Symmetry, Integrability and Geometry: Methods and Applications SIGMA 5 (2009), 103, 40 pages

Isomorphism of Intransitive Linear Lie Equations”

Jose Miguel Martins VELOSO

Faculdade de Matematica, UFPA, Belem, PA, CEP 66075-110, Brasil
E-mail: veloso@ufpa.br

Received February 09, 2009, in final form November 11, 2009; Published online November 17, 2009
doi:10.3842/SIGMA.2009.103

Abstract. We show that formal isomorphism of intransitive linear Lie equations along
transversal to the orbits can be extended to neighborhoods of these transversal. In analytic
cases, the word formal is dropped from theorems. Also, we associate an intransitive Lie
algebra with each intransitive linear Lie equation, and from the intransitive Lie algebra we
recover the linear Lie equation, unless of formal isomorphism. The intransitive Lie algebra
gives the structure functions introduced by E. Cartan.
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1 Introduction

It is known [7] that the isomorphism of the fibers of transitive linear Lie equations at two
points is sufficient to obtain the formal isomorphism of the Lie equations. This is proved by
constructing a system of partial differential equations (SPDE) whose solutions would be these
isomorphisms. This SPDE may be not integrable [2, 11], although it is formally integrable. If
the data are analytic, the SPDE is integrable.

In this paper we consider principally the extension of this theorem to intransitive linear Lie
equations. Intransitive linear Lie equations generate a family of orbits on the manifold that we
suppose locally to be a foliation. Given two intransitive Lie equations, consider the restriction
of both Lie equations along two transversal to the orbits. If these restrictions are isomorphic
in a certain sense, then we can construct a formally integrable SPDE whose solutions (if they
exist) are isomorphisms of the two Lie equations. Therefore we prove, at least in the analytic
case, that formal isomorphism of two linear Lie equations along transversal to the orbits can be
extended locally to local isomorphism of the two linear Lie equations in a neighborhood of the
two transversal.

Specifically, consider M and M’ manifolds of the same dimension, V and V' integrable
distributions of the same dimension on M and M’, respectively, N and N’ submanifolds of M
and M’ such that each integral leaf of V' and V' through points z € M and 2’ € M’ intersect N
and N’ (at least locally) at unique points pz and p'a’, respectively. Let be ¢ : N — N’ a local
diffeomorphism, a € N, a’ € N', ¢(a) = ', Qg the manifold of k-jets of local diffeomorphisms
f+ M — M’ such that ¢p(x) = p'f(z), and Q’; the sheaf of germs of invertible local sections
of Q;‘;. Furthermore, let be R* ¢ J*V, R’* ¢ J*V' intransitive linear Lie equations such that
RY = J%V, R = JOV’. We say that R* at point a is formally isomorphic to R'™® at a point a’ if
we can construct a formally integrable SPDE S* ¢ QZ; such that any solution f of S* satisfies
(¥ ). (RF) = R'* (see Definition 5.3). We prove in Proposition 5.3 that this condition is

*This paper is a contribution to the Special Issue “Elie Cartan and Differential Geometry”. The full collection
is available at http://www.emis.de/journals/SIGMA /Cartan.html
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equivalent to the existence of F' € Q’;H such that 8F(a) = ¢’ and F,(TM @ R¥) = TM' © R'™*.
Then we prove:

Theorem 5.1. Let be : N — QZH such that B® = ¢ and
®, (TN & RF|y) = TN' & R*|y.

Then giwen a diffeomorphism f : M — M’ such that f,V = V' and f|y = ¢ there exists
Fe Q];H satisfying F|y = @, BF = f and

F(TM®R")=TM & R".

This theorem for transitive linear Lie equations is in [7].

The next step is to define an intransitive Lie algebra representing TN @ R¥|y. Transitive Lie
algebras were defined in [10] as the algebraic object necessary to study transitive infinitesimal
Lie pseudogroups. This program was pursued in the papers [6, 7, 8, 9, 14, 16, 17, 20, 24]
disclosing the fitness of transitive Lie algebras to study transitive linear Lie equations.

At the same time, several tries were made to include intransitive linear Lie equations in
this theory [12, 13, 18, 19]. Basically, they associated a family of transitive Lie algebras on
a transversal to the orbits with an intransitive infinitesimal Lie pseudogroup, each transitive Lie
algebra corresponding to the transitive infinitesimal Lie pseudogroup obtained by restriction to
each orbit of the infinitesimal intransitive Lie pseudogroup. Another approach was to study the
Lie algebra of infinite jets at one point of the infinitesimal intransitive Lie pseudogroup; this
algebra is bigraded, and this bigraduation may give the power series of the structure functions
introduced in [1]. In the first approach, it may happen to be impossible to relate transitive Lie
algebras along the transversal and give a continuous structure to this family, as the following
example in [27] shows: let be © the infinitesimal intransitive Lie pseudogroup acting in the
plane R? given by

0= {G(x,y)gy such that gz = a(x)gz with a # 0, a(0) = 0} .

Two of these infinitesimal intransitive Lie pseudogroups given by functions a(z) and a(z) are iso-
morphic if and only if there exists a C*°-function b(x), with b(0) # 0 such that a(x) = b(x)a(x).
The restriction of © to the orbits {(xo,y) : y € R}, with a(zg) # 0 is the infinitesimal Lie pseu-
dogroup of differentiable vector fields on R, and the restriction to the orbit where a(zp) =0
are the infinitesimal translations on R. This example shows that, even if the intransitive linear
Lie equation associated to © has all properties of regularity, by choosing an appropriate func-
tion a(x), we obtain a highly discontinuous family of transitive Lie algebras along the transversal.
If a(z) and a(z) have the same power expansion series around 0, the bigraded Lie algebras of
infinite jets of vector fields of © and © at point (0, 0) are the same. So, the bigraded Lie algebras
cannot distinguish between non isomorphic intransitive Lie pseudogroups. However, E. Cartan
associated “structure functions” constant along the orbits with infinitesimal Lie pseudogroups.
Therefore any definition of intransitive Lie algebras must contain a way of getting the germs of
“structure functions” at the point considered.

A way to define such algebra is the following: let be Oy, the ring of germs of real functions
defined on N at the point a, L,, the Oy o-module of germs of sections of R™|y at point a,
and 7N, the Oy 4-module of germs of sections of T'N at point a. The vector bundles R™, with
m > k, are the prolongations of R¥, which we suppose formally integrable. There is a R-bilinear
map

[,1,: (TNg®Lp,) X (TNy @ Ly,) = (TNg® Liy—1),
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given by: the bracket of germs of vector fields in 7 N,; the germ of i(v) D¢ for v € TNg, £ € Ly,
and D the linear Spencer operator; and the Oy 4-bilinear map defined on holonomic sections by
[5%6, 3*n], = 7%710,7n]. Let be L = limproj,,Lm, £L =T N, ® L and [, ] = limproj,,,[, ],,-
Then (L,[, ].) is the O o-intransitive R-Lie algebra associated with the formally integrable
linear Lie equation R* at the point a. From (£, [, ], ) we can obtain the germ of R¥|y at point
a, and, by applying the Theorem of [25] and Theorem 5.1 of this paper, we get the germ of the
linear Lie equation R* at the point a, up to a formal isomorphism (cf. Theorems 6.1 and 6.2
below).

We summarize the content of this paper. Section 2 presents basic facts on groupoids and
algebroids of jets, the calculus on the diagonal introduced in [16, 17], and the construction of
the first linear and non-linear Spencer complexes. We tried to be as complete as possible, and
the presentation emphasizes the geometric relationship between the first linear and non-linear
Spencer operators, and the left and right actions of a groupoid on itself. We hope this section
will facilitate the reading of this paper, since several formulas given here are sometimes not
easily identified in [16, 17, 14, 6, 7], due to the simultaneous use of the first, second and the
sophisticated non-linear Spencer complex, and the identifications needed to introduce them.

Section 3 contains the construction of partial connections on J*V. These partial connections
are fundamental for Section 5. Section 4 introduces the basic facts on linear Lie equations and
the associated groupoids. Section 5 presents the definition of formal isomorphism of linear Lie
equations, and the proof of Theorem 5.1. Section 6 introduces the definition of intransitive
Lie algebras, and the notion of isomorphism of these algebras. The last section discuss the
classification of intransitive linear Lie equations of order one in the plane, with symbol g' of
dimension one. This classification contains the examples introduced above.

2 Preliminaries

In this section, we present some background material. The main references for this section
are [16, 17, 14], and we will try to maintain the exposition as self-contained as possible, prin-
cipally introducing geometrical proofs for actions of invertible sections of Q**1M on sections
of T® JFTM.

2.1 Groupoids and algebroids of jets

Let be M a manifold and Q¥ M = Q* the manifold of k-jets of local diffeomorphisms of M. This
manifold has a natural structure of Lie groupoid given by composition of jets

i w9-dsf = is(9f),
and inversion
koo —1 ) _

where f: U — V, g : V — W are local diffeomorphisms of M, and = € U. The groupoid Q*
has a natural submanifold of identities I = j¥id, where id is the identity function of M. Then
we have a natural identification of M with I, given by x +— I(x). Therefore we can think of M
as a submanifold of Q. There are two submersions o, 8 : Q¥ — M, the canonical projections
source, a(j¥ f) = z, and target, B(j5f) = f(z). We also consider o and 8 with values in I, by
the above identification of M with I.

There are natural projections 7f = m : Q¥ — Q!, for k > 1 > 0, defined by m(j¥f) = jLf.
Observe that Q° = M x M and 7T§ = (a, 3). The projections 7rlk commute with the operations
of composition and inversion in Q.
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We denote by QF(x) the a-fiber of Q¥ on z € M, or Q¥(x) = a~1(z); by QF(-,y) the B-fiber
of Q% on y € M, in another way, Q*(-,3) = 87 (y) and Q*(x,y) = Q*(x) N Q¥(-,y). The set
QF(x,2) is a group, the so-called isotropy group of Q* at point . If U,V are open sets of M,
Qk(U) = UwGUQk(:E)a Qk(7 V) = UyGVQk('v y)a and Qk(Ua V) = Qk(U) N Qk(a V)

A (differentiable) section F of QF defined on an open set U of M is a differentiable map
F:U — Q" such that a(F(z)) = x. If 3(F(U)) =V and f = BF : U — V is a diffeomorphism,
we say that the section F' is invertible. We write U = «a(F) and V = [(F). An invertible
section F' of Q" is said holonomic if there exists a diffeomorphism f : a(F) — B(F) such that
F = j*f. In this case, BF = f.

We denote by QF the set of invertible sections of Q*. Naturally QF has a structure of groupoid.
If F,H ¢ QF with 3(F) = a(H), then HF(x) = H(f(z))F(z) and F~'(y) = F(f~(y))~!,
y € B(F).

