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We analyze the resistance between two nodes in a cobweb network of resistors. Based on an exact expression,

we derive the asymptotic expansions for the resistance between the center node and a node on the boundary of

the M ×N cobweb network with resistors r and s in the two spatial directions. All coefficients in this expansion

are expressed through analytical functions.
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1. Introduction

The classic problem in electrical circuit theory, first studied by Kirchhoff in 1847, is the calculation of

the resistance between two arbitrary nodes in a resistor network [1]. Besides its long-standing importance

in electric circuit theory, the computation of resistances is also connected to a wide range of problems

as diverse as random walks [2, 3], first-passage processes [4], lattice Green’s functions [5] and classical

transport in disorder media [6–8].

In 2004 Wu [9] derived a closed-form expression for the two-point resistance in terms of the eigen-

values and eigenvectors of the Laplacian matrix associated with the network. Quite recently, Izmailian,

Kenna and Wu [10] revisited the problem of two-point resistance and derived a new and simpler expres-

sion for the resistance between two arbitrary nodes for finite networks with resistors r and s in the two

spatial directions. The new expression was then applied to the cobweb resistor network [10].

Essam and Wu [11] used one of the results [9] to derive the asymptotic expansion for the corner-to-

corner resistance R(r, s) on an M ×N rectangular resistor network under free boundary conditions. This

was extended by Izmailian and Huang [12] to other boundary conditions. In recent decades, the finite-

size scaling and finite-size corrections in finite critical systems and their boundary effects have attracted

much attention [11–30]. Of particular importance in such studies are exact results wherein the analysis

can be carried out without numerical errors.

In this paper we derive the exact asymptotic expansion for the resistance between the central node

and a node on the boundary of the cobweb network. We show that this expansion can be written in the

form

1

s
R(r, s) = c(h) lnS +c0(h,ξ)+

∞
∑

p=1

c2p (h,ξ)

Sp
, (1.1)

with h = s/r , S = (M +1/2)N and ξ = (M +1/2)/N . Note that, instead of the actual length M , we have

used effective length (M +1/2). All coefficients in this expansion [c(h),c0(h,ξ),c2p (h,ξ)] are expressed

through analytical functions. The computation of the asymptotic expansion of the resistance between two
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maximally separated nodes of a rectangular resistor network has been of interest for some time, because

its value provides a lower bound to the resistance of compact percolation clusters in the Domany-Kinzel

model of a directed percolation [31].

The organization of this paper is as follows. Based on the exact expression for the resistance between

two arbitrary nodes for a finite cobweb resistor network obtained in [10] we express the resistance

between the central node and a node on the boundary of the network in terms of Gα,β(h, M , N ) with

(α,β) = (0,1/2) (section 2). We then extend the algorithm of Ivashkevich, Izmailian and Hu [13] to derive

exact asymptotic expansions for the resistance between the central node and a node on the boundary of

the cobweb resistor network and write down the expansion coefficients (section 3). Finally, we discuss

our results in section 4.

2. Two-dimensional resistor networks

The resistor network can be regarded as a graph consisting of T nodes and let Ri , j = R j ,i be the

resistance of the resistor connecting the nodes i and j . Denote the nonzero eigenvalues and eigenvectors

of the Laplacian of that network by λi and Ψi = (ψi1 ,ψi2 , . . . ,ψiT ), respectively. Then, the resistance

between the nodes i and j can be written as [9]

Ri , j =
T
∑

k=2

∣

∣ψki −ψk j

∣

∣

2

λk
. (2.1)

Let us consider the cobweb network. The cobweb lattice L cob is an M ×N rectangular lattice with peri-

odic boundary conditions in one direction and nodes on one of the two boundaries in the other direction

connected to an external common node. Therefore, there is a total of M N +1 nodes. The example of an

M = 3, N = 8 cobweb with resistors s and r in the two directions is shown in figure 1. Topologically Lcob

is of the form of a wheel consisting of N spokes and M concentric circles. We use the term Dirichlet-

Neumann to describe the boundary conditions along the innermost apex and outermost arc. There has

been a considerable recent interest in studying the resistance in a cobweb network (see for example

[10, 32, 33]).

