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O HOBOH MaTremMaTHYeCKOH Mojeu
NpoueccoB TenJaonpoBOAHOCTH

Jlast MaTeMaTHYeCKOro OMHCAHMS NPOIECCOB TeNIoNpoBOAHOCTH H An(y3HH Opelaoeno HoBoe
nHdxpeperHaibioe ypasHeHHe B YAaCTHLIX NPOH3BOAHBLIX 4-r0 nopsiika Lu'= oLju + aglou =
=0, rne L, = L,L;, L, — xkaacchueckHii onepatop TeMIONPOBOAHOCTH, HHBAPHAHTHOE OTHO-
cHTeJbHO Tpynnsl [aiuies. YcraHosjaeHo HHTerpaJjblioe npejicTapieHHe pelleHHs Kpaepoil sa-
JlauH, H3YueHbl pelleHHsa 3alauH K,D!J.II»{ H THINAa Gery!.uei'{ BOJIHBL, a8 TAKAE PelleHHA CO0 CTeNneHHBIM
H CTereHHLM PPAHHUHBIM PEXKHMOM C 000CTpEeHHeM., S

Ilna maTtemaTHYHOro onHMcy mnpouecis Tenjonpoeifnocti Ta audysii sanpononosane audepeHii-
albHe PiBHAHHA B YAaCTHHHHX moxiamux 4-ro mopairy Lu = o,Lyu-ta,Lau, ne Ly=LL,, Ly—
KJacHYHHI OnepaTtop TeNJOnposiiHocTi, iHsapianThe BinHocHo rpyns laaines. Bcraunoene-
HO iHTerpajibHe MpecTaBIeHHA PO3B’A3KY Kpailopoi sajaui, BHBYeni po3s’askH safaui Kowi
Ta THNY Oixy4ol XBHJI, 8 TAKOXK PO3B'A3KH 3 CTENEHEBHM Ta CTENCHEBHM MEXKOBHM PEeXKHMOM
3 3arocTpeHHsAM.

B macrosueii crarbe IS OMHCAaHHS TEMJIOBBIX H AH((Y3HOHHBIX MPOLECCOB
NpeVIoKeHo HoBoe AHpdepeHinnalbHoe ypaBHeHHe B YaCTHHIX TPOH3BOAHBIX
YETBEPTOro nopsiika, HIBAPHaHTHOE OTHOCHTEJILHO TPYIIIBI lanunes. n]’JH oI1-
peslesienom 3ajaHii mapameTpoB npejioxennas Moledb 6osee aleKBaTHO, YeM
KJlaCCHYeCKOe ypaBHeHHe napaﬁommecmro THIIA, ONHCBHIBAET 3TH MNPOLECCHl H
Mo3BOJIFET HCCIeJ0BaTh HX CIEelHAaJJbHbIE DEXKHMDI.

1. Beepeune. MaremaTHueckass TeOpHs TeMJONPOBOIHNOCTH pacnpe-
JeJIEHHbIX CHCTEéM OCHOBdla Ha KJacCHHYEeCKOM JHHEIIHOM ypaBHenun napaﬁo-
JHYEeCKOoro THIa

Liu=(0/0t — #*7)u(x,t) =0, (1)

rae x = (xy, X3, ..., ¥,), ®» >0 — (pH3Hueckaa KoHcTaHTa, XapaKTepH3yloulas
cpeny, y* — oneparop Jlanuiaca. B HeM nocTy/IHpoBanbl TaKHe JKECTKHE YCJIOBHSA
Ha npouecchl, KaK GecKoHeuHas CKOPOCThb pacrnpocTpaHeHHs BO3MYILEHHil, JH-
Heiillasi 3aBHCHMOCTb MOTOKA OT TPajHeHTa MoJf H SHePTHH OT TeMmepaTyphbl.

Ilpu HapyumeHuu 3THX ycaoBHiI ypaBHenue (1) He BrmosiHe KOPPEKTHO OIMH-
ChIBAET [POIECChl TEMJIOMACCcoNepeHoca H MPHBOMAMT K PsIAYy H3BECTHBIX mMapa-
nokcor [1—3]. B cBA3H ¢ 3THM AJd ONUCAHHA MPOLECCOB C KOHEUHOH CKOPOCTHIO
psjl aBTOpoB mpeanoxua Bmecto (1) uenosb3oBaTh ypasHeHHe runepOosinuec-
Koro thna [2, 4]