Similarly, we can introduce the groupoid of I-jets of invertible sections of Q¥, and we denote
this groupoid by Q'Q*. We have the inclusions

)\l . Qk-H N Qle,
haay =Ly o) (2.1)

An invertible section F', with a(F') = U, B(F) =V, defines a diffeomorphism

F: Qk(vU) - Qk(‘ﬂv)7

The differential F, : TQ*(-,U) — TQ¥(-,V) depends, for each X € Q¥(-,U), only on jé(X)F.
This defines an action

b F o Tx QY — Trgaxyx Q"
v Jaoan F v = (Fo)x(v). (2.2)

Then (2.2) defines a left action of Q'Q* on TQ*
Q'Q" x TQ" — TQ*,
(jé(X)FW € TxQ") — J';la(X)F v € Trax) x Q. (2.3)

If V[f = ker 8, C TQ" denotes the subvector bundle of 3, vertical vectors, then the action (2.2)
depends only on F(3(X)):

Q" x V§ — Vi,
(F(B(X)),v € (V§)x) — F(B(X)) -v € (VF) rax)x- (2.4)

In a similar way, F' defines a right action which is a diffeomorphism

F: QMNV) - Q"U),
X — XF(f Ha(X))). (2.5)

The differential F, of F induces the right action

TQ" x Q'Q* — TQF,
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As B(YX) = B(Y), it follows that
Be(v - i-1(apxenF) = B:(v),

where 3, : TQF — TM is the differential of 3 : Q¥ — M. We verify from (2.5) that the
function F restricted to the a-fiber Q*(y) depends only on the value of F in f~1(y). If VF =
ker cy, then the right action (2.6) depends only on the value of F' at each point, and the

action (2.6) by restriction gives the action
Va < QN =V,
(ve (VHx.Y € QF(,a(X)) —v Y € (VF)xy. (2.7)

A vector field € on QF with values in V¥ is said right invariant if £(XY) = £(X)-Y. The
vector field ¢ is determined by its restriction & to I.

Let be T' = T'M the tangent bundle of M, and 7 the sheaf of germs of local sections of T'. We
denote by J*T the vector bundle of k-jets of local sections of 7 : T'— M. Then J*T is a vector
bundle on M, and we also denote by 7 : J¥T — M the map 7(j*0) =x. If0: U c M — TM
is a local section, and f; is the 1-parameter group of local diffeomorphisms of M such that
%ft\t:() =0, then we get, for x € U,

i )
dat’

This means we have a natural identification

k filimo = jr0.

VE = JFT.
Therefore, as TQ*|; = T1 © V¥|;,

TQk|I ~ T @ J*T, (2.8)
and if we denote by

J'T=Tea J'T,

we have T Qk| ;1 = JET. Observe that J*T is a vector bundle on M. The restriction of By :
TQF — T to TQ"|7, and the isomorphism TQ¥|; = J*T defines the map

By : JFT — T,
v+ j%0 € (JFT), — v+ 6(2), (2.9)

which we denote again by (.. For more details on this identification and the map 3., see the
Appendix of [14], in particular pages 260 and 274.
If ¢ is a section of J¥T on U C M, let be

£(X) =¢(B(X))- X

the right invariant vector field on Qk(‘, U). Then € has F}, —e < t < ¢, as the 1-parameter group
of diffeomorphisms induced by invertible sections F; of Q¥ such that

d _ _

— Fili—g = &.

g7 tlt=0 =€
Therefore, Fy = I and

d

@Ft(x)\tzo = &().
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Definition 2.1. The vector bundle J*T' = V.¥|; on M is the (differentiable) algebroid associated
with the groupoid QF.

The Lie bracket [, ], on local sections of J kT is well defined, given by

where &, 1 are sections of 7% : J¥T — M defined on an open set U of M (or I).

Proposition 2.1. If f is a real function on U, and &, 1 sections of J*T on U, then

[F&nly = fl& nle — (Bem)(f)S-
Proof. As f& = (fB)E, it follows

L& mle = [(FB)E 0] |1 = ((£8) [&7] = (£B)E) 1 = FI& mly — (Bem)(F)S. u

If J*T denotes the sheaf of germs of local sections of J*T', then J*T is a Lie algebra sheaf,
with the Lie bracket [, |,.

Proposition 2.2. The bracket [, ], on JET is determined by:

(i) [*¢, 5%nl, = j*1Em), EneT,
(1) [Eks frixl) = FlEk> MLy + (Ber) (F) e,

where &g, m, € J¥T and f is a real function on M.

We denote by the same symbols as above the projections 7le = JT — J'T, 1 > 0, defined
by m(j50) = jLO. If & is a point or a section of J*T, let be & = Wf(&k). The vector bundle
JOT is isomorphic to T by the map B, : JOT — T, where (3.(j2%0) = 6(x), see (2.9). However,
By : JFT — T is not equal to 71'(])C : J¥T — JOT, but they are isomorphic maps.

Again, we have the canonical inclusions, and we use the same notation as (2.1),

Ao gRHT — gL,
Ja 10 = J,5%0.
for eT.
Analogously to the definition of holonomic sections of Q¥ a section &, of J*T is holonomic
if there exists ¢ € 7 such that &, = j*¢€. Therefore, if & is holonomic, we have &, = j%(B.&).

If0:U Cc M — JFT is a section, let be & = jlo e J;JkT, x € U. Then £ can be identified
to the linear application

& Ty — Ty T,
v — 0, (v).
If n € JLJ*T is given by n = jlu, with u(z) = 6(z), then (7).(n — &)v = 0, and we remember

that 7 : JF¥T — M is defined by 7(j50) = 2. Son— € € T ® Vﬂé(g)J"“T, where VJ*T = ker 7,.
However J*T is a vector bundle, then VﬂééJkT >~ J*T, son— € € Ty ® JET. The sequence

1
0—T* @ JT — JUJT 28 JkT — 0 (2.11)

obtained in this way is exact, and we get an affine structure on J'J*T.
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The linear operator D defined by
D: JT - T @ J T,
& D& = j &1 — A (&), (2.12)
is the linear Spencer operator. We remember that &._1 = Wﬁflfk and
Ao gk glgRLr
e HOAI]
The difference in (2.12) is done in J'J*~!T and is in T* ® J*~1T, by (2.11).

The operator D is null on a section & if and only if it is holonomic, i.e., D&, = 0 if and only
if there exists # € 7 such that &, = j%6.

Proposition 2.3. The operator D 1is characterized by
(i) Dj* =0,
(1) D(f&) = df @ &1+ [DE,
with &, € JFT, &1 = m_1&x and f is a real function on M.

For a proof, see [14].
The operator D extends to

D: NT* @ J*T — AT @ JFIT,
W& — Dw® &) =dw® &1 + (—1)'w A DE.

2.2 The calculus on the diagonal

Next, following [16, 17, 14], we will relate J*7 to vector fields along the diagonal of M x M
and actions of sections in QF to diffeomorphisms of M x M which leave the diagonal invariant.

We denote the diagonal of M x M by A = {(x,2) € M xM|x € M}, and by p1 : MxM — M
and py : M x M — M, the first and second projections, respectively. The restrictions p1|a
and pa|a are diffeomorphisms of A on M. A sheaf on M will be identified to its inverse image
by p1|a. For example, if O denotes the sheaf of germs of real functions on M, then we will
write Oy on A instead of (p1|a) 'Opr. Therefore, a f € Oy will be considered in Oa or
in Opsxp through the map f— fop;.

We denote by 7 (M x M) the sheaf of germs of local sections of T(M x M) — M x M; by R
the subsheaf in Lie algebras of 7 (M x M), whose elements are vector fields pj-projectables;
by Hr the subsheaf in Lie algebras of R that projects on 0 by pe, i.e. Hr = (p2);1(0) N R; and
by Vx the subsheaf in Lie algebras defined by Vr = (p1);1(0) N R. Clearly,

R =Hr @ Vg,
and

[Hr,Vr] C Vr.
Then

(p1)« : HrR—T

is an isomorphism, so we identify Hyx naturally with 7 by this isomorphism, and utilize both
notations indistinctly.
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Proposition 2.4. The Lie bracket in R satisfies:

[v+& fw+n)] =v(f)(w+n)+ flo+&w+1],
with f € Op, v,w € HR, €, € V. In particular, the Lie bracket in Vg is Opr-bilinear.
Proof. Let be f € Op, €,m € V. Then

[v+& (fop)(w+n)]=(w+E(fop)(w+n)+ (fop)v+&w+n.

As fop; is constant on the submanifolds {x} x M and £ is tangent to them, we obtain £(fop;) = 0,
and the proposition is proved. |

A vector field in Vg is given by a family of sections of 7 parameterized by an open set of M.
Therefore there exists a surjective morphism

Ty: R—TaJT,
v+E€— v+,
where v € Hg, £ € Vg, and

() = G2y (El{zyxar)-

The kernel of morphism Y}, is the subsheaf Vg*t1 of Vi constituted by vector fields that are

null on A at order k. Therefore R/Vz**! is null outside A. It will be considered as a sheaf
on A, and the sections in the quotient as sections on open sets of M. So the sheaf R/ VrFH is
isomorphic to the sheaf os germs of sections of the vector bundle T'@ J*T on M. So we have
the isomorphism of sheaves on M,

R/VRM =T @ J*T.

We usually denote by J*T'=T @ J*T and J*T =T @ J*T.
As

[R, VR/C+1] C V’Rk,

the bracket on R induces a bilinear antisymmetric map, which we call the first bracket of order k,

[,].=TeJ"T)x (ToJT) - (TeJ"'T) (2.13)
defined by
[[U + gkvw + nk]]k = Tk—l([v + 55 w + n])a

where T4(€) = & and Tx(n) = 1.
It follows from Proposition 2.4 that [ , ], satisfies:

[v+ &, f(w+me)] = v(f)(w+ me—1) + v+ & w + k], (2.14)
v+ &k w + mellys 2 + Ok—1ly_y + [[w + e, 2 4+ O] v + Sl y
+ [[[[Z + 0k, v+ ék]]kvw + nk—l]]k;_l =0,

for v,w,z € T, &, M, O € JFT, f € Opy. In particular, the first bracket is Ops-bilinear on J*7T.
Also,

[J°7,J°T], = 0.

The following proposition relates [ , ], to the bracket in 7" and the linear Spencer operator D
in JFT.
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Proposition 2.5. Let be v,w,0,u € T, &,m, € JPT and f € Oy, Then:

(1) [v,w], = [v,w], where the bracket at right is the bracket in T ;

(i) [v,&kly = i(v) DE&k;
(i33) [5%0, % ul, = j*~1[0, n], where the bracket at right is the bracket in T.

Proof. (i) This follows from the identification of 7 with Hg.

(i4) First of all, if € T, let be © € Vg defined by ©(z,y) = 6(y). Then T,(0) = j50. If
v € Hg, then v and © are both p; and pa projectables, (p1)«(0) = 0 and (p2).(v) = 0, so we
get [v,0] = 0. Consequently

[v, j%0], = Tr_1([v,0]) = 0. (2.15)
Also by (2.14), we have

[v, f&kle = v()k—1 + flv, &l (2.16)

As (2.15) and (2.16) determine D (cf. Proposition 2.3), we get (i).
(i7i) Given 6, u € T, we define ©,H € Vg as in (i7), O(z,y) = 0(y) and H(x,y) = u(y).
Therefore

[5%6, 5" 1l = [Tx©, YiH]), = Ti-1([0, H]) = j*71[0, 7). L

Let be Vg the subsheaf in Lie algebras of R such that £ € Vg if and only if € is tangent to
the diagonal A. If E =&y + £ € Vg, g € H, £ €V, then

(Pl)*(fH(1'7 ‘73)) = (pg)*(f({ﬂ, 1’)),

where p1,p2 : M x M — A. Consequently, if & = YTr(§), then &g = [.(&k), where we
remember that 3, : J*T — T is defined in (2.9). We can also write £y = (p2).(£x), since that
(pg)*VRkH\A = 0. From now on, £z denotes the horizontal component of§~ € Vg, so §~ =& +E,
with ég € H and € € V.