Figure 1. An M ×N cobweb network with M = 3 and N = 8. Bonds in the radial and circular directions

comprise resistors s and r . The center point is denoted by O, A denotes any point on the boundary of the

cobweb network.

The closed-form expression for the resistance R(r1,r2) between two arbitrary nodes r1 = (x1, y1) and

r2 = (x2, y2) for the cobweb network was obtained in [10]. In what follows, we will show that the resis-

tance R(O, A) between the central node O = (0,0) and a node on the boundary of the network A = (x, M)
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can be expressed in terms of G0,1/2(M ,N ) only,

R cob(0, A) = −
s

2
+

p
sr

4S
G0,1/2(2M +1, N ), (2.2)

where S = (M +1/2)N and Gα,β(M ,N ) is given by

Gα,β(M ,N )=M Re
N −1
∑

n=0

f
(

π
n+α

N

)

coth
[

M ω
(

π
n+α

N

)

+ iπβ
]

, (2.3)

for (α,β), (0,0). The function ω(y) is given by:

ω(y)= arcsinh
p

h sin y (2.4)

and the function f (y) is given by

f (y) =

√

1+h sin2 y

sin y
. (2.5)

2.1. Cobweb network

The resistance between the central node O = (0,0) and the other node C = (x, y) of the cobweb net-

work is given by (see second line of equation (33) of [10])

Rcob(O,C ) =
2s

N (2M +1)

M−1
∑

m=0

N−1
∑

n=0

sin2(2yϕm)

h(1−cos 2θn )+ (1−cos 2ϕm )
, y = 1,2, . . . , M , (2.6)

where h = s/r and

θn =
πn

N
, ϕm =

π(m +1/2)

2M +1
. (2.7)

Note that the result (2.6) is independent of the position x as it should be.

In the special case of the resistance between the center O and a point A = {x, N } on the outer boundary

of the cobweb network, we use y = M and obtain from (2.6)

Rcob(O, A) =
s

N (2M +1)

M−1
∑

m=0

N−1
∑

n=0

cos2ϕm

sin2ϕm +h sin2θn

, (2.8)

where use has been made of the identity

sin(2 M ϕm ) = (−1)m cosϕm , (2.9)

which is a consequence of the fact 2Mϕm +ϕm =
(

m + 1
2

)

π.

Equation (2.8) can be transformed as follows:

Rcob(O, A) =
s

N (2M +1)

M−1
∑

m=0

N−1
∑

n=0

[

−1+
1+h sin2θn

sin2ϕm +h sin2θn

]

, (2.10)

= −
sM

2M +1
+

s

N (2M +1)

M−1
∑

m=0

N−1
∑

n=0

1+h sin2θn

sin2ϕm +h sin2 θn

. (2.11)

We can extend the summation over m in equation (2.11) from M −1 up to 2M and obtain the expression

Rcob(O, A) = −
s

2
+

s

2N (2M +1)

2M
∑

m=0

N−1
∑

n=0

1+h sin2 θn

sin2ϕm +h sin2θn

. (2.12)

The sum over m in the equation (2.12) can be carried out using the identity [12]

M−1
∑

m=0

[

h sin2θn + sin2
π(m + 1

2 )

M

]−1

= 2M
coth[M ω(θn)+ iπ/2]

sinh 2ω(θn)
, (2.13)
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with M = 2M +1 and ω(x) given by equation (2.4). It is easy to see that

1+h sin2θn = cosh2ω(θn ). (2.14)

Plugging equations (2.13) and (2.14) back in equation (2.12) we obtain that Rcob(O, A) can be written

in the form

Rcob(O, A) = −
s

2
+

s

2N

N−1
∑

n=0

coth[(2M +1)ω(θn)+ iπ/2]

tanhω(θn)
. (2.15)

Using identity

tanhω(θn) =

p
h sinθn

√

1+h sin2θn

, (2.16)

equation (2.15) can be finally written in the form given by equation (2.2).

