations of the response functions of the model for selected values of the crystal-
field D/|J] as indicated on different curves illustrated when k/|J| = 0.5 and g = 3,4.

of h/|J| =0. For h/|J| #0 and T > T, the response functions exhibit a maximum and the height of the
maximum decreases when the value of the applied magnetic field increases.

To show the effect of D/|]| on the system properties for h/|J| # 0, we have illustrated in figure
the thermal variations of the response functions for some values of the system parameters: h/|J| = 0.5;
g = 3,4 and varying D/|]|. Considering the different panels of figure (7} one observes that the response
functions show interesting behaviors. Indeed, the two studied response functions globally show a max-
imum at a certain value of the temperature. This temperature increases with the coordination number
and the strength of the crystal-field. It is important to mention that the height of the maximum of the two
response functions also increases by increasing the strength of the crystal-field D/|J| but the opposite
holds when the coordination number g increases.

In order to investigate the low-temperature magnetic properties of the model, we plotted the sublat-
tice magnetizations and the global magnetization at kg T'/|J| = 0.05 for selected values of the crystal-field
as functions of the field / as shown in figure 8| In figure (a) where D/|J| = -1 and g = 3, Mj/2 shows
two step-like magnetization plateaus (M;,» = —%, %) whereas M5/, and Mt respectively show three and
four step-like magnetization plateaus (Ms/» = 1,3,3) and (M7 =0, 3,1, 3). Also, from figure [8{(b) where
D/|J| =0 and g =3, only M;/, and Mt present two step-like magnetization plateaus (M, = —%, %) and
(M7 = 1,3). The obtained results are consistent with the ground-state phase diagram displayed in fig-
ure[2] We also investigated the global magnetization as a function of the temperature and obtained some
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3 T T T T T
l a
B My, ( )
2 " —
= 1 _ -~ MT j’“ ]
: J‘!' M1/2
I 2 i
D/IJI=-1 ;
0 _..f‘ q=3 |
A A A R
0 2 4 6 8 10
h/1JI
3 T T | T | T T (b)
M5/2
2 - —
i J— _
= M N
1 1 -
M
L D/IJI=0 JE———
q=3
0 - —
P N B R
0 2 4 6 8 10
h/IJI

Figure 8. M;j >, M5;» and M7 plotted as functions of the magnetic field & for selected values of the
crystal-field when g = 3 as indicated in different panels.

compensation types of Ising model. Figure [9] shows temperature dependencies of the global magnetiza-
tion My for selected values of the crystal-field when g = 3. As seen in figure 9} the model exhibits five
types of compensation behaviors, namely Q-, R-, S-, L- and P-type compensation behaviors as classified in
the extended Néel nomenclature [39].

4.3. Finite-temperature phase diagrams

Considering all the above calculations, we can illustrate the temperature phase diagrams of the model.
Soin ﬁgure we have constructed the phase diagrams of the system in the (D/|]|, kg T/|J|) plane in the
absence of a magnetic field & when g = 3,4,5 and 6. In different phase diagrams, the solid line indicates
the second-order transition line. Two filled triangles indicate two multicritical points B4 and Bs found in
the ground-state phase diagram displayed in figure

From this figure, some interesting properties of the system are singled out. Indeed, for all values of
the coordination number ¢, from panel (a) to panel (d) where g = 3,4,5 and 6, respectively, the transition
lines are only of the second-order separating the ferrimagnetic phase (F) which is a mixture of five differ-
ent ferrimagnetic phases from the paramagnetic phase (P) and become constant for D/|J| < —g/4. One
can observe that: (1) When D/|]J| > —q/8, the second-order phase transition turns from ferrimagnetic
phase F(J_r%, ‘g) to a disordered paramagnetic phase P. (2) For —g/4 < D/|]| < —q/8, the second-order
phase transition is from the ferrimagnetic F(+ %, ¥ %) to the paramagnetic phase P. (3) When D/|J| < —q/4,

the second-order phase transition is from the ferrimagnetic phase P(i%, Tr%) to the paramagnetic phase
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Figure 9. M as a function of the temperature for selected values of the crystal-field when g = 3 as
indicated in different panels. The model shows the Q-, R-, S-, L- and P-types of compensation behaviors as
classified in the extended Néel nomenclature.

P. (4) For D/|]J| = —q/8 respectively D/|]J| = —q/4, the second-order transition phase is from the hybrid
phase P(J_r%, F2) respectively the hybrid phase F(J_r%, F1) to the paramagnetic phase P.