We denote by J*T the subsheaf of 7 ® J*T = J*T, whose elements are

& =&u + &k,

where £ = (.(&) or g = (p2)«(&k). Therefore JFT identifies with Vg /VrF 1, since that
VR C Vr. As
Vr, VR C VR, (2.17)

since the vector fields in V are tangents to A, it follows that the bracket in Vg defines a bilinear
antisymmetric map, called the second bracket, by
[ 1: J*F x JMF — S5,

(Ert + Eroma + i) — Tr(€,71]), (2.18)
where Tk(g) = &g + & and Ti(7]) = ny + n. Unlike the first bracket (2.13), we do not lose
one order doing the bracket in J¥7. The second bracket [ , ], is a Lie bracket on J*¥7. The
Proposition 2.6 below relates it to the bracket [, ],, defined in (2.10).

The projection
v: Hr ® Vg — Vg,
v+E— ¢
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quotients to
. k k
ve: T J°T — J°T,
0+ &k — ks
and vy, : J*T — J*T is an isomorphism of vector bundles.

Proposition 2.6. If &, i, € J*T, then
& ks, = vk, Tily)

where &, = uk(ék), e = Vi (Tk)-

Proof. We will verify properties (i) and (ii) of Proposition 2.2. If 8, u € 7, let be ©, H € Vg
as in the proof of Proposition 2.5. Then:

() vi@0 + 50, + j*uly) = vi(L([0 + O, + H])) = Li(v([0, 1] + [©, H]))
= 3410, 1) = [5*0, 5" .-
(i4) v (e, Findy) = ve (A Tele + € (i) = frr(e, iiely) + (Be&k) (f)n- u

Corollary 2.1. If &, 7 € J*¥T, then

V(1 ed) = €kl = 1(€0) Dnisr — i) Dot + [€ksts Mot [y
where £ = Bx&k, Ny = Panr € T and €41, Mk+1 € JFHIT projects on &, i, respectively.
Proof. It follows from Propositions 2.5 and 2.6. |
As a consequence of Proposition 2.6, we obtain that
ve s JMT — JFT,

& &

is an isomorphism of Lie algebras sheaves, where the bracket in J*7 is the second bracket [ , 1.
as defined in (2.18), and the bracket in J*7T is the bracket [, |, as defined in (2.10).
In a similar way, we obtain from (2.17) that we can define the third bracket as

[.1.: /"7 x J'T — J*T,
(o + Cegr v + M) = Tr([§,v + ).
Wherefefﬂn, v+neR,
Proposition 2.7. The third bracket has the following properties:

(i) Lf&s1, 9d = fEu ()i — v(£) g€k + folErrr, meds
(i1) Bk, [k, Oxl b, = Wéerrs iy, Okl + Dk, Béisn, Okl 1,
(iii) D1, ), = [[5k+1777k+1]]k+1,

where gk-i—l = fH +fk;+1 S jk+17, ék S jkT, Mk+1 = U + Ng+1 € jk'HT, /;:k = Wk(gk+1),

ke = T (Me41)-

Proof. The proof follows the same lines as the proof of Proposition 2.6. |
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Let’s now verify the relationship between the action of diffeomorphisms of M x M, which
are pi-projectable and preserve A, on R, and actions (2.3) and (2.6) of Q'Q* on TQ*. Let be o
a (local) diffeomorphism of M x M that is p;-projectable. Then

o(x,y) = (f(2), ®(z,y)),
that is, o is defined by f € Diff M, and a function
¢: M — Diff M,
T = ¢,
such that ¢, (y) = ®(x,y). Particularly, when o(A) = A, then ®(z,x) = f(x), for all x € M, or
¢u(z) = [(2).
As a special case,
(b512) " (@) = [N ().

Let’s denote by J the set of (local) diffeomorphisms of M x M that are p;-projectable and
preserve A. We naturally have the application

J — aF,

o — o, (2.19)
where oy (z) = j5¢,, x € M. If o’ € J, with o/ = (f/,®'), then

(0" 00)(x,y) = o' (f(2), d=(¥)) = (f'(f(2)), () (D2(y)) = ((f 0 F)(@), (D} () © D) (W),

and from this it follows
(0" 0 0)k(x) = G5 ()i © D) = 3} ()P G 02 = 04 (f(2)).0k () = (0, 0 o) (),

for each x € I. So (2.19) is a surjective morphism of groupoids. If ¢ € Diff M, let be (]3 eJ
given by

o(z,y) = (6(x), (y)).

It is clear that

It follows from definitions of J and R that the action

J XR—TR,
(o,v4&) = ou(v+¢), (2.20)

is well defined. Then V and V are invariants by the action of J.

Proposition 2.8. Let be o € J, v € Hr, £ € Vr. We have:

(i) (0% &)k = Mopi1.bp0p

(i1) (0 &)k = fu(lm) + jlopCpoy ' ;

(1i1) (oxv) = fulv) + (4 Uk.v.)\lakH - )\10'](;4,1.'1).)\10'1;_&1).



12 J.M.M. Veloso

Proof. If

a(z,y) = (f(2), ¢=(y)),

where
(671, = (1) -
(1) Let be
d
§: %W‘t:(y

where Vi(z,y) = (z,7%(y)), with . € Diff M for each ¢, and gi(z) = n’(z). Then

(coVioo ) (@,y) = (x, (d-1(0) © Nr1(a) © (Dp-1(2) ") (W),

and
d
(0:8)(@,9) = 2 (5-1(2) © My-1(2) © (Dr-12) ) 1o (¥)-
Consequently
Yu(0:6)(0) = 3% (56100212 1) ico
d . . _
%(Jfgtoffl)(x)@fl(x) 0]’,371(:,:)77?—1(55) o J(dp-1(2) ") |12
d - B}
£((¢ (900 F (@) 51y M1y (D19) (@) | g
d ~ -
= %(Jl*l(x)<¢f*1(x))k'j];*1(:c)n§”*1(a:)'(((bf*l(ac))_l)k(x))‘t:()
= M (or1(f (@) & (f ()0, (@),
since that

IF-1(0) @51k = 13 S50 = N G 911m) = M (owa (£ ())).
So we proved

(cx&)p = )\10k+1.£k.0'];1.

(ii) Let be, as in (i), & = £Vi|i—o, where Vi(z,y) = (z,nL(y)), with n%, € Diff M for each ¢,
and g¢(z) = nL(x). Then

. d -
é- = %%‘t:(y
where Vi(z,y) = (g¢(2),n%(y)). Therefore

(coVioo ™) (@,y) = (fogio f (), (Bgrof1(x) ©My-1(2) © (1)) ") (),
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and

~ d _
(O'*f)(l',y) = f*gH(l') + %(qﬁgtof*l(x) 0 77;*1(;5) o (qﬁf*l(m)) 1) ‘t:()(y)‘
By projecting, we obtain

4

Tu(0.8)(0) = 1)+ 1 (G G 1) 1) © (05-10) e
k

d . . _

= Fu&n (@) + 2 (g0 f-1) ) Povos @) © Jf-1@) 1) © I (@51@) ™) lico
d . _

= fulu(x) 7 (Uk gt © f $))-Jlf—1(z)n§c—1(w)~(0k) 1(x>) ‘tzo

= [l (2) + ja(mon-&r(f T (@)).0p (),

SO

(0.)k = folnm —i—jlak.ﬁk.a;l.

Observe that this formula depends only on oy.
(7i1) By combining (7) and (i), we obtain

(0% &m)k = (0. — (0% &) = (Sl + jlopbop ') — (Noy1.&eop ).

jlon&eoyt = jlow N ol = jlon (& — &n) N o) + lonéa Moyl
= Nop1(& — Ca) Mol + jlonéa Moy

1 —1 1 1_—1 1 1_—1
= AN 0k41.8k-0f, — N opp1.8H N 0p + I 0N oy,

where jlog.(&x — &) = Mopy1.(&x — &x) follows from B. (&, — €) = 0 by (2.4). By replacing
this equality above we get

(o &) = (fuly + (N opi1 &0yt — /\10k+1-§H-)\10k_i1 +j10k-§H~)\10;;11))
— (Mos1.6r-0y ") = fubu — NowsrEaNop !y + ilowbuNog L. |
It follows from Proposition 2.8 that action (2.20) projects on an action ( ):

M x (T & J*T) = T & J*T,
(Ok41,v + &) > (Ok41)« (v + k), (2.21)

where
(Ok+1)x(v + &) = fav + (jlak.v.)\lol;il - )\lakﬂ.v.)\la,;}l) + ()\lakﬂ.gk.cr,;l).
This action verifies
[(ors1)+(v + &), (Trp1)s(w +mi)ly, = (On)«([v + &y w + ni]y)- (2.22)

It follows from Proposition 2.8 and (2.21) that (ox11)«(&x)(z) depends only on the value
of oj11(x) at the point x where £ is defined, and (o41)«(v)(z) depends on the value of o1 on
a curve tangent to v(x).
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Item (i) of Proposition 2.8 says that restriction to J*7 of action (2.21) depends only on the
section oy, so the action

oF x J*T — JFT,
(08, k) = (k) (),
is well defined, where
(k) (&) = fulm + 3 onE.op
In this case, we get
[(ok) <& ()i, = (o1):l€k. ikl
and each vy (o)., ! acts as an automorphism of the Lie algebra sheaf J*7
Wi (k) vy s v (on) vy M)y, = v (k) [ ] -
If M and M’ are two manifolds of the same dimension, we can define
QN(M, M"Y = {j*f:f:Uc M — U c M is a diffeomorphism, = € U}.

The groupoid Q¥ acts by the right on Q¥(M,M’), and Q'* = Q¥(M’, M') acts by the left.
Redoing the calculus of this subsection in this context, we obtain the analogous action of (2.21):

Qk+1(M, M/) % (T@ JkT) N ol @ JkT,,
(Ort1,0 + &) = (k1) (0 + &), (2.23)

where QFt1(M, M") denotes the set of invertible sections of Q**1(M, M),
(Oks1)e(v+ &) = fav + (jlak.v.)\lak_il — Alo_kJrl.’U.)\lO—k_il) -+ (A10k+1.§k.alzl),

and f = Bo**t1: M — M’. This action also verifies (2.22).

2.3 The Lie algebra sheaf A(J*T)* @ (J>T)

In this subsection, we continue to follow the presentation of [16, 17]. We denote by J*°7 the
projective limit of J*T, say,

J®T = lim proj J*T,
and
J®T =T & J®T = limproj J*T.

As T®JFT = TQF|;, we have the identification of J*T with lim proj T(TQF|r), where I'(TQ*|;)
denotes the sheaf of germs of local sections of the vector bundle TQ*|; — I. From the fact that
T ® J*T is a Op-module, we get J>®T is a Op-module. In the following, we use the notation

¢ =v+limproj &, 7= w+ limproj g, € 7 & J>T.

We define the first bracket in J®7 as:

[€:71] o = limproj [v + &k, w + k], (2.24)
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With the bracket defined by (2.24), J®7 is a Lie algebra sheaf. Furthermore,

We extend now, as in [16, 17, 14], the bracket on J*7 to a Nijenhuis bracket (see [3]) on
NJ®T)* @ (J>®T), where

(J°T)* = limind (J*T)*.

We introduce the exterior differential d on A(J®T)*, by:
(1) if f € Oy, then df € (J®T)* is defined by

(df,&) = v(f)-
(#4) if w € (J®T)*, then dw € A2(J®T)* is defined by
(dw, & N7y = B(E)(w, m) — O(0)(w, &) — {w, [€, 7].0)

where 0(&) f = (df, €).