3. Asymptotic expansion

In section 2 we have shown that the resistance between the central node and a node on the bound-

ary of the cobweb resistor network can be expressed in terms of the function G0,1/2(x,M ,N ) only, [see

equations (2.2)]. Using the method proposed in [13], Izmailian and Huang [12] derived the asymptotic ex-

pansion of Gα,β(M ,N ) in terms of the so-called Kronecker double series [34], which are directly related

to elliptic θ functions. We next need the asymptotic expansion of G0,1/2(M ,N ), which can be found in

Appendix A.

After reaching this point, one can easily write down all the terms of the exact asymptotic expan-

sion for the resistance between the central node and a node on the boundary of the cobweb network

[Rcob(O, A)] using equations (2.2) and (A.1). We have found that the exact asymptotic expansion of the

Rcob(O, A) can be written as equation (1.1).

3.1. Asymptotic expansion for the resistance between the central node and a node on

the boundary of the cobweb network

For the cobweb network we obtain

1

s
Rcob(O, A) =

1

2π
p

h

[

ln S +2ln
8

π
+2CE −1− lnξ(1+h)+2

p
h arctan

p
h −4lnθ2

(

2i
p

hξ
)

]

−
1

2π
p

h

∞
∑

p=1

(

π2ξ

S

)p
Ω2p

p(2p)!
K0,1/2

2p

(

2i
p

h ξ
)

. (3.1)

Thus, the coefficients c2p (h,ξ) (p = 1,2, . . .) in the expansion (1.1) are explicitly given by

c2p (h,ξ) =−
π2p−1ξp

2p(2p)!
p

h
Ω2p K

0,1/2
2p

(

2i
p

hξ
)

, (3.2)

where the differential operatorsΩ2p are given by equation (A.2) and K 0,1/2
2p (2i

p
hξ) is Kronecker’s double

series which can all be expressed in terms of the elliptic θk (2i
p

hξ) (k = 2,3,4) functions only.

Here, we list the first few coefficients in the expansion given by equation (1.1):

c(h) =
1

2π
p

h
, (3.3)

c0(h,ξ) =
1

2π
p

h

[

2ln
8

π
+2CE −1− lnξ(1+h)+2

p
h arctan

p
h −4lnθ2

]

, (3.4)

c2(h,ξ) =
πτ0

288h

{

(1+3h)
(

θ4
3 +θ4

4

)

+2τ0(1+h)

[

πθ4
3θ

4
4 +2

(

θ4
3 +θ4

4

) ∂

∂τ0
lnθ2

]}

,

...
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To simplify the notation we have used the short hand

θk = θk (iτ0), k = 2,3,4, (3.5)

where τ0 = 2ξ
p

h.

We have also used the following relations between derivatives of the elliptic functions:

∂

∂τ0
lnθ3 =

π

4
θ4

4 +
∂

∂τ0
lnθ2 and

∂

∂τ0
lnθ4 =

π

4
θ4

3 +
∂

∂τ0
lnθ2 .

Note that elliptic functions θ2,θ3,θ4 can be expressed through the complete elliptic integral of the first

kind K = K (k) and second kind E = E (k) as follows:

θ2 =

√

2kK (k)

π
, θ3 =

√

2K (k)

π
, θ4 =

√

2k ′K (k)

π
(3.6)

where

K (k) =
∫π/2

0

dx
√

1−k2 sin2 x
, (3.7)

E (k) =
∫π/2

0

√

1−k2 sin2 x dx . (3.8)

With the help of the identities

∂

∂τ0
lnθ2 =−

1

2
θ2

3E , and
∂E

∂τ0
=

π2

4
θ2

3θ
4
4 −

π

2
θ4

4E

one can express all derivatives of the elliptic functions in terms of the elliptic functions θ2,θ3,θ4 and the

complete elliptic integral of the second kind E = E (k).

Thus, we have obtained explicit analytic formulas for all corrections to scaling terms c2p (h,ξ) in the

form of elliptic functions. For the case ξ= 1 and h = 1, we have the following results:

1

s
Rcob(O, A) =

1

π
ln N +c0 +

c2

N 2
+ . . . (3.9)

with c0 = 0.9286495235004523. . . and c2 = 0.3572873939981. . . .