(0/0t + =, 0%t —x®* ) u(x,t) =0, (2)
rie T, — BpeMs peJakcaldu  TemJoBOro noroka  (Mmanblif  mapamerp).
3amena ypasnenus (1) ua (2) siBasiercss NPHHUHMHAJIBHON, HO TPYAHO 00bBA-
CHHMMOIT € TEOperHKo-rpynmnoBoil Touku 3penusi. Jleso B TOoM, uTOo TpeGoBa-
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HHE HHBADUAHTHOCTH YPABHEHHsI OTHOCHTEJLHO TOIl HJIH HHOM Tpymmbl npeot-
pPa30BaHUH MO3BOJIAET M3 MHOXKECTBA ypaBHEHHil, NPHTOAHBIX I MareMaTH-
YECKOTO ONMHCAHHS (DH3HYECKOTro Mpolecca, BbIIEJIHTb TOJAbKO TaKHE, KOTOpbIe
06J1aAaI0T COOTBETCTBYIOUMMH CHMMETPHIHBIMH CBOHCTBAMH H, TaKHM 00pasoM,
0Tpa)aioT OCHOBHbIE (DM3HUECKHE 3aKOHbI COXpaHeHHs. B cBs3m ¢ sTum Heoo-
XOJHMO CTMETHTb, UTO ypaphenue (1) HHBapHaHTHO oTHOCHTe/bHO TpeoGpasopa-
nuft Tanunes x, = x, 4+ v,t, v,, a = 1, 2, 3,— CKOPOCTb HWHEPLHAJbHOI CH-
crembt orcuera K’ oTHOCHTENbHO cucTesmbl K, a 9TO 03HAYaer, 4To A5 Hero Bbl-
nostsercs (yHAaMEHTAJAbHbII KJACCHUYECKHIT MPHHIHN oTHOCcHTesnbHOcTH [a-
Jauaes (ONHCaHHIO JIMHEHHBIX 1 HEJHHEHHBIX Mapalo/HYecKHX VpaBHenui,
HHBapPHANTHBIX OTHOCHTENbHO rpynnsl [annies, nocssuenst padorsi [5, 6]).
B 1o xe Bpema aiaa runepGoJHUECKOro ypashenns (2) A0JrKeH BbINOJIHAThCA
npuHUMN orHocurtenpHocrd Ilyankape — Ditnwreiina (Sosee mnoapoGHo oM.,
nanpumep, [5]). OnHako Bce H3BeCTHBIE MaTeMaTHUECKHE MOAEIH VIS ONHCaHHA
MPOLECCOB TeMJIoMacconepeHoca, OCHOBaHHbIE Ha AudxhepeHIHaJbHBIX YpaBHe-
HHSIX BTOPOTO MOPALKAa MO BPEMEHHOI nepeMeHNoii, He HHBAPHAHTHLI OTHOCH-
TeJIbHO npeobGpasoBatuii [Namnies, npuuem Aas 6oJblUHHCTBA H3 HHX He BbINOJ-
HaloTes HE npuHuun lanunes, nu npunuun [lyankape—3itniutefina.

B cratee [5] ykasano ua onHo ecrecrseniioe ofoGuieHne ypashenus (1)

Lu=o,Lu+ a,lu =0, L,=L,L,, (3)

rile oy U 0, — HEKOTOpbI€ BelleCTBeHHbIe MapaMeTphl.

Ypaenenue (3) uHBapuantHo oTHOocHTeslbHo rpynnel [anuaes G (1, 3),
MO3TOMY MPEINOJNIOXKHM, UTO OHO MOMKET OBITh HCMOJb30BAHO IJ1fi OMHCAHWSA
TeNJIOBBIX H AH(xby3HOHHBIX MPOILECCOB, He 3aBHCALLIX OT TOTO, B KaKHX HHEp-
IIHAJIBHBIX CHCTEMaX OHH HaGJI0HAl0TCS.

YpaBuenne (3) B najabHeimeMm Oyjem HasblBaTb OHMapaboJHYeCKHM Vpas-
HEHHEM TeNJIOMPOBOAHOCTH.

2. 0npenensiommue CooOTHOIMEH N . YpaBHeHHe (3) Mmoxker
GHITH MOJYUEHO H3 YPABHEHHS COXPAHEHHs 3HEpPruu

oeldt = div; =10, (4)
eCJIH 3aJaTb SHEpI‘HPO € H NMOTOK Q‘ COOTHOLIEHHAMH
e=¢e, -+ ¢, (u— uy) + vo (Qul/dt, yiu), )
g = — A grad u — . grad \p (Qu/ot, y*u),
rae A — KO(XpHIIHEHT TenJIoNnpoBOAHOCTH, ¢, — TEMIOEMKOCTb, V H W — OT-
JIHUHLIE OT HYJIA [TOCTOANHBIE [TAPAMETPBI, ¢ 1 'll} — HEKOTOpble CKaJapHbIe (i)ylﬂ(-