We extend this operator to forms of any degree as a derivation of degree +1
d: AJRTY o AT
The exterior differential d is linear,
dwAT)=dw AT+ (—1)"wAdr,

for w € A"(J®T)*, and d? = 0.

Remember that (p1)s : 7 @ J*°T — T is the projection given by the decomposition in direct
sum of J®T =T @ J*T. (We could use, instead of (p;)s, the natural map a, : T ® J*T — T,
given by a, : TQ¥|; — T, and the identification (2.8)). Then (p1)* : T* — (J®7)*, and this
map extends to (p1)* : AT* — A(J®T)*. If w € A(J®T)*, then

(1) w, &L N AE) = (w01 Ao Ay,

where &; = v; + &, j = 1,...,r. It follows that d((p1)*w) = (p1)*(dw). We identify AT* with
its image in A(J7)* by (p1)*, and we write simply w instead of (p;)*w.

Let be u = w® ¢ € A(J®T)* @ (J®T), 7 € A(J®T)*, with degw = r and degT = s. We
also define degu = r. Then we define the derivation of degree (r — 1)

i(u) : AS(J®T)* — AT JoT)*
by

(W7 =i(w@E)T =wAi()T (2.25)
and the Lie derivative

O(u) : A"(JOT)* — ATFS(JOT)*
by

O(u)T = i(u)dr + (—=1)"d(i(u)T), (2.26)
which is a derivation of degree r. If v =7 ® 1), we define

W] = w7 =wAT® [, +0we)ren— (-1 2w L. (2.27)
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A straightforward calculation shows that:

[u,7 @7 = 0(u)T @15+ (=1)"°7 A [u, 7] — (=1)"*T%dr Ai()u, (2.28)
where i(17)u = i(1)(w ® €) = i(7)w @ &. We verify that

[u,v] = =(=1)"[v, u]
and

[, [v,w]] = [[u, v], W] + (=1)"*[v, [u, w]], (2.29)

where degu =r, degv = s.
With this bracket, A(J®T)* @ (J®T) is a Lie algebra sheaf. Furthermore, if

[0(w), 0(v)] = 0(w)0(v) = (=1)"0(v)0(u) (2.30)

[0(u), 0(v)] = 0([u, v]). (2.31)
In particular, we have the following formulas:

Proposition 2.9. Ifu,v € AN (J®T)* @ (J®T), w e AN(J®T)*, £, € J°T, then:

(i) (0w, E A7) = 0(i(E)u){w,n) — O(i(7)u){w,§)
( .

(
—i([i(€)u, Mo — [i(D) W, €] — i([€, 7T ))v
—i([{()v, il = [V, o — i([€, 7o) v)u
Proof. It is a straightforward calculus applying the definitions. |
If we define the groupoid
Q* = limproj O,
then for o = lim proj o}, € Q°°, we obtain, from (2.21),
ox: JOT — J°T,
§ = v +limproj & — 0.& = limproj (ox41)«(v + &),
so the action
O x J®T — J°T,
(0,8) = 0.8,
is well defined. It follows from (2.22) that o, : J®7T — JT is an automorphism of Lie algebra
sheaf.

Given o € Q, ¢ acts on A(JT)*:

ot ANJT) = AJT)*,

w i o*w,
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where, if w is a r-form,

(07w, & A N = (w0, (E) Ao Ao (6))- (2:32)
Consequently, Q> acts on A(J®T)* @ (JT):

Q™ x (NJ®T)* @ (J*T)) — ANJ®T)* @ (J*T),

(o,u) — o,u,
where

a1 = 0, (w®E) = 0% (W) @ 0. (£). (2.33)
The action of o, is an automorphism of the Lie algebra sheaf A(J®T)* ® (J®T), ie.,

(041, 0.V] = oy u, v].

2.4 The first non-linear Spencer complex

In this subsection we will study the subsheaf A7* ® J*7 and introduce linear and non-linear
Spencer complexes. Principal references are [16, 17, 14].

Proposition 2.10. The sheaf NT* ® J*T is a Lie algebra subsheaf of N(J®T)*® (J*T), and
WwRETRN =wAT® [€1] s
where w, T € NT*, £,m € J®T.

Proof. Let beu =w®{ € AT*®J°°T. Forany 7 € AT*, i(§)T = 0, then, by applying (2.25) we
obtain i(u)7 = 0, and by (2.26), 6(u)T = 0. So (2.27) implies [(WRE, T®N] =wATR[E,n],. W

Let be the fundamental form
Y € (J®T) @ (J*T)

defined by

i©)x = (p)=(8) = v,

where £ = v+ & € T @ J°T. In another words, y is the projection of J7T on 7T, parallel
to J*T.
If u = limug, we define Du = lim Duy.

Proposition 2.11. Ifw € AT*, and u € NT* Q@ J®T, then:
(1) O(x)w = dw;
(1) [x,x] =0;

(7it) [x,u] = Du.

Proof. Let be E=v+ &, =w+neT ®J®T.
(1) As O(x) is a derivation of degree 1, it is enough to prove (i) for O-forms f and 1-forms
w € (J®T)*. From (2.26) we have 0(x)f = i(x)df = df. It follows from Proposition 2.9() that

<0(X)w7€/\ 77> (v)(w, 77> - 9(w)<w,f> - <w7 [[v77ﬂ]oo + [[gv wﬂoo - X(H£7 77]]00))
(V) {w, w) — O(w){w,v) — (w, [v,w] + [v,w] — [v,w]) = (dw, &

0
0
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(1) By applying Proposition 2.9(iii), we obtain

(300X E A = [o,10] = ([0, — [0l — 1o)X

= [v,w] — (Jv,w] — [w,v] — [v,w]) = 0.
(7i1) Tt follows from (2.28) that, for u = w ® ¢,

ou] = 00w @&+ (1) w A [x, €] = (=1)*dw A i(§)x = dw @ E+ (—1)"w A [x, €]

As D is characterized by Proposition 2.3, it is enough to prove [x,&] = DE. Tt follows from
Propositions 2.5(ii) and 2.9(77) that

i) €l = Ti()x: €loe — i1, €lsc)x = [w, ] = i(M)DS. u

If u,;v € A'T* ® J®T, with degu = r, degv = s, then we get from (2.29) and Proposi-
tion 2.11(427) that

Dlu,v] = [Du, V] + (—1)"[u, Dv],
and
D6 Do al] = [De xlsu] = Do Do all = =[x D ul]-
Therefore, D?u = 0, or
D?* =0.
Then the first linear Spencer complez,
0T T gyt 2 2 g gor 2.0 B \mp g goor 0,
where dimT" = m, is well defined. This complex projects on
0T T 2o 17 B A2 @ 27 B B e g ghomy g,

and is exact (see [16, 17, 14]).

Let be v* the kernel of 7y, : J*¥T — J*~'T. Denote by 6 the restriction of D to v*. It follows
from Proposition 2.3(ii) that & is Ops-linear and 6 : 4% — T* ® ¥*~1. This map is injective, in
fact, if £ € ¥, then by (2.11), 66 = —\1(€) is injective. As

i(v) D(i(w) DE) — i(w) D(i(v) DE) — i([v, w]) Dy 1§ = 0,

for v,w € T, & € ¥¥ C J*T, we obtain that § is symmetric, i(v)5(i(w)d€¢) = i(w)d(i(v)dE).
Observe that we get the map

R
defined by (v, w)i(§) = i(w)d(i(v)d€), and, if we go on, we obtain the isomorphism
Ak = kT @ JOT,
where, given a basis ey, ..., e, € T with the dual basis e!,...,e™ € T*, we obtain the basis

flklyk%--wkm _ 1

= m(el)kl (eZ)kQ . (em)km ®j0€l (2.34>
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of S¥T* ® JT, where ki + ko4 -+ km =k, k1,...,km > 0and [ =1,...,m. In this basis

m

5(flk17k’2,-~-7km) _ Zei ® flkla---aki—l7ki_17ki+17---7km.
=1

From the linear Spencer complex, we obtain the exact sequence of morphisms of vector bundles

0= 2T " 1 L AT @2 % & AmTr g AFm g, (2.35)

Let’s now introduce the first non-linear Spencer operator D. The “finite” form D of the
linear Spencer operator D is defined by

Do = x — 0, (x), (2.36)
where o € Q.
Proposition 2.12. The operator D take values in T* Q@ J®T, so

D: QF° -T"® J®T,
and

i(0) (Do) = Nop ) g ogw —v, (2.37)
where o = lim proj o € Q.
Proof. By applying (2.32) and (2.33), it follows that for £ € J*°T,

i(€)Do = i(€)x — o, ' (i(04(€))x) =0,
and for v € T,

i(©)Dor = i(0)x — o7 L(i{on ())x) = v — 07 L(fuo),
where f = oo. By Proposition 2.8(iii),

i(v)(Do)y, = v — (fi ' (fv) +jto o oy — )\lal;il.f*v.)\lakﬂ). (2.38)
By posing v = %xtltzo, we obtain

L d d

jlopwvjlogt = ﬁw(w)-a;%f(rm)))\tzo = ﬁf(xt)\tzo = fuv, (2.39)

and by replacing (2.39) in (2.38), we get

i(v)(Do) = —jlagl.(jlak.v.jlogl).)\lak_,_l + )\10'];_']_-1.(jlo'k.'l).jlo'kjl).)\lo'k_Fl
= (Alcrk;ll.jlak.v — v).jlalzl.)\lakﬂ = (Ala,;jl.jlak.v — v).a,;l.ak
= Ala,;il.jlak.v — v,
since that Alak_il.jlak.v — v is a-vertical (cf. (2.7)). [

Corollary 2.2. We have Do = 0 if and only if o = j*°(Bo), where 5 : Q> — Diff M.
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Corollary 2.3. If o1 € QFFL, then

(Ok41)+(v) = fav + (Ok41)+(i(0) DOgs1),
forveT.

Proof. It follows from (2.21) and Proposition 2.12 that
(0k+1)(i(v)Dogsr) = Alakﬂ.(i(v)DakH)./\lak_jl = )\10;@“.()\10,;11.]'10;6.@ - v).)\lak_il
= jlak.v.)\la,;il — )\10'k+1.1).)\10';_&1 = (0py1)«(v) — fiv. [ |
Proposition 2.13. The operator D has the following properties:
(1) If o,0" € Q%
D(c' 00) = Do + o, (Dd).

In particular,

Dot = —0,(Do).

