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The dynamics of nonreciprocally coupled oscillators and coupled waves is studied. Such coupling can lead to
converting the energy of low-frequency (LF) oscillations to the energy of high-frequency (HF) oscillations. The
influence of the resonant properties of the coupling elements on the conditions of the energy conversion is carried
out. It is shown that this conversion can be realized when either the amplitude or the phase of the coupling coeffi-
cient is modulated at a low-frequency. By the example of waves in a rare magnetoactive plasma, it is shown for the
first time that the discussed energy conversion takes also place in a system of interacting waves. Results of analyti-
cal and numerical studies illustrating the conditions for the excitation of high-frequency oscillations due to the ener-

gy conversion are presented.
PACS: 04.30.Nk; 52.35.Mw; 52.35.Mw; 78.70.Gq

INTRODUCTION

In the papers [1, 2], it was described that the intro-
duction of a non-reciprocal coupling between oscillating
systems opens a possibility of the energy converting
from low-frequency (LF) oscillations to high-frequency
(HF) oscillations. It was also noted that the most inter-
esting direction of using the discovered mechanism of
the energy conversion is related with the development
of novel types of sources of electromagnetic radiation,
including sources of terahertz radiation. It should be
noted that in this frequency range, the coupling ele-
ments themselves have usually resonant properties.
However, in [1, 2] these elements were considered as
frequency-independent elements. Therefore, it seems
important to investigate the influence of resonant prop-
erties of the coupling elements on the dynamics of cou-
pled oscillators. The corresponding analysis is presented
in the next section, where each of the coupling elements
is also considered as a separate oscillator coupled with
other oscillators.

So far, the case was considered [1, 2] when the non-
reciprocity of the coupling and the LF modulation of the
coupling coefficient were provided by introducing an
amplitude modulation of the coupling coefficients. It
should be borne in mind that the amplitude modulation
is not always practical, therefore, we also consider in
this paper a possibility of applying a LF phase modula-
tion to realize the conversion of LF oscillations into HF
ones. The results of this study are presented in the third
section of the paper.

In our previous works [1, 2], we considered systems
where HF oscillations are excited as a result of three-
frequency interaction under the following resonance
conditions

Wy — Wy =1,
where @,; and @,, are normal frequencies of a system
of two coupled oscillators, ® is the frequency of LF
modulation, which is much smaller than @, , @,,. The
case was mainly considered when the partial frequen-

cies @y, wp, of the oscillators are equal. In the fourth

section of this paper it is shown that, with an appropri-
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ate choice of the coupling between the oscillators, the
excitation of HF oscillations is possible even if the
following condition is satisfied

Opy = Wpp = tw
that is, with unequal partial frequencies of the interact-
ing oscillators.

In the fifth section, it is shown that the mechanism
of the energy conversion found in a system of interact-
ing oscillators can be also realized when waves interact.
This result is demonstrated by analyzing the propaga-
tion of two high-frequency transverse electromagnetic
waves in a rare magnetoactive plasma.

The last section summarizes the results presented in
the paper.

1. INFLUENCE OF RESONANT
PROPERTIES OF COUPLING ELEMENTS

As mentioned above, at high frequencies coupling
elements can have resonant properties and should also
be regarded as oscillatory systems. In this case, the
simplest model of coupled oscillators can be represent-
ed as a ring of four oscillators, as shown in Fig. 1.
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Fig. 1. Scheme of the oscillatory system.
Arrows indicate the direction of connection

Numbers 1 and 3 show high-frequency oscillation
systems (resonators). The natural frequencies of these
resonators are equal to a,. Numbers 2 and 4 denote
nonreciprocal coupling elements. The eigenfrequencies
of these elements coincide and are equal to «; . Arrows
indicate the direction of the wave propagation in this
ring. A set of equations that describes the dynamics of
such a system can be represented in the form:
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Ry + % = X
%o + o X = piXg; @)
Xy + @ X3 = 41X
" 2
Ky + O Xg = piXg .
It is easy to determine that this oscillatory system
has the following normal frequencies:

Qy =y + 41 1 205 (f - af ) -
Assuming that the coupling coefficients are small
(u<< a)gvl), from (1), one can find the following aver-

aged equations for determining the complex amplitudes
of the coupled oscillators:

&= 2y A
% =i )
a3:ﬁaz;
4, :ﬁag.

Note that this set of equations is not changed if some
coupling coefficients are slow varying functions of
time. Let, for example, the coupling coefficients in the
third and fourth equations of (2) are such functions of
time u=g4(t). Then from (2), we find the following

equation describing the dynamics of the amplitudes of

the first and third oscillators (resonators):
2

d
d?[a1+a3]+£22[al+a3]=0, ©)

where Q2 = (14(t))’ / 4ax,.

Let us assume that the function (4 (t))° has the fol-
lowing form (24 (t))* = wj (1+£cos(27)), where
r=t-ws | 2Japm, and w? << wyw,. Then (3) can be
reduced to Mathieu equation:

2
dd—z[al +ag]+(1+ecos2r)[a, +a3]=0. (4)
T

From this equation, it follows that the presence of
the resonant properties of the coupling elements does
not prevent the energy transformation from LF oscilla-
tions into the energy of HF oscillations. One should
only take into account that the eigenfrequencies of the
coupling elements are essential parameters of the entire
oscillatory system, and their parameters should be ap-
propriately selected for the realization of the considered
energy transformation.

2. MODULATION OF THE PHASE
OF THE COUPLING COEFFICIENTS

In the papers [1, 2], an amplitude modulation of the
coupling coefficients was considered. For a number of
practical applications, it is more convenient to use a
phase modulation of the coupling coefficient. To de-
scribe the dynamics of a system of two coupled identi-
cal oscillators, in which the phase of the coupling ele-
ments is a function of time, we use the following system
of equations:

K + X = p(t) [exp(ip(t)] X, ;
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Ko + %9 = foXy - ©)
Here u(t) and ¢(t) are real slow varying func-

tions of time. We look for a solution of (5) in the fol-
lowing form:

X, =[ A -exp(it)+ A, -exp(-it) |
X, =[ By -exp(it)+ B, -exp(-it)]. (6)
Here the amplitudes A, and B, (k=1, 2) are slow

varying functions of time. Applying the averaging tech-
nique to (6), we obtain to the following set of equations:

iA = u(t)[exp(ip(t)] By,

iBy = tioA (7)
—iA, = u(t) [exp(ip(t)] B,
=B, = Ay

Here the amplitudes A, and B, are complex func-
tions: A, = At +iA;; B, =By +iBy . To find the real and
imaginary components, we come to the following sys-
tem of equations:

B, +[1ou(t)cosp] B, = [pou(t)sing] By,

B, +[ tot) cos ] B," = ~[ou(t)sinp]By.  (8)
An analogous system can also be obtained for the
function A = A, +iA/. The sets of equations (5) and

(8) were solved numerically. In Fig. 2 typical build-up
of the amplitude of high-frequency oscillations is
shown. This example illustrate that the energy conver-
sion can be also realized when the phase of the coupling

coefficient is modulated at a low-frequency.
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Fig. 2. The characteristic dependence of the amplitudes

of the oscillators on time T, =(z,u)-t at p =sinz; x,(0)=1

3. EXCITATION OF HF OSCILLATIONS
WHEN THE PARTIAL FREQUENCIES
DO NOT COINCIDE

In the works [1, 2], the partial frequencies of the in-
teracting oscillators were considered to be equal. Under
this condition, a three-frequency interaction and the
excitation of HF oscillations were realized when the
difference of the normal frequencies was approximately