1uu. OueBHilHO, 4TO OpH v = p = () coorHowenns (5) NPHBOAAT K KJjdccHuec-
KoMy ypaBuenuio (1). -

viu, a, b=

P

[Tonoxkum B (B) ¢ = duw/dt —a .:.L viu, P = bou/ot —

=const>0. Toraa wus (4) moayuum 3BOJIOUHOHHOE YpaBHEHHE YeTBEpPTOTrO
nopsiika Mo MpoCTpaHCTBEHHBIM MEpPEeMeHHBIM H BTOpOro nopaaka no ¢

)
Cp (auzat e vzu) - v[d“m’é‘t“ — (akic, + buiv) _:')‘T viu -
+ j: z‘— \-.»2\72”] =1 (6)

3afaHHeM napameTpoB a, b, p u v 3 (6) MOXKHO HOJYUHTL HECKOJIbKO HOBBIX
YPaBHEHHIl TEeIJIONPOBOLHOCTH, CONEPIKAlHX KaK UYaCTHLIN ciaydad KJjacchHuec-
koe ypaBHeHue (1). [lna wac HauGoJablUIHI HHTEpec mpeicTap/sier ypaBHeHHe,
caenyiomee u3 (6) u npunumaiwomee Bun (3), rme x* = Ale,, npuuem L, =
= d/9t — »?y?, L, = (0/0t — %*A?) (0/0f — »*y*). Ono, OUYEBHIHO, COOTBETCT-
BYeT OMNpPEAeJSAIONIHM COOTHOIMIEHHIM JIJIA 3HEpPrHH M MoTOoKa

e=¢,+ ¢, (u— uy) + vLu, ;; = — A gradu — pn grad L,u.
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3. PynnameHTasbHOe pemweHHe onepatopa L. Oynnaven-
TaJIbHbIM peienHem GunapaboJiHueckoro ypaBHeHHsi (3) Ha3zoBeM 06OGLIEHHYIO

GyukuHio Gg g, (:é. T), YAOBJETBOPAIOULYIO YPaBHEHHIO

LG = &,L,G + o, L,G = 478 (R) 6 (1), )
rae § — nenbra-QyHKLHS, R=r— Fop T=1t—1y x€E,. Tpenctasasis G B
Bune HHTErpana Pdypobe

1

GR, 1) = @y Lj elRag (g, 1:). do,

rae o = (0y, Gy, ..., 0,) € E;, H3 (7) nosyuaem oOblkHOBeHHoe nudbepeHHab-
HOe ypaBHeHHe a,g” -+ (20,%°0% 4 a,) g’ + %*0? (ay%*0® + ;) g = 47 (%), pe-
IIeHHe KOTOPOro HMeeT BH]I

oy

A 1 —e @) eromg(n),

%y

g (0,7 =

rie O (t) —enunnunas (yHkuua Xesucaiina. CrejpoBaTesibHO, 0PH a,:;‘_-(}’
Uy < O

%
T k=

- 4nB(t) 1—e = —m
Gy, (R 7) = 8
[ 31+ 2 ( } 0‘1 (2% V‘.'I_'[Tr)" 4 ¥ ()

a B cayuae, Korja o, =0, a, =1
R
= 410 (1) _—oar
Go,) (R, 1) = ————— . 9
1 (ReD) 2% V at)" ®)
[Myeth Q(ﬁ. T) — hyHIaMeHTaNbHOE pelleHHe KJIACCHYeCKOro OnepaTopa
% .
L, [1). CpaBuuBas ero c (8) u (9), BuauMm, 4T0 Ggq, (;Q', T) = I_—e_"___ x
%y

X O(:é, 1), Go,, (}n?', T) = 1Q (ﬁ, 7). Ilockoaeky (1 —e—=v%)/(cr,t/at,)— 1 npm
o T/a, = 0, 10 Gape, (fé. T) EI—:UEZ— Q (ﬁ, T) = -c?; Gy, (}_é. T) H, KpoMme TOro,

Ga,a, (R, ©) —3 Go.t (R, %), Gaya, (R, 1) —= Q(R, ).

CrejoBaTte/bHO, NPH IOCTATOYHO MaJBIX T (pyHAaMeHTaJbHOe pelleHHe orne-
patopa L Beser ce6s no T Kaxk QyHnjiameHtalibHOe perieHHe onepatopa L., a
AJ18 noctaTo4Ho OOJbLIMX T €ro XapakTep onpesessercs nopelenHeMm ¢yHiaMeH-
TajlbHOro peluenysi oneparopa L,. Jlaabuefimuil acHMNTOTHUECKHI aHaJH3
bynnamenTanbioro peuleHus omeparopa L NpH T —- 00 NOKa3blBAET, 4TO AJIA
R==0

, — 0, ecan sgne, = sgna
lim Gma’ (R; .[) e { gn o, gn oy,
T=oo 00, eCJIH SgN o; = STl Gy,
npHuem
co, ecau n =1,
lim Go,1 (R, %) = { 1/x, econ n = 2,

T=00

0, ecan n = 3,4, ....