(1)) If 0 € Q®°, u e NT*® J>T,

D(o;'u) = o, (Du) + [Do, o ! ].

iii) If € = Loyli—g, with & € J®T, and oy € Q™ is the 1-parameter group associated to &,
h dt
then

(i) D(o'oo)=x—-0.'(x)+0. (x—(¢");' (X)) = Do + 0.1 (Do’).

o, owx,u] = o [x = Dot u] = o, 1(Du) — [0, Y (Do), 0, 1]
= o, Y(Du) + [Do, o, 1]
d d
(”Z) &DO_t’t—o %(0—;1)*0() = [é-aX] - D£ u

Proposition 2.12 says that D is projectable:

D: QM L T JFT,

Ok+1 — Dogyq,
where
i(v)Dogy1 = Alak_il.jlak.v — 0.
It follows from [x, x| = 0 that
0=0' (b, x]) = o' (x), 07 ' (X)] = [x = Do, x = Do] = [Do, Do] — 2D(Do),
therefore

D(Do) — %[Da, Do] = 0. (2.40)
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If we define the non-linear operator
Di: TF® J®T — N*T* @ J°T,

1
u+— Du— Q[u,u],

then we can write (2.40) as
DD = 0.
The operator D; projects in order k to

Dy: T @ JT — A>T @ JF 1T,

Here [u,u], denotes the analogous of formulas (2.27) and (2.28) projected in the order k, so
that the extension of first bracket makes sense. We will leave the details to the reader.
We define the first non-linear Spencer complex by

k41
1 — Diff M7= QM1 B 7+ g b7 2L A27* g Jh-1T,

which is exact in QFT1.
It is possible to define the first nonlinear Spencer complex D for invertible sections of

Q>(M, M'") by:
Do = x - o (x), (2.41)

where 0 € Q®°(M, M') and ' € (J®T")* ® (J®T') is the fundamental form. The operator D
take values in 7% ® J°°T, so

D: Q¥(M,M') - T*® J>®T,
and the same formula of Proposition 2.12 holds:
i(v)(Do) = Ala,;il.jlak.v — v,

where o = lim proj o € Q> (M, M’). Other properties can easily be generalised.

3 Partial connections

In this section we will develop the concept of partial connections or partial covariant derivatives
associated with the vector bundle H @ J*V in the directions of the distribution V' C T. We
thank the referee for pointing out that this concept is already in [15, p. 24]. The construction
of connections for J¥T', the transitive case, is in [7].

Let be V' an involutive subvector bundle of T, a € M, and N a (local) submanifold of M
such that T,N ® V, = T,M. Then there exists a coordinate system (x,y) in a neighborhood
of a such that a = (0,0), the submanifolds given by points with coordinates = constant are
integral submanifolds of V', and N is given by the submanifold y = 0. At least locally, we can
suppose that the integral manifolds of V' are the fibers of a submersion p : M — N. In the
coordinates (x,y), we get p(z,y) = (x,0). If we denote by H the subvector bundle of T" given by



22 J.M.M. Veloso

vectors tangent to the submanifolds defined by y constant, then H is involutive and T'= H® V.
Also, T* = H* ® V*. We denote by ‘H and V the sheaves of germs of H and V', respectively.

We denote by Q@ the subgroupoid of Q¥ whose elements are the k-jets of local diffeomor-
phisms h of M which are p-projectable on the identity of N. In the coordinates (z,y), h(x,y) =
(z, ha(z,y)). The sheaf of germs of invertible local a-sections of Q¥ will be denoted by QF. The
algebroid associated with Ql‘“/ is J&V, and we denote by J*V the sheaf of germs of local sections
of J¥V. Then the first non-linear Spencer operator D can be restricted to Q@H,

D: OV - T e g, (3.1)
and the linear Spencer operator D can be restricted to J*+1V,
D: JHYy - T @ JFY.

A vector u € T decomposes in u = ug +uy, ug € H, uy € V. If d is the exterior differential,
we get the decomposition d = dg + dy. The fundamental form y decomposes in x = xg + Xxv,
where xp(u) = x(ug) and xv(u) = x(uy). The linear Spencer operator D also decomposes in
D = Dy + Dy, and it follows from Proposition 2.11(7i7) that

Dp€=[xn,§] and  Dv¢§=[xv,&,
for £ € JFT.
Proposition 3.1. Ifw € AV*, and u € A\V* ® J*°T, then:
(1) O(xv)w = dyw;
(i) [xv,xv]=0;
(7it) [xv,u] = Dyu.

Proof. Letbe E =v+&i=w+neT & J®T, v=vyg+vy,w=wy+wy € HLO V.
(1) As O(xv) is a derivation of degree 1, it is enough to prove (i) for O-forms f and 1-forms
w € V*. From (2.26) we have

O(xv)f =ilxv)df =dyf.

It follows from Proposition 2.9(i) that

(OO )w, € A1) = vy ) (w, 77) — 0wy ) (w, &) — (W, [vv, ] + [€ wv] o — xv ([€71]))
= (v ){w, wy) — O(wy ){w, vv) — (W, oy, wly + [v,wy]y — [v,w]y)
= (dw,vy Awy) = {dyw, & A7),
since that
[vy, wly + [v,wy]y — [v,w]y
= vy, wy] + [vv,wglv + [va, wyly + [vv, wy] = vE, wylv = [vv, wEly = [vv, wy]
= vy, wy].
(1) By applying Proposition 2.9(7ii), we obtain

1

<§[XV7XV]7£/\ 77> = [UV7wV] - i([[UVﬂﬂ]oo - [[wV7g]]oo - (Pl)*[[é, ﬁﬂoo)XV

= [vv,wv] — ([vv,w] — [wy,v] — [v,w])y = 0.
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(231) It follows from (2.28) that

xv,u] = 0(xv)w ® &+ (1) w A [xv, &] — (=1)* dw A i(§)xv
=dyw®&+ (1) wA [xv,§]

It is enough to prove [yv,&] = Dy&. It follows from Propositions 2.5(ii) and 2.9(ii) that
imxv, &l = litnxv, €l — il Eloc)xv = [wyv, €l = i(7) DvE. u
From item (77) of this proposition, (2.30) and (2.31) we obtain
d? = 0. (3.2)

The first non-linear Spencer operator D also decomposes naturally in D = Dy + Dy, where
i(u)Dg = i(ug)D and i(u)Dy = i(uy)D. We obtain:

Proposition 3.2. If F € Q’f/ﬂ 1s such that f = BF satisfies fH = H, then
DuF = xm — F. ' (xn),

and
DyF = xv — F, ' (xv).

Proof. From hypothesis, we get fi(ug) = (fiu)g and fi(uy) = (fiu)y, and from equa-
tion (2.36), we get

i(w)DuF = i(up)DF =i(ug)x — F, ' (i( fulum))x) = i(um)x — F ' @((few)m)x)
= i(u)xu — F. ((fe)xnm) = i(u)(xa — F (xm)),

so DgF = xug — F7'(xz). The proof of the second formula is analogous. |
If we apply Proposition 3.2 to GF', we get
Dy(GF) = xv — F, "G (xv) = xv + F. ' (DyG — xv) = Dy F + F, ' (DyG),
and if we pose F = G1, we get
DyG~! = —G.(DyG).
Definition 3.1. A partial connection V on H @ J*V is a R-linear map
V:H&JYV -V e He JWY)
such that
V(f&) = (dvf) ® €+ fVE,
for f € Oy, € € H® JFV. We extend V to AV* @ (H @ J*V) by
V(e®§) = dva® &+ (-1)*lan VE,

where v € AV* and |a] is the degree of a.
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It follows from (3.2) that V(a ® &) = a A V2, so
VZ:HaJY - A2V e (He JMY)

is a tensor, called the curvature tensor of the partial connection V. If V2 = 0 we say that V is

flat.
Let be w € V* ® J*1V such that B, (i(w)w) = w, for w € V, and

w=xv +w,

so @ € V* @ JHY, where JHHY = JFIT 0 (T @ JF1Y).

In the sequel, for £ € H & J*V, we denote by I, flk and [fIJ,(,TJ]kJrl the analogous of formu-
las (2.27) and (2.28) projected in the order k and k+1, respectively, so that the same construction
of third and second bracket make sense. We will use this convention in the present section when
it makes sense, and leave the details to the reader.

Proposition 3.3. The operator V defined by
vé - [(:)7 glka
for o € V*@ JFYY, € = u+ €€ H@ J*V is a partial connection on H & J*V with curvature
1. .
= §[w,w]k+1.
Proof. If we apply formula (i) of Proposition 2.9, we obtain

(@, €D, = E()@, €8, — i ([iks 15 Shra D) Tr@,s

where ) = v+1n € T®J*T, and 741, Epp1 € T @ JFHT projects on 7, €, respectively. If v € H,
the right side is 0, and if v € V

i@, €L, = [v, uln +Li(0)@, L, — i([v, ul)mpw — i(u) D(i(v)w) € H & J*V.
Then V¢ € V* @ JFV. Also,

i@, fEL =i, £, — il f§k+1]]k+1)77k@
ov(H)E+ L)@, €D, — i(0(H)E + flktr, Ers1lrs)Trd

(f)
ov (HE+ i@, b, — i [["71@+17 Eer1ls) (fTr)
=y (HE+i(n) (M@, L) = i) (dv E + i) (Ao, €Ly

@

50
V(f§) =dvf @&+ fVE.
Ifa®€&e AV @ (H®J), we know from (2.28) that
19,000, = 0@)a &+ (-1)a nls, &, — (-1)Hda ni(d)a,
and from (2.26) that
0(@0)a =i(@)da — d(i(@)a) = i(xy)da — d(i(xv)a) = 0(xv)a = dya,
and as (€)@ = 0, then

o« ®§]k =dya® €+ (—1)|a|oz /\[(I),é]k =dya®fé+ (—1)|o‘|a A VE,
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SO

V(ia®E) [wa@f]k

Therefore,
VQé = l(j‘)al@? glklk = [[(’D’ (’D]kJrl’ glk B v2g’
and from this it follows that

v = Mlo.cl 6, -

Let be 0¥ : N — Q’€+1 a family of differentiable sections such that
o¥(x,0) € Qv ((x,0), (2, 9)), (3.3)
with ¢%(z,0) = jéjol)ld Then o0 : M — k+1, given by U(m y) = 0¥(z,0), is a differentiable

(-section of Q’H’I\N ={X ¢ QkJrl ca(X) e N} Ifo(z,y) =5 d(z,y(t))|i=0, define
we V@ JHY

by

i(v(z,y))w C‘;(ay( (@,0)0%(2,0)7")|,_y € TV (3.4)

Proposition 3.4. The partial connection V defined by & = xv + w, where w is defined as
n (3.4), is flat.

Proof. First of all,

8w, ))) = (0O, 0)¥ (@, 0] Ly = %, y(H)emo = vl ),

so w satisfies the condition to define a partial connection. We will show that & satisfies
[cT),&)]k,Jr1 = 0, i.e., the partial connection V defined by @ is flat. Let be, for v € V, i(v)w
the right invariant vector field defined by

i(W)w(X) = i(v)w((X)).X,
where X € Ql{}ﬂ. We prove that i(v)w is tangent to o(M ), which follows from

i(v)w(o(z,y)) = i(v(z,y))w.o(z,y) = %[Uy(t)(xvO)Uy(:E?O)_l]t:O'J(may)

z[ay( )(x,0)0Y(x,0) o (x, y)]tzo = %[O‘y(t) (a:,())]t:O € T(o(M)).