4. Discussion

In the present paper, we study the two-point resistor problem on the cobweb network. Using the

exact expression for the resistance between two arbitrary nodes for a finite cobweb network obtained

in [10] and the IIH’s algorithm [13], we derive the exact asymptotic expansion of the resistance between

the central node and a node on the boundary of the cobweb resistor networks. All coefficients in this

expansion are expressed through analytical functions.

5. Acknowledgements

The work was supported by a Marie Curie IIF (Project no. 300206–RAVEN) and IRSES (Projects no.

295302–SPIDER and 612707–DIONICOS) within 7th European Community Framework Programme and by

the grant of the Science Committee of the Ministry of Science and Education of the Republic of Armenia

under contract 13–1C080.

33008-5



N. Izmailian, R. Kenna

A. Asymptotic expansion of G0,1/2(2M +1, N )

The asymptotic expansion of Gα,β(M ,N ) for (α,β) , (0,0) has been obtained in [12]. Here, we will

reproduce the result of the paper [12] for the case (α,β) = (0,1/2), M = 2M +1 and N = N . After little

algebra, the asymptotic expansion of G0,1/2(2M +1, N ) can be written as follows:

G0,1/2(2M +1, N ) =
4S

π

[

1

2
ln

S

ξ
+CE + ln

8

π
−

1

2
ln(1+h)+

p
h arctan

p
h −2ln

∣

∣

∣θ2(2iξ
p

h)
∣

∣

∣

]

−2πξ
∞
∑

p=1

(

π2ξ

S

)p−1
Ω2p

p(2p)!
ReK

0,1/2
2p

(

2iξ
p

h
)

, (A.1)

where S = (M + 1/2)N , ξ = (M + 1/2)/N , CE is the Euler constant, θ2(τ) is elliptic theta function and

K 0,1/2
2p+2(τ) is Kronecker’s double series [34].

The differential operatorsΩ2p that have appeared here can be expressed via coefficients ω2p = ε2p +

λ2p
∂
∂λ as

Ω2 = ω2 ,

Ω4 = ω4 +3ω2
2 , (A.2)

...

where λ2p and κ2p are the coefficients in the Taylor expansion of ω(y), given by equation (2.4) and f (y)

given by equation (2.5), respectively

ω(y) = y

[

λ+
∞
∑

p=1

λ2p

(2p)!
y2p

]

(A.3)

with λ=
p

h, λ2 =− 1
3

p
h(1+h), λ4 =

1
5

p
h(1+10h+9h2 ), etc., and

f (y) =
1

y

[

1+
∞
∑

p=1

κ2p

(2p)!
y2p

]

, (A.4)

with κ2 =− 1
3
−h, κ4 =− 7

15
+2h+3h2 , etc. Note that function f (y) can be represented as

f (y) =
1

y
exp

{

∞
∑

p=1

ε2p

(2p)!
y2p

}

, (A.5)

and the coefficients ε2p and κ2p are related to each other through the relation between moments and

cumulants

κ2 = ε2 ,

κ4 = ε4 +3ε2
2 ,

...

The Kronecker’s double series K
0,1/2
2p (τ) can all be expressed in terms of the elliptic θ(τ) functions only.

Equations for K 0,1/2
2p (τ) with p = 2,3,4,5 and other useful relations for elliptic θ-functions and Kronecker’s

double series can be found in [13–16].
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Точний асимптотичний розклад для опору мiж

центральним вузлом i вузлом на границi павутинної мережi

Н. Iзмаiлян1,2, Р. Кенна2

1 Єреванський фiзичний iнститут, м. Єреван, Вiрменiя
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Ми аналiзуємо опiр мiж двома вузлами в павутиннiй мережi резисторiв. На основi точного виразу ми

виводимо асимптотичнi розклади для опору мiж центральним вузлом i вузлом на границi павутинної

мережi M ×N з резисторами r i s у двох просторових напрямках. Всi коефiцiєнти в цьому розкладi вира-

жаються через аналiтичнi функцiї.
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