4. Uuterpaabuee popmyan. Ilyers Q€ £, — onnocsssnas 06-

JacTh ¢ JIOCTATOYHO rjankoit rpanuuelt I', n — opT BHewiHeil koHopmaau x I,
Qr = {xeQ,0<t{<<T}—unnuuap seicotet T >0 B mpocrpanctBe E,py =
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=Ly X (—oo<t<o), Lpi=oyl,+ oLy Mp, y=a,L, + a,L,, roe Ly=
=L L,, L, = — 0/0t — »*y?, 1. e. onepaTop Mp,; conpsikeH B CMBICJE J'Iar-
paHka c onepatopoM Lp, (MHaekc P ykaselBaeT Ha To, yTo omepatop V*

AeHCTBYeT no KoopauHatam ToukH P €Q). OGosHaunm uepes C*** @r), rae

nesoe uMesao k=1, MHOXKeCTBo BCeX HempepbiBHBIX B Qr dyHKumi u (x, 1),

X = (X, ... Xp)y ¥ KOTOpBIX CYILIECTBYIOT HeNnpepuiBHbEe B 2y IIPOH3BOjJHBIE
am1+.‘.+mn+f

ox ... oxTmot!
o Mg+ 21 < 2%
Toraa aas mo6eix u,0€C"* (Qr) npy 0<<{<<T umeer mecto opmy.a

4 TpH BCeX LeJblX HEeOTPHNATCJbLHBIX My, ..., My H L my + ...

i t
S dv S (vLp,t — uMp, v) do, = o, S dt j (vou/dt + udv/dt) dwy —
0 0 Q

o

1
— o, %? S dv S (Vi — uy?) do, + o, S dt S‘ (v0%u/0T® — ud®v/9t®) do, —
Q

] Q ¢

F [
— 2o,%° S dt 5‘ (U% viu+u % v’zv) dwg - oyt 5‘ d‘l:j‘ (vyyiu —
b o ¥ &

= HVZV%) db)“.

Mnterpapys no uwactam H ucnosbsys (opmyasr ['puaa — OcTporpaickoro,
noJy4aem

t
5 dTS (OLptt — uMp~0) doy = S [euv -+ oy (vOu/0T — udv/dt) +
5 b o
+ 20,%2 (Yiu - YU)imod®, — ayx? S dt 5‘ (vOu/dn, — udv/on,) dy, —
1] .

! i
— ayu? 5 dT[S v (oy0u/ony — uyov/dn,) dy, — 20.x* S dt s‘ [vdidn, x
0 d r

X (0u/dt — wPypu) + udlon, (9v/dt +- v*y;v)] dy, (10)

rie y — oneparop 'amuabTOHa, V2p — cy:KeHHe y* Ha rpaHuLy.

dopmyay (10) Gynem naseiBaTh HHTerpa/bHOH ¢opmyJoil tTuna I'puna anqa
Ounapaboauyeckoro omnepatopa L. [lpu pelienuu HauaJbHO-TPAHHYHBIX 3ajad
s ypaBHeHHs (3) oHa Wrpaer Ty e poJb, YTO M aHajsorHuHas dopmy.Ja 1
oneparopa TemjaonposoaHoctd L, (7], k kortopoii oma ceoautcs nupu o, = 1,
a, = 0. B uacruoctu, (10) nosposasier ykasaTb KOppeKTHbie Ajs omepatopa L
rpaHHYyHble 0 Haudajabnele yeiaoBHs. M3 dgopmyast (10) npn a; = 0, o, = 1 cpa-
3y iKe BbITeKaeT COOTBETCTBYyMollasa ¢opmyJa agas oneparopa L.

b, METerpasdbHoOoenpeacTaBJeHHe pelleHHa Kpae-
Bo i 3ajauH. PacemMoTpuM HeoaHopoiHoe ypaBHeHHe

Lu (x,8) = [ (x, 1), (11)

u ucnoabsyem dopmyay (10), monaras v = Gg,q, (R, — t) (uugexcer npu G B
llaJ!bHeﬁLUeM OHYCKECM). nOCKDJ’lhl{y tljyl!ﬂaMCHTaﬂbHDe peumieHHe yAOBJAETBO-

pPSIET YCJOBHIO NPHYHHHOGTH G(ﬁ,t—r) =0 npu t<<7, 10 LG (}:?,t—-’c) =0
H MG(R,t— 1) =0 npu <<<. Kpome Toro, MOXKHO MOKa3aThb, YTO