To finish, we know that, for v,w € V, i(v)w, i(w)w and i([v, w])w are tangent to the submani-
fold o(M), and, as B, ([i(v)w,i(w)w] = [v, w], it follows that

S

[i(v)w, i(w)w] = i([v, w])w,
so from Proposition 2.6,
[i(?})@ai(w)@]kﬂ = i([v, w])@.
From Proposition 2.9(iii) we obtain
: Tp.
i(v Aw) <§[w, w]k+1>

=li(v)@, i(w)al, ;=i ([{(V)@rs2, wlyo — [H(W)Dkr2, V] yp — il[v, w)D) &
= [Z('U) W, w]k+1 —1 ([va] - [w’v] - [va])‘j‘) =0,

where wy19 is a section in J*+2V that projects on w. The proposition is proved. |
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Therefore, given a section u+ ¢ : N — (H @ J*V)|y, there exists only one section (U + Z) €
H @ J*V such that (U+Z)|y = v+ and V(U +Z) = 0. The following proposition characterizes
these sections:

Proposition 3.5. Let be (U + =) € H @ J*V such that
U+E)|n=u+&:N— (HaJV)|y,
and V(U + E) = 0. Then
U +E)(z,y) = of((u+&)(x,0)). (3.5)

Proof. Choose v € V such that v is H-projectable, i.e., the 1-parameter group f; of v is given
in coordinates by fi(x,y) = (x, he(y)). If we define

Fy(x,y) = o™W(z,0)0"(x,0)7,
then F; € Ql‘“fl. Furthermore, GF; = f;, and
(FoF))(z,y) = (ahs<ht<y>>(:c,O)Uht<y>(x,0)—1)(aht<y>(x,0)ay(m,0)—1)
o+ (a,0)0Y (2,0) " = Fype(,y)-
So, F} is the 1-parameter group such that 4 F|,—o = &(v). If U + = is defined by (3.5), we get

(F)-(U +D)(w.y) = (F) << +E)(@, hoe(y) = (B0 ((u+ ), 0))
= ), ), (k)
=ol((u+&)(2,0) = (U +E)(z,y),
so fi(v)@, U + E], = 0. Also,
(U +E)(x,0) = o2 ((u+&)(x,0)) = (i id)((u + &) (2, 0)) = (u+E)(x,0).
Let u € H be the vector field p-projectable such that @|y = u. Then
[H,U} =0,
and from (3.5) and Corollary 2.3 we get
U(z,y) = a(z,y) + o (i(u(z,0))Da?) € H@ JEV,
i(v)V(U +2) =Li(v)o, U + Z},, — i([v, a])m@ = 0. |

We will now verify how a partial connection defined by & changes.

Let M', V', d', N, («/,y'), H', p/, be as above, with the same properties and dimensions.
Denote by 7/ = TM'. Let be ¢ : N — N’ a (local) diffeomorphism, with ¢(a) = da/, and denote
by Q'qﬁ the submanifold of Q¥(M, M') of k-jets of local diffeomorphisms 7 : M — M’ such that

§'r = 6p. This means 7(z,y) = (6(x), b(z,1)).
Let be Q]; the sheaf of germs of invertible local sections of Qf;. Then, by restriction of

action (2.23), there exists an action of Q’(;H (similar to (2.21)) on T @ J*V:
A X (T JV) - T e JHV,
(k41,0 + &) = (Okt1)+ (v + &)
The operator D : Q¥ (M, M'") — T* ® J*T defined in (2.41) restricts, as (3.1), to
D: QM - T e MY,

and as above D decomposes in D = Dy + Dy,. The analogous of Proposition 3.2 holds:
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Proposition 3.6. If F € Q(’;H is such that f = BF satisfies f« H = H', then

DuF = xu — F7 ' (xw),
and
DyvF = xv — F ' (xv)-
Denote by

ol = {o e Q"I(M' M) 27" € Q5

If F e Q4" satisfy for f = BF, f.(H) = H', then
Dy F~! = xvr — Fu(xv) (3.6)

and if G € Qgﬂ satisfy a(G) = B(F), and for ¢ = 8G we have g.(H') = H, then by applying
Propositions 3.2 and 3.6 to F'G we get

Dy/(FG) = xv» — Gy 'F (xvr) = xvr + G H(DyF — xv) = DyiG + G, (Dy F).
By posing G = F~! we get
Dy F~' = —F,(DyF). (3.7)
Choose ® € QZH with ¢ = mo® satisfying ¢(N) = N’ and ¢.(H) = H'. Then ¢|y = ¢ and
(a',y) = p(2,y) = (6(x), b(y))- Define o'V as
o' (2',0) = ®(z,y)o¥ (z,0)®(x,0) ", (3.8)

and let be w’ and V' as in (3.4) and Proposition 3.3, respectively. Following the proof of
Proposition 3.5, take v € V such that v is H-projectable, i.e., the 1-parameter group f; of v is
given in coordinates by fi(x,y) = (x, ht(y)). Define F; € Q]{}H by

Ft(x7 y) = Uht(y)(x7 O)Uy(xa 0)71'
1

If v/ = .o, then v' € V' is H'-projectable, f] = ¢f;p~" is the associated 1-parameter group
of v/, and the 1-parameter group associated with w’(v’) satisfies

El (2 ) = oW (2 0)o¥ (2,0)7"
= (®(x, he(y)) o™ @ (2,0)®(x,0) ™) (®(2, y)o¥ (x, 0)®(x,0) )~
= ®(z, he(y)) Fy (2, y) @ (2, y) " = (PR 1) (2, y),

i.e., F/ = ®F;®~!. From this, we get i(v")&’ = ®,(i(v)©), and

1

i(0)(.3) = (@7 (WD) = BT (V)D) = Bui(0)F) = i),
d.0=0q. (3.9)
Then

V/(@.(U +E)) = [&, 2.(U + D)1, = 205, U + £,
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ie.,

which shows that ®,(U + Z) is parallel with respect to V' if and only if U + Z is parallel with
respect to V.
Taking account of (3.6), the equation (3.9) projected in order k is equivalent to,

ey +w') = me(@a(xv + w)) = Pu(xv) + Pu(mpw) = (xv — Dy @) + Pu(mpw),
or, considering (3.7),

xvr + mpw’ = xvr + @ (Dy®) + Dy (mpw),
50

’/Tko.)/ = (I)*(DVCI) + Wkw). (3.11)

4 Linear Lie equations

Definition 4.1. Let be R* a subvector bundle of J*T. We define the prolongation RF*T' of RF
by

R = (AYTHJ'RF 0 AN (JFTT)) € ST
where the intersection is done in JYJ*T.

We denote the prolongation (R¥*1)*! of R¥+1 by RF*2 and so on, and by R¥*! the sheaf of
germs of local sections of RF*!, for I > 0.

Proposition 4.1. A section & € J*TT is in R*TL if and only if mp¢ € R¥ and D€ € T* @ RF.
Proof. From Definition 4.1 and (2.12), since j'mp& € JIRF. [

Definition 4.2. A subvector bundle R* of J*T is a linear Lie equation if the prolongation R*+1
of RF is a subvector bundle of J**1T such that

(i) m(BH) = R
(i4) [[RkHkaH]]kH c RE.
It follows from Proposition 4.1 and Definition 4.2 that
[T & R, T o Rk+1ﬂk+1 cTaRk
and from this,
[RF 7, R’ (4.1)
and
[RF, RF], c RE. (4.2)
Proposition 4.2. If R* ¢ J*T is a linear Lie equation, then
[T ® R* T & RM,,, c T & RF1,

forl > 2.
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Proof. Let’s prove this for [ = 2. The other proofs for | > 2 are equal. Suppose &xi9, k12 €
RF+2. Then, by Proposition 4.1, {41 = Mt 1842, Met1= Th1kr2 € RETL and Do, Dipys €
T @ RF1. So,

Te[€kr2s Moralppo = rats metalpyy € RE,

and

D[éks2,Mht2lpys = [Dékvs et lpsr + [€e1: Diiksaliy € TF @ RE.

Therefore, by the same Proposition 4.1, [§x42, Nk+2] 42 € RF+1 and the proposition follows. W
It does not follow from this proposition that R** is a vector bundle, and that 7m; : RF —
RFH=1is onto, for [ > 2. To obtain this, we need an additional condition.
Definition 4.3. We say that the linear Lie equation R¥ is formally integrable if
(i) RF*!is a subvector bundle of J*HT,
(i1) mpp @ RFHH — REU s onto,
for [ > 1.

The symbol g of R* is the kernel of m,_; : RF — JKIT. Also, g**! is the kernel of
Tpqi—1 2 RF — RFH=1 for | > 1. Tt follows from Proposition 4.1 and from (2.35) that we have
the subcomplex

0 — gttt 51 gkHi=t ST ® g ti=2 L AT ® A3 (4.3)
for | > 2.
Definition 4.4. We say that the symbol ¢* is 2-acyclic if the subcomplex (4.3) is exact for
[ >2.
The following proposition is in [4, 5]. For an alternative proof, see [21, 22, 23, 26].
Proposition 4.3. If R* ¢ J*T is such that
(i) RF*L s a subvector bundle of J*FIT,
(i1) 7 : RETY — RF s onto,
(iii) g* is 2-acyclic,
then myi—1 : RFT — RF=1 s onto for 1 > 2.
A consequence of this proposition is:

Corollary 4.1. If R*¥ C J*T is a linear Lie equation and g* is 2-acyclic, then R* is formally
integrable.

Given a linear Lie equation Rk, let be the distribution B C TQk defined by Bx = RIEJ(X)'X’
for X € QF. It follows from (2.10) and (4.1) that the distribution B is involutive. Let be P¥(x)
the integral leaf of B that contains the point I(z), and P¥ = U, P¥(x). Then P* is a groupoid,
and a differentiable submanifold at a neighborhood of I. As our problem is local, we will suppose
that P* is a differentiable groupoid, the differentiable groupoid associated with the linear Lie
equation R*. Then the linear Lie equation RF is the Lie algebroid associated with P¥. As before,
we denote by PF the groupoid of invertible sections of PF.

We define the prolongation P**! of P* by
prHL = (\1) (lek n )\le—‘rl)

where Al : Q! — Q'Q* and Q' P* is the groupoid of 1-jets of invertible sections of P¥. The
following is Proposition 6.9(iz) of [17]:
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Proposition 4.4. Let be F € QFt1 such that
(i) mF € P*,
(ii) DF € T* @ RF.

Then F € Pk+1,

Proof. It follows from (2.37)

i(v)DF = M\ F~1 jlm Foo — v,
where v € 7, so

MFE.(i(v)DF) = jlmpyFoo — A Fo.

As i(v)DF € RF, we get NF.(i(v)DF) € TP*. Also, we get from m,F € P* that jlmFv €
TPk, Therefore,

MFu = jlm,Fo— M\ F.(i(v)DF) € TP*,
so I € Pk+l, [ |

If the linear Lie equation R* is formally integrable, and P* is the differentiable groupoid
associated with R*, it is true (cf. Proposition 6.1, [17]) that the prolongation P¥*! of P* is the
groupoid associated with the linear Lie equation R**!. Therefore, 7y : PFTH — PEF are
submersions, for [ > 0.

5 Formal isomorphism of intransitive linear Lie equations

In the following sections, we consider intransitive linear Lie equations.

Definition 5.1. We say that a linear Lie equation R¥ C J*T is intransitive if there exists an
integrable distribution V C T such that R¥ ¢ J*V and mo(RF) = JOV.

In reality, considering (4.1), we need only to verify that mo(R*) is a subvector bundle of JOT.
Our basic problem in this section is to determine the conditions for two intransitive linear Lie
equations to be isomorphic. This means that there exists a diffeomorphism that sends one
equation onto the other. In the sequel, we give a brief description of the system of partial
differential equations that we should solve to obtain a class of diffeomorphisms f : M — M’
such that (%! f).(R¥) = R*. We utilize the same notation of Section 3. Consider R* C J¥V
and R’® C J*V intransitive linear Lie equations, and P* C QY and P'* C Q¥, the associated
groupoids.

Definition 5.2. We say that a submanifold S* Q(’; is automorphic by P* if o : S¥ — M,
B :S* — M’ are submersions, and for every X € S¥(a,b), where a € M and b € M’,

S*(-,b) = X o P*(-,a).
We denote by S¥ the set of invertible sections of S*.

Proposition 5.1. Let S**1 be the prolongation of S*. Then an invertible section F € Q](ZH 18

such that F(x) € S¥T1(x) for every x € o(F) if and only if mi,F € S¥ and DF € T* @ RF.