It is important to mention that figure [I0] presents some resemblances concerning the second-order
transition lines with figure3]of [18]. Moreover, by increasing the value of the coordination number g, the
ferrimagnetic domain F becomes important.

5. Conclusion

In this work, the study of the mixed spin-% and spin—% Ising ferrimagnetic model on the Bethe lattice
in the presence of a longitudinal magnetic field is undertaken via exact recursion equations method. All
the thermodynamical quantities of interest are calculated as functions of recursion relations.

The ground-state phase diagram of the model is displayed as shown in figure [2| From this phase
diagram, we have found eleven existing and stable phases and along the D/q|/|-axis, two particular hy-
brid phases appear at the two multicritical points By and Bs. The ground-state phase diagram is con-
sidered and used as a guide in obtaining different temperature phase diagrams. In the presence and in
the absence of a longitudinal magnetic field &, we investigated thermal variations of sublattice magneti-
zations, global magnetization, the corresponding response functions and the internal energy as seen in
figures[3}{9] From these figures, the order-parameters in most cases showed a usual decay with thermal
fluctuations. By using thermal behaviors of the considered order-parameters, and by analysing the cor-
responding response functions and the internal energy, the nature of different phase transitions encoun-
tered is identified. This enables us to construct and to discuss in detail different temperature dependence
phase diagrams in the case of equal crystal-field interactions as shown in figure The model shows
rich physical properties, namely the second-order transition and multicritical points for all values of the
crystal-field interactions and for all values of the coordination number g.
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Figure 10. Temperature phase diagrams of the model in the (D/|/|, kg T/|]|) plane. The solid line indicates
the second-order transition line. Panel (a): g = 3; panel (b): g = 4; panel (c): g =5 and panel (d): g = 6.
Here, the model only presents second-order transition for all values of g. The multicritical points B4 and
Bs which respectively indicate the positions of the hybrid phases F(J_r%, ¥1) and F(i%, F2), respectively

separate the ferrimagnetic phases F(i%, ?%), F(i%, i%) and F(i%, i%).

Finally, it is useful to mention that different results found here are compared to those reported in

some references, and some topological similarities are shown, especially with those found in [18] where
the same model is investigated by means of the effective-field theory with correlation. However, during
our investigation we have not found any compensation temperature.
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BuBUYEHHS 3MilLaHOI cniH-% i cniu-g mogeni I3iHra Ha rpaTui
beTte nia Ai€clo MarHiTHoro nons

M. KapimyD P.A. €Eccydpy™ T.4. Ok A. Knangory™, ®. OnTiHpiHae

L IHCcTUTYT MaTemaTtukm i $isnyHmx Hayk (IMSP), Pecnybnika BeHiH
2 DisnyHwiA dakynbTeT, YHiBepcuTeT M. AboMmeii-Kanasi, Pecnybnika beHiH
3 YHiBepcuTeT M. HaTTiHry, Ekonb Hopmasnb ctonep’ep, Pecny6bnika beHiH

JocnipkyeTbes 3millaHa CI'IiH-% i cniH-g MoJAeNb Ha rpaTLi beTe B NpucyTHOCTI MarHiTHoro nons h, BUKOPUCTO-

BYHOUM METOA peKypCrBHUX CniBBigHOLWeHb. MobygoBaHa $pa3oBa jiarpama OCHOBHOIO CTaHy, ka Moxe byTun
BMKOPUCTaHa ANs JOCNiAKeHHs LikaBux obnacTeid TemnepaTypHoi ¢pa3oBoi giarpamm mogeni. ins Toro, o6
npoknacueikyBat npupody $pa3oBoro nepexojy Ta oTpumaTti BiAMOBIAHI TeMnepaTypu, AeTanbHO JOCAiAXKe-
HO napameTpu NOpsAKY, BiANOBiAHI GYHKUIT BiAryKy i BHYTPIiLLHIO eHeprito. Tak, Npu BiACYTHOCTI MarHiTHOro
nons, TemnepatypHi ¢asoBi giarpamu € npeacTaBneHi 19 BUNagKy OAHAKOBOrO KPUCTaNiuHOro noss Ha nio-
wuHi (kg T/1J1,D/1J1), konn q = 3,4,5 i 6. Mogenb AeMOHCTPYE Tinbky Ga3oBWiA nepexis Apyroro poay Ans
BiAANOBIAHNX 3HauYeHb Gi3NYHUX NapameTpiB MoAeni.

KntouoBi cnoBa: mMarHiTHi cuctemu, TemneparypHi 3MiHu, Pa3oBsi giarpamu, MarHiTHe rose, nepexig Apyroro
pody
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