SG(R,O)u(Po. £) do, = j' G(R,0 20D o, S(vou‘é, 0) x
Q (
X VP D)oy =0, | LBRO o I,
O 2
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B pesyabrare muTerpaJbHoe mnpejacTaBeHHe HAYaJNbHO-TPAHHYHON 3a]auH
Aas ypaeuedus (11) npuuoumaer Bux
_ s‘ B oG (R! [) D
dnu (x, 1) = 4 [eG (R, §) u (Py, 0) — 0ty ——=———u (P, 0) + ,G (R, §) X
X 9t Py, 0)/07 — 2a,%2G (R, 1) v¥u (P, 0)] dw, -+ 2a* | G (R, 1) x
T

ou (P,, 0) ! ‘
X ano' - dyg + Glxg S dTS (Gau”}aﬂu - uaG/aro) d?" + a{n‘S as
(1] 0 r ¢

a — 222
G-aTU (Qu/dt — n*yiu) +

{3
Sv(Gvauz’ano — uy0G/dny) dy, + 20u,%° 5 dt 5

3
6‘20 (0G/dt + xzv%G)l dy, + 5 dti f(Ppy )G (R, t — 1) dw,. (12
0

-+ u

HUs npencrasnenns (12) crenyer, yto B 3anave tna Ko navanbHbe yc-
JIOBHA JJIsl ypaBHeHHs (3) 3analorcs B BHIE

U= @y(x), Ouldt—2%’y2u=q(x), t=0, x€E,. (13)

6. OnnomeprHnasnsanavaruna Kowu. [Ipuass Bo BHitMaHue
(13), pacemorpum 3anauy
Lu = a, (0u/ot — %*0*u/0x®) + o, (0101 — #*3*/0x>) (Qu/0t — %*0u/dx?*) = 0,
(14)
u(x,0) =y (x), 0Julx,0)/0f—2%%0%u (x, 0)/0x* = @ (x), — 00 <<x < o0,

[Tpumenus x relt npeoGpasosanne Pypbe, NOJYyYHM OOGBLIKHOBEHHOE AH(pdepes-
LHaJbHOe ypaBHeHHE BTOPOTO NMOpPALKa

oy daldt® + (20,%%0% + a,) dialdl + (0,%%62 + a,) x20%1 = 0, >0,

¢ HauanbHBIMH JaHEBIMH (0, 0) = (), du(a,0)/dt + 2x20%u (0,0) = ¢ (o),
rae sHakom /\ o6ossauaercs o6pas @ypse, O — BElECTBEHHBI MapameTp
npeoGpasoBanus. Pemenue sToil 3ajaun noayueHo B BHAE

-
oL

i (o, 1) =u1 = Z—:‘(l —e¢ @ ) x%? Cp(cH%(l ™) (E(c)]e—x'ﬂ*f.

[Mockeabvky u(x,f) = % 58““”& (o, f)do, TO nocje COOTBETCTBYIOMIHX Bhl-

—_—a

YpCJEeHHIl MOJAYYaeM OKOHYATeJbHLIH pPesyJbTar

Xy

T
u(x,t) = —— b (x") e e dx'-i— 2 ‘—_—.—"‘){
L 2% Val _-EO‘H ) % 2xVal
o e {x—..t'F o P—‘:__“' = , g
x Joune a2 2000 | w1 - ]
(x—x*)*
% e ix dx'. (15)

Ecat oy =1 0 @y =0, o u3 (15) caenyer wussectHoe [l,2] pemenue
sanaun Kown ana ypaBuenus L,u = 0 npu ycaoBun u (x, 0) = 1 (x)

1
2% Vat

(x—x")*

Uy (%, 1) = 5 P(¥)e T ody. (16)
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Ecan oy =0 u @y, = 1, 10 anmanornyno (15) nosayuaerca pelueHHe 3aja-
gy thna Kown paas ypasmenus L,u = 0 npu ycaosuax (14)

1 (x—x")* R C i i

oo _lx=x"p W oo
P S ' A% TR L g Ty —
) =V _SN"’ el Wt 4 P *

(x—x)*
X)) T
Eq(x)[ 2 " ]e . 17
[yers @ (x) =0, P (x) = I v %] <a, V = const. Torpa Tounple pere-
0, |x|>a,

Husl, cooTBercTByiomue dopmysaam (15) — (17), npuMyT COOTBETCTBEHHO BHJ

Xy

J (a—x)*
l—e * T
M(I, )-——ul(xv )"'__"'"' ﬁ[(a_x)e e +
__tatx)*
+@+xe ) (18)
v a—x a--x
W) = —|erf e f . 19
ty (5, 1) = 5 [er S e Mﬁ] (19)
v _ta—x)- (a+4-x)*

Uy (%, ) =t (x, ) — ——— [(a—x)e " +(a+xe =], (20)