Proof. The same proof of Proposition 4.4 applies. |
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We define the symbol
k _ k. —
gg ={veTS": (mk_1)sv = 0}.

The symbol gg of S* is isomorphic to the symbol g* of R¥, and we get an complex analogous
to (4.3), and we define that glg is 2-acyclic in the same way. From the formal integrability
theorem (see [5]) we obtain:

Proposition 5.2. Let be S* C Q’q‘; automorphic by P* such that

(i) Sk*1 is a submanifold of Q’(ZH,
(id) my, : S*T1 — Sk s onto,

(iii) g% is 2-acyclic.
Then S* is formally integrable, and each prolongation S**" is automorphic by P**", for r > 1.

Definition 5.3. We say that the intransitive linear Lie equation R* C J*V is formally iso-
morphic to the intransitive linear Lie equation R’* c J¥V' at points a and d/, respectively, if
there exists a diffeomorphism ¢ : N — N’, and a submanifold S* Q’q‘; automorphic by P* and
formally integrable, such that:

(i) S*={X"1:X e Sk C Q’;},l is automorphic by P'*;
(i1) S*(a,d’) # 2.

If there exists a solution f : M — M’ of S¥, i.e., a diffeomorphism f such that j*f is a section
of S¥, and f(a) = o, then R* at point a is said isomorphic to R'* at point a’.

This definition is essentially local. A most useful way to verify the formal isomorphism is
given by proposition below, analogous of Proposition 5.1:

Proposition 5.3. Suppose that R* c J*V, R'* C J*V' are intransitive linear Lie equations,
N and N’ submanifolds of M and M’ transversal to integral submanifolds of V' and V', re-
spectively, and ¢ : N — N’ a diffeomorphism, a € N, ' € N, and ¢(a) = a'. Suppose
furthermore that the symbol g of R is 2-acyclic. If there exists F € Q];H such that BF|n = ¢,
F.(R*) = R"*, and DF € T* @ R*, then R* at a is formally isomorphic to R'* at d'.

Proof. Define
SEH=IYF(2)X : X € P**Y(.,2), Y € P**Y(f(2),"), v € a(F)},

where f = BF : a(F) C M — B(F) € M'. Let be U = p~!(p(a(F))) C M and U’ =
o'~ (B(F))) € M'. Observe that S*+1 c Qgﬂ and a x 3 : S¥*1 — U x U’ is onto (at least
locally). If S* = 71, S%+1, then it is a straightforward verification that S* is automorphic by P*
and S’* is automorphic by P’*.

Given an invertible section G € S¥*!, then in the neighborhood of each point of a(G), there
are invertible sections G; € PFt! and Gy € P*+1 quch that G = G9FGy. In fact, given a point
r € a(G), there is an open set V, C a(G), with x € V,, and an invertible section G of P**+!
defined on V,, such that 8(G1) C a(F). Let be Go = GG{'F~!, defined on f(3(Gy)). Then,
G is an invertible section of P’**1, and G|y, = GoFGy. It follows from Proposition 2.13(i) and
Proposition 5.1 that DG € 7* ® R* on the open set V. As the V,’s cover a(G), we get this
property on all «(G). Therefore, S* is formally integrable, and conditions of Definition 5.3 are
satisfied. |
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Corollary 5.1. Suppose that R c J*V, R'* c J*V' are intransitive linear Lie equations,
N and N’ submanifolds of M and M’', transversal to integral submanifolds of V' and V', re-
spectively. Let be ¢ : N — N’ a diffeomorphism, a € N, a’ € N', and ¢(a) = a’. Suppose
furthermore that the symbol gF of RF is 2-acyclic. If there exists F € QI;H such that BF|n = ¢,
and F.(T ©® R*) = T' @ R'*, then R* at a is formally isomorphic to R'* at a'.

Let’s now show the existence of a flat partial connection that leaves R* invariant.

Proposition 5.4. Let be RF C J*V an intransitive linear Lie equation. Then there exists a flat
partial connection

V:HJV SV e He JW),
such that, restricted to H ® RF, it satisfies
V: HORF - V'@ (HaR).

Furthermore, if U +Z is a parallel section of H® J*V and (U +Z)|y is a section of (H® R¥)|y,
then U +EZ € H® RF.

Proof. Choose a family of differentiable sections o¥ introduced in (3.3) satisfying o¥%(N) C
Pk+1. As PF+1 s the groupoid associated with RFT!, the form w defined by (3.4) belongs to
V* @ R¥+1 and the partial connection V : H @ J*V — V* @ (H @ J*V) defined by @, restricted
to H ® R* sends H @ R* to V* ®@ (H ® R*), as a consequence of (4.2). The proof now follows
from Propositions 3.4 and 3.5. |

Now we prove the fundamental theorem for formal isomorphism of linear Lie equations:
Theorem 5.1. Suppose that R C J*V and R'* C J*V' are intransitive linear Lie equations,

N and N’ submanifolds of M and M’ transversal to integral submanifolds of V and V', respec-

tively, and ¢ : N — N’ a diffeomorphism. Suppose furthermore that there exists ® : N — Q;‘H

such that 8P = ¢, and
(I)*(TN D Rk‘]\]) =TN' @ le‘N’-

Then given a diffeomorphism f: M — M’ such that f,V =V', f|n = ¢, there exists F € Q;‘H
satisfying F|y = ®, BF = f, and

F(T®R") =T &R"™

Proof. Let be families 0¥ : N — P+l g% . N’ — P’**+1 as in the proof of Proposition 5.4,
and defining flat partial connections

V:HeJW - Ve (He W),
and

Vi H e TV -V e (H e M)
such that

V(HeRF) c V'@ (He R
and

V(HeR") cV e (H eR").
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Observe that by Proposition 5.4, w € V* ® R¥1, and ' € V'* @ R’*T. Redefine H' = f,H, if
necessary, to obtain (z/,y’) = f(z,y) = (a(z),b(y)), and define F € Q';H by

F(z,y) =" («/,0)®(x,0)0"(x,0)"".
Then, we get from (3.8)

F(z,y)0"(z,0)F(z,0)~" = "' (2',0),
and from (3.10) we get V'F, = F,V. By hypothesis

F.(TN ® R*|n) =TN' @ R*|y,
then by Proposition 5.4 we obtain

F,(H®R")=H &R" (5.1)
From this and Corollary 2.3 we obtain

DyF € H* @ RF. (5.2)
It follows from (3.11) that

' = Fo(Dy F + mw).
So, from myw € R¥, muw’ € R’* and (5.1) we get

DyF e V* @ R".

Combining this with (5.1) and (5.2), we get DF € 7* @ R* and F.(RF) = R’*, and by Proposi-
tion 5.3 the theorem follows. |

Corollary 5.2. Suppose that R* C J*V and R™® C J*V' are intransitive linear Lie equations,
that N and N' are submanifolds of M and M' transversal to integral submanifolds of V and V',
respectively. Let be ¢ : N — N’ a diffeomorphism such that ¢(a) = a’, where a € N anda’ € N'.

Suppose furthermore that the symbol g* of R* is 2-acyclic. If there exists ® : N — QZ‘H such

that B3® = ¢, and ®.(TN @ R¥|y) = TN' © R'*|y+, then R¥ at point a is formally isomorphic
to R'* at point d'.

Proof. The corollary follows from Theorem 5.1 and Corollary 5.1. |

6 Intransitive Lie algebras

In this section, we associate an intransitive Lie algebra with a germ of an intransitive linear Lie
equation. This definition must generalize the definition of transitive Lie algebra, and incorpo-
rate the fact that we can reconstruct an intransitive linear Lie equation from its restriction to
a transversal to the orbits, unless of formal isomorphism, as the Theorem of [25] and Theorem 5.1
above shows.

We continue, in this section, to suppose that R* € J*V is an intransitive linear Lie equation
and ¢* is 2-acyclic. We remember that it follows from these hypotheses, see Corollary 4.1, that
the prolongations R*t! of R* [ > 1, satisfy:

(i) RF*!is a subvector bundle of J¥V;

(i1) 7oy 2 RFHHY — RF s onto;
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(i) [T & R*T @ RM),,, ¢ T & RFHL

We also assume that R' = mR* is a subvector bundle of J'V for every 0 < [ < k—1,1in
particular, R® = JV.

We denote by On , the R-algebra of germs at point a € N of local C* real functions on N.
The O 4-module (7 N), of germs at point a of local sections of T'N is isomorphic to Der Op 4,
the On q-module of derivations of Oy ,. We denote by L; the Oy ,-module of germs at point a
of local C*-sections of R7|y, considered as a vector bundle on N by the map 7|y : R¥|y — N.
Let be the Oy 4-modules

L =limproj L;
and
L =Der On,q @ L.
The bilinear antisymmetric map
[ lpsr: (T ORM) x (T @ R — T @ RMH-
induces a well defined R-bilinear antisymmetric map
[.];: (Der Ona® Lj) x (Der On,o ® L;) — Der On,o @ Lj—1.
As we saw in (2.24), the projective limit of [, |, induces a R-Lie bracket
[, ] £LXL—L,

so that £ is a R-Lie algebra.

The structure of the Lie algebra £ is the semi-direct product of the Lie algebras Der Opn 4
and L, where the action of Der Oy, on Ly, is given by the restriction to N of Dy : R —
H* @ RI7L If v € Der Oy, and ¢ is a section of R’|y defined in a neighborhood of a € N, we
get (see Proposition 2.5)

The map (p1)« : L — Der On,, is the canonical projection given by the direct sum, and

where f € Ong, &, n € L. The restriction of [, | to L is Ong-bilinear, so L is a Oy 4-Lie
algebra. Each L; is a free Oy 4-module finitely generated.

Definition 6.1. We call £ the Oy 4-intransitive R-Lie algebra associated with the formally
integrable linear Lie equation RF at the point a (and transversal N ).

In particular, we denote by D(V') the O 4-intransitive Lie algebra associated with the linear
Lie equation J°V, and call it the On q-intransitive R-Lie algebra associated with the involutive
distribution V at point a € M. Clearly £L C D(V).

If £; = Der On,o® Lj, then (£, [, ];) is called the truncated O, q-intransitive R-Lie algebra
of order j associated with R at point a (and transversal N). Then we can state the Theorem

of [25] as:

Theorem 6.1. Let be Ly 19 C Di12(V) a truncated O q-intransitive R-Lie algebra. Then there
exists a vector sub-bundle R'*1 C J*T1V such that:
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(i) R'* = m,R'**1 is a vector sub-bundle of J*V;
(i) [TeR* ToRrR*,,, cTaR";
(i31) the truncated Oy 4-intransitive R-Lie algebra associated with R'**1 is Ly 1 = mpy1Li 1o
Furthermore, if hy = {€ € Ly|mp_1& = 0} is 2-acyclic, then R'* is formally integrable.
The definitions of £ and D(V') depend on the choice of the transversal N. Let’s now introduce
a notion of isomorphism inspired in Theorem 5.1 such that the intransitive Lie algebras obtained
at point a taking different transversal submanifolds are isomorphic. We maintain the notation
of Section 5.
Suppose that R¥ ¢ J*V, R’* c J*V' are formally integrable intransitive linear Lie equa-
tions, N and N’ submanifolds of M and M’ transversal to integral submanifolds of V' and V’,
respectively, and ¢ : N — N’ a diffeomorphism, a € N, o’ € N', and ¢(a) = a’. We denote also
by ¢ the isomorphism of R-algebras ¢ : On,, — Op s, defined by ¢(f) = f¢~!. Let be
(I)j+1 : N — Qz;rl

a-sections such that ¢ = 3®;,1 and 7;®;11 = ®; for 7 > 0. Put ® = limproj ®;. We get maps
(®j41)s + Dj(V) — Di(V')

and
o, : D(V)— D).