2x Vat
rae erf z — ¢ynkunsa omn6ok [1, 2]. CpaBHenne pe3y/bTAaTOB BBIUHC/IEHHIT MO
STHM (opMyJ/iaM MoKasajo, HTO pelleHHs [0 HeKoToporo (GHKCHPOBAHHOTO f,
SIBJISIIOTCS MOHOTOHHO YOLIBAIOIHMH (DYHKIIHAMH 110 X; IpH { > {, A5 pelIeHHH
(18) u (20), B oTamune oT Kaaccuueckoro cayuas (19), xapaktepHo oGpasoBaHue
yeJHHEeHHOH BOJIHBI, ABHXKYLIEHCS B HANpPaBJeHHH OCH X ¢ MOHOTOHHO yGBIBalo-
el no { aMIJAHTYLO.

OTMeTHM OIIHH HOBBLI MOMEHT, CBA3aHHBIN C 3aJaHHEM HadaJbHBIX YCJO-
BHil Ans omepatopa L. Pemenne (18) ynosnerBopsier nepaBenctBy 0 <C u (x,
7) << V. Ecan ke B (14) 3anats BMecTo Broporo ycioBus ycaosue du (x, 0)/0f =
= 0, To pemenHe Takoii 3ajaun OyJeT OoTaHYaThCsl OT BuAa (18) JuiIb 3HAKOM
NpH BTOPOM YJIeHEe. B atom cJlyuae yKasaHHoe HepaBeHCTBO He ﬁy,ue'r BBIMOJIHATH-
csl: CYUIECTBYeT Takoe f,, 4TO NMpH { =1, Ha NOJYOCH OX pelleHHe NpPHHHMAeT
KaK MOJOXHTeJbHbIE, TAK H OTpPHUATE]bHbIe 3HaueHHs, npuyeMm u (x, ) — —0
npu x —- oo, 3to ClipaBelJIHBO AJiA JI0OBIX CKOJb yrogHo MaJgabix 3HauYeHu#
sy >0,

7.Pemennsa Tuna Geryueii BoJaHB. PaccMoTpHM BHauade
OJlHOMepHHIH BapuaHT ypaBHenus (3) npu o, = 0, a, = 1

Lyu = (310t — %*0/0x%) (0uldt — %*0*uldx®) = O 1)

i GyJeM HCKaTb €ro aBTOMOJEJbHBIC pelleHHs BHAA
u,(x,f)y=~eMp(g), &E=x—rof, (22)

rje v-— CKOpoCTh BoJHbl, [ — KosdduuHenT saryxanus. Oyukuus ¢ (E) onpe-
JlesisieTcsl, OYeBHJAHO, H3 OOBIKHOBEHHOIO nnq)q)epeﬂuuanbﬂoro ypaBHEHHS
!V 4 2xog!!! - (v® — 2x42P) @!! — 2Pve! - P2p = 0, ofiuee pewenHe KOTO-
poro HMeeT BHJA

P (E) = ¢t + cpem + c ket - ¢ e, (23)
rae ¢j j= 1, 4 — npou3BosLHBIE MOCTOSIHHBIE, 7y, Iy BBIYHCAAIOTCA MO opmyJie

—v4+ Vo2 + 4px?
2x%2

. (24)

s =
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TensoBoit MOTOK B paccmMaTpHBaeMom cJjyuae 3ajgaetcs B Buie ¢ (E, ) = pef'X
X [x2@'" (€) + vo!! €) — Bo! ().

Cpenn MHoxkecTBa (yHKuHH (23) cojepikarcsi aBTOMOJE/bHBIE peLleHHs,
yaoBaeTBopsiomue yeaoBusm ¢ (§) >0, £ << 0; ¢ (0) = 0; Py (0) — ve' (0)—
— 2x%p! (0) = 0; ¢ (0, #) = 0. Oun obecneyHBaOT HENPEPLIBHOCTL HAYAJIbHBIX
ycaioBHil, caenywomux U3 (14), n noroka B Touke § = 0. [Tostomy cymiecTByioT
pemenua ypaBHeHust (21) co Bciofy HenpephBHBIM TENJIOBBIM OTOKOM, KOTOphIE
npu kaxaom 7€ (0, T) siBasiorcs (HHATHBIMH MO X : ua (v, ) = 0 npu x >
= vf. Iro o3Hauaer, uTo ypasHenue (21) NMPHTOAHO JIsI ONMHCAHHS MPOIECCOB
C KOHEeUuHOH CKOpOCTbIO pacnpocTpaHeHusi Bo3mylueHuii. Onyckasi rpoMO3fKHE
BBIKJIAJKH, NMPHBOIHM HX OKOHYaTeJbHBIH BHJ

— =t v

9@ = C‘(" _'_72‘5)' s (25)
0, £E=0, p=0,
dron® v : &
C‘~’£(4riu3+ ez-._ea), sl
€)= " (26)
0 §?0| ﬁ=_W'
et O(rs—ry) p e, UVUE 4 4px? s
”3[‘"”“"" S+ Grato Yt pag gy (VO iT—
. 4r,n> ¥
QJ(E): % —U}%(e’zé—-% er's):ls E{O!
02

27y

3neck ¢, s = 1, 3,— NpoH3BOJIbHbIE MOCTOSHHBIE, ri,z ONPELLJAAIOTC 10 (op-
myaie (24). Tlpu § << O pewenus wu, (x, f), noctpoenusie B Bule (22) ¢ NoOMOILELIO
(25)—(27), ABAAIOTCA KJAaCCHYECKHMH, HO OHH MOTYT He HMeTb JOCTaTOUYHYIO
rnajgkocTb B Toukax ¢poHTta BosHbl X (f) = vf, rae obpaiiaiorcs B HYJb.

AnanornusbiM 06pa3oM MOXKHO M0Ka3aTh, 4YTO CpeIH pelleHHH ofiero
OGunapaboiHuecKoro ypapHeHHs (3) CONEPIKHTCA B TOUHOCTH TPH (DHHHT-
HBIX pelleHHsl, OINHCBHIBAIOUIX pacrnpocTpaHeHHe BO3MYLIEHHH C KOHEeYHOH
CKOpOCTBIO.

[Tpumephl GHHHTHBIX PEIIEHHH KJIAaCCHYECKHX HEeJIMHEHHBIX ypaBHEHWH Ter-
JIOTIPOBOJIHOCTH BTOPOTo MopsjaKa, ob/anaioimux nonoGHBIMH CBOHCTBaMH, pac-
cmorpenst B [8, 9].

8.CtreneHHOATpPAaHUYHBH ]i'JE)I{HM. bynem uckaTh pelieHns
ypasuenusn (21) npu rpannunom ycaosuu (8] « (0, 1) = (1 + #)%, & = const >

=0, suna u, (x, ) = (1 -+ %9 E), &= V++f . Herpyano nokasarts, uto
dbynguua @ () nomkua onpeneastbes u3 AddpepeHNHANLHOTO  YPaBHEHHSA
. & 4 s £ do
242 2 S T MNP —_— 242 2 — e =
(\x d*/dE T E (o l))(x d*q/dE* + 5 ocq:) 0, obuee perme-

HHe KOTOPOro BhlpajkaeTcd uepe3 (DYHKUHH DPMHTa H HMeeT BHA

@ ) = c1Haa (i/2%) + coHaa—a (i8/2%) + e H_o,; (E/2%) +
F ce I H g qy (E/2%). (28)

Hcnoab3ysi acHMNTOTHUeCKHe mpeicTaBjienns ¢yukuuii pmura [10] n
Tpebyn orpanuuenHoctd ¢ (§) npu § — oo, ycranaBinpaeMm, uToO ¢; = ¢; = 0
npu e >1u ¢ = 0 npu 0 << e << 1. [lpn BbINOJIHEHHH 3THX YCJIOBHi HMEIOT
mecto jBa ciayudasi: 1) ¢ (o0) = 0, ecain o 5= 1; 2) @ (00) = 1, ecain @ = 1,

Ecan, caenys [8], BBectu KoopauHaTy (GpOHTAa TEIJIOBOH BOJIHBI %y (f) =
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=Es (1 + t)m, TO A5 (pMHHTHOCTH pelieHusi ypaBHenHs (21) neobGxoaumo,
4TOObI
QE)=3qE, =0, (29)

rjie TEeNJoBoH MOTOK omnpejessercs (opmy.Jioi

960 ==+ 0 @— 120 O — 5 v O — 0" @)

PaccMoTpiM yKasaHHBIE BbIllle CJAyYyaH OTAENbHO.

A). Ilyers @ > 1. 3adurcuposas B (28) E=E, npu ¢; = ¢,=0, aas omnpe-
JlesIeHHs] MOCTOSIHHBIX €3 H ¢, MOJIYUMM OJHOPOAHYIO ajreGpanHuecKylo cHcTeMy,
onpejie/uTe/b KOTopoi

A ~ 1/2% Ep/%) " [Eo/n)* + 4 (a + 1) Ea/x)® + 12(2a + 1)?)  (30)

OTJIMYEH OT HYJIsl, 4TO CJEAyeT H3 aCHMNTOTHUYECKOTO MpejcTaBjeHHs (QyHKILHH
Opmura aas jocratrouno Goabinux E4/2x. ChefosaresibHO, AAA TMPHHATHIX yC-
JIOBHil (JPOHT BOJIHEI HE MOXKET HAXOAHThCS B KOHEYHOH TOuKe, H ypasHeuue (21)
OMHCHIBAET pacnpoCTpaHeHHe Bo3MYyIeHHil ¢ GeCKOHeUHOH CKOPOCTbIO.