The map @, is R-linear, commutes with [, ], and, if f € Oy, and £ € D(V), then

D.(f€) = o(f) P (8).

Definition 6.2. We say that @, is an isomomorphism from intransitive Lie algebra £ C D(V')
onto intransitive Lie algebra £ C D(V’) if

. L=/L.
If @, is an isomorphism, then £ is said isomorphic to L'.

Proposition 6.1. Suppose that R C J*V is a formally integrable intransitive linear Lie equa-
tion, a, b points of M, N, Ny transversal to the orbits of R* through the points a, b, and L, L4
the intransitive Lie algebras associated with RF at the points a, b (and transversal N, Ni),
respectively. Let be p : M — N the fibration (at least locally) defined by the leaves of V. If
p(a) = p(b), then the O 4-intransitive Lie algebra L is isomorphic to the O, p-intransitive Lie
algebra L.

Proof. If z,y € M, p(z) = p(y), there exists X € P™ with o(X) = z, 8(X) = y. Therefore,
we can choose ®; : N — PJ such that 8®;(N) = N;. Then

(,)«(TN @ RI}y) = TNy @ RV Y|y,

It follows from the formal integrability of P¥ that we can choose the family {®; : j > 1} such
that ®;,1 projects on ®;, for j > 1. If ® = lim proj ®;, then ®,.L = L;. |

With these definitions, we can state Corollary 5.2 as:

Theorem 6.2. Suppose that R*¥ C J*V is a linear Lie equation with symbol g* 2-acyclic, and
R'® < J*V' another linear Lie equation. Let be a € M, o’/ € M', N and N’ transversal to
the orbits of RF and R'* through the points a and o', L1, and L'}, the truncated intransitive Lie
algebras associated with R* and R'*, at points a, a’ and tranversal N and N', respectively. If
there exists ® : N — QI;H such that B® = ¢ : N — N', ¢(a) = d', and ®,Ly, = L'}, then R* at

point a is formally isomorphic to R'® at point a.
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7 Application

As an application of this theory, we could utilize the definition of intransitive Lie algebras to
obtain the intransitive linear Lie equations in the plane obtained by E. Cartan in [1]. We will
be limited to classifying the first order intransitive linear Lie equations, with dim ¢! = 1. This
will include the example we presented in the introduction, which was not presented by Cartan
in his table, suppressed by a nullity hypothesis.

Let be V a 1-dimensional distribution on R?, which we can suppose is generated by the vector
field 8%. We will use the coordinate system p;;, 7,1 >0,0<j+1 <k, in JFV , defined by

oIt

-k

P ®©) = W(av b),

where O(z,y) = 0(x, y)a% Let’s consider (0,0) as point base and the transversal N =R x {0}.

Then Der Oy (0,0) is generated, as O, (g,0)-module, by %|N. Let be g‘k/ the symbol of J¥V.
This symbol is generated by f¥ @ joa%, where

. 1 :
it = () ).
with 7,/ > 0 and j+ 1=k (cf. (2.34)). Then

o 0 : o)
= il 40 _ i1l o ;0 k-1
H@x’f ® J 6yﬂk 7@ oy COV

and if Y € J*V is such that m(Y) = joa%, then

00

; e e, _
[[xf“@y ayﬂsz“ 1®Joa—yeg€ L

Let be R' € J'V a formally integrable linear Lie equation, with R = J°V. Suppose g' is the
symbol of R!, with dim g* = 1. Then ¢! is generated by an element X; = (Af"0 4+ Bf01) ®joa%,
with A(z,y)? + B(z,y)? # 0.

Lemma 7.1. If R? is the prolongation of R', then the symbol g* of R? is generated by
(A2 + BfO1)? ®j02.
Ay

Proof. Consider Yp,Y; € R? such that moYy = joa% and mY; = (Af10 + BfOL) ®j08% is

a section of g'. Let be Y = (a20f*? + a11 5! + apaf*?) ® joa% a section of g2. Then

0
[{&U, Yﬂ , = —(agf"" + an f) € ¢',

s0 (a2 f10 + a1 fO) = AMAfLH0 + BfO1) for a real function A. In a similar way,
[Yo, Y], = (an /" +aoa /') € ¢,

and (a11f10 +agafOr) = u(Af10+ BfO1), for some real function p. Therefore, we get agg = A\A,
a11 = AB = pA and age = puB. So, there exists r such that A = rA4 and py = rB. From this,
asy = rA?, a1 = rAB and agy = rB?. Then

00

_ 1,0 0,1\2
Y =r(Af"°+Bf"") @ oy
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A similar argument shows that ¢* is one dimensional and is generated by (Af"? + Bf%)* @
joa%. Consider now the complex (4.3),
0 — gz+1 N ®gl O A2 ®gl—1_>0

for 1 > 2. As dim¢* =1 and dim T = 2, this complex is clearly exact, so ¢! is 2-acyclic.
Let’s now verify conditions on the truncated intransitive Lie algebra Lo. The Oy (9 0)-module
T N(p,0) is generated by

0

Y { i =—
1™ 9z ln

and the generators of Lo are Yp, Y7, defined in the proof of lemma and Y, = %(afl’0 +bf01)2

joa%, restricted to N, again denoted by the same letters. Here, a(x) = A(z,0) and b(z) =
B(x,0). We have

[Y_1, Y]y = boom1(Yo) + bo171 (Y1), Yo, Y1], = bm1(Yo) + ao1m1 (Y1),
[Y_1,Y1], = —am(Yo) + brimi (Y1), [Yo, Y2], = b1 (Y1),
[[Y—17Y2]]2 = —(171'1(}/1), [[}/17Y2]]2 =0,

for a, b, bog, bo1, b11, ao1 in ON,(O,O)‘ It follows from
[[Y—lv [D/()v 1/1]]2]]1 = [H[Y—hifﬂ]]% 7['1(Y1)]]1 + [[71—1(}/0)’ [[Y—17Y1H2]]1
that (% — aapy — bb11)m(Yp) =0, so

@
ox

— aagy — bby11 = 0.

As a(0) or b(0) is not null, we can solve this equation for ag; or b1;. Then we can find a truncated
intransitive Lie algebra L that projects on £1. Now by Theorem 6.2 we classify the isomorphism
class of £1. We must examine two cases:

Case 1. We suppose b(0) # 0. By dividing by b, we can suppose b = 1. Then the algebra £
is generated by Y_1, mgYy, m1Y1, and they satisfy, from above,

[Y-1,m1Y0]; = boomo(Y0), [Y_1,mY1], = —amo(Yp), [m1Yo, mY1], = mo(Yo).
Let be £ a truncated intransitive Lie algebra generated by X_;, Xy and X7, such that
[X-1, X0y =0,  [X_1,X0]; =0, [Xo, Xu]; = mo(Xo),
and fi : £} — £ defined by
f1(X_1) =Y 1 +am (Yy) + boom1 (Y1), f1(Xo) = m1(Y), f1(Xy) =m(N).
Let’s verify that f; is an isomorphism of truncated intransitive Lie algebras of order 1. In fact,

[f1(X-1), f1(Xo)]y = [Y=1 + am1(Yo) + boom1 (Y1), m1(Yo)]; = 0 = fo([X—-1, Xo]y),
[f1(X-1), fi(XD)]y = [Y=1 + ami (Yo) + boom1 (Y1), m1(Y1)]; = 0 = fo([X—1, Xa]y)s

and

[f1(Xo0), f1(X1)]; = [m1(Yo), m(Y1)]; = m0(Yo) = fo(mo(Xo)) = fo([Xo, Xa]y)-
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The truncated Lie algebra £} generated as O N,(0,0-module by X_1, Xo, X can be represented by

0 00
X1 =" @i~

0
X 1= 7‘ 9 Xo = 'lia
17 oz ln 0=J y oy

The linear Lie equation associated with £ is

R" = {(po,ovpl,o,po,ﬂ cJ'V: P1o = 0}’

so R! is formally isomorphic to R"*. The infinitesimal pseudogroup of solutions of R'" is

{own =004}

Case 2. We suppose b(0) = 0. In this case, a(0) # 0, and, dividing it by a, we can suppose
a = 1. Then the truncated intransitive Lie algebra £; is generated by Y_1, moYp, m1Y1, and they
satisfy, from above,

[Y_1,mYo]; = boomo(Yo), Y_1,mY1], = —m(Yo), [m1Yo, mY1], = bmo(Yo).

Replacing m1 Yy by 71 Yo +boom1Y1, we obtain [Y_1, 1Yy + boom1Y1]; = 0, and the other products
remain unchanged. Without loss of generality, we can suppose bpg = 0. Let be £} a truncated
intransitive Lie algebra generated by X_1, Xy and X7, such that

[X-1,Xol; =0, [Xo0, Xa]y = —7m0(Xo),  [Xo, Xa]y = Bmo(Xo),
and f1: L1 — L1 defined by

A(X 1) =Y, f1(Xo) = m(Yo), fi(X1) = em (Y1),
with ¢(0) # 0. Then

[f1(X 1), i(Xo)]y = [e7' Y1, m(Yo)ly = 0= fo([X -1, Xo],),
[A(X_1), f(XD]; = [e'Yor, em (Y1)]; = —m0(Yo) = fo([X-1, X1],),

and

[f1(Xo), f1(X1)]; = [m1(Y0), em (Y1)]; = cbmo(Yo) = fo(Bm0(Xo)) = fo([Xo, X1]4),

if ¢b = .

Then f; is an isomorphism of truncated intransitive Lie algebras of order 1 if and only if
there exists ¢ € Oy (9,0) With ¢(0) # 0 such that cb = 3. The class of truncated intransitive Lie
algebras is the class of equivalence of b, b(0) = 0, and b = 3 if and only if there exists ¢, ¢(0) # 0,
with bc = .

The truncated Lie algebra £ generated as Og-module by X_1, Xo, X1 can be represented
by

and the linear Lie equation associated with £} is

R = {(p0,0sp1,0,p0,1) € J'V : po1 = Bp1o},
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so R! is formally isomorphic to R'*. The infinitesimal pseudogroup of solutions of R'' is

o 00 90
o= )ay dy 53@“}'

If 5(x) = x, we obtain

O(z :rey)g)y}

if 3(z) = ¥, k > 2, we obtain

@ xkfl g .
(k—1)yzk-1—1) 9y |’

if B(z) = 0, we obtain

Olz.9) = ba) 5 }.

In the classification of [1], case 2 is represented only by 5 = 0.

8 Conclusion

The results of this paper show that the intransitive Lie algebra here introduced to represent
a linear Lie equation at a point is sufficient to guarantee the existence and formal isomorphism
of intransitive linear Lie equations. This brings a new way to pursue the study of intransitive Lie
groups and the applications envisaged by Sophus Lie on the integrability of partial differential
equations with a pseudogroup of invariants. It is clear that several problems can still exist, as the
relationship between subalgebras of transitive algebras and intransitive algebras, and the notion
of equivalence of intransitive algebras. A very interesting problem is the classification of simple
intransitive Lie groups, since Cartan, in his list, excluded some classes of simple intransitive Lie
group, as the example presented above.
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