B). Ilyerb 0 << e <<C 1. 3necy aas onpeieneHHs MOCTOSHHBIX C3 H €y B
(28) npu MpoH3BOJILHOM (PHKCHPOBAHHOM C, MOJIyYaeTCsl HEOAHOPOAHAs anrebpa-
HUeCKasl CHCTEMa, OMpelesHTeJ]b KOTOpOi MNpH A0CTarodHo Gonbumux Eg/2x
ameer Bua (30) u oramuen ot Hyas. CaenoBaTtesbHO, MOCTOSIHHBIE ¢, § = 2, 4,
MOKHO BLIOpATh TakK, uTOOMI yAOBJETBOpsa/HCh paBeHcTBa (29), n, Takum obpa-
30M, MOCTPOHTH (PHHHTHOE pelleHHe ypaBHeHHs (21), onucbiBaollee TEIJIOBYIO
BOJIHY ¢ KOHEYHOH CKOPOCTbIO pacnpocTpaHeHHsl BO3MYILEHHII.

9. CtrenenHoli rTpaHHYHBIH peXuUM ¢ o6boCTpeHHEM.
Ecsin rpannunas ¢GyHKIHS HEOrpaHHYEHHO BO3pacTaer 3a KOHeUHbIH TpoMexy-
Tok Bpemenu (u (0, ) > co npu {— T7), To TensoBOil pexUM Ha3bIBaeTcs
pexxumoM ¢ oGocrpennem [8]. Emy, Hampumep, COOTBETCTBYeT TrpaHHYHOE
ycJaoBHe

u(0,0)=(T —1"% a=const>0. (31

Dynem uckathb peiennz ypaBuenus (21) B Buze

wy (6, 0) = (T — ) %), &= (32)

#
Y=t~
Moxno nokasars, uro gyHkunsa ¢ (§) ro/kHa yHAOBJAeTBOPATH Audpepeninallbs
HOMY YpaBHeHHIO

E

(x'-’dzzdgﬂ — = didE—(a+ 1)) (x‘zdecp!dg” - % dolde — acp) —o,

oﬁmee pEeleHHe KOTOpOTO HMEET Bl
P (E) - 51H—~2cx (E./QK) = CEH—QQ’.‘——E (E”2“) + Cse?ﬂx:h'%—l ('EEJQX) 1
- €65 Hogyy (i8/2%), (33)

npHYeM OrpaHHueHHoe MpH & — oo pemleHHe nogayudaerca uz (33) npu ¢ = ¢y =
= 0. B srom cayuae noaywupuHa Bosubl [8] onpeneasiercsi opmysoit X =

= &4 (T — #)'/2, u3 koropoii caenyer, uro X — 0 npu { — T, T. e. nocrynaio-
4as B cpelly SHEepPrus coCcpeloTauHBAaercsi B 30HE ¢ COKpAaUlaiouuMcs 3pheKTHE-
f#bIM pasmepoM. [Ipu 3ToM Tem/oBOiH MOTOK 3anHcHBAETCA B BHIE

L @ =—pC = e 120 @+~ @ = @]

Jlnsa ¢unutHOrO pertennus Buia (32) ypasuenus (21) no/KHbl, Kak u parnee,
BBINOJHATBCA YCa0BHA (29), nmostomy s onpeleneHis NOCTOSHHBIX ¢, H ¢, H3
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(33) npu d¢uxcupoBanHom § = &; noayuaemM OLHOPOAHYIO anreGpaHuecKyio
CHCTEMY, Ompefe/IHTe/]b KoTopoit A fo/ukeH ObITh paBeH Hy/o. OfHAKO OKasml-
BaeTcs, 4TO ecad B A BOCNOJNB30BATbCA ACHMITOTHUECKHUMH MpPEACTABJIEHHSIMH
¢yHKuui dpmMuta npu GoabIHX Es/2%, NPHXOAHM K paBeHcTBy 12 (o0 + 1) %3+
+ & =0, KOTOpoe HeBO3MOXKHO BBHAY o = 0. CiefoBaresbHO, GPOHT TemJo-
BOH BOJIHBI HE MOXKeT HaXOAHTbCSl B KOHeYHOH Touke &y, M, TaKHM o6pas3oM, B
pexume ¢ obocTpeHHem ypasHeHue (21) onuchiBaeT pacrnpocTpaHeHHE BO3MY-
wennit ¢ 6eckoHeuHoii ckopocthio (cm. takxe [8]).

wT o= O hD

[=7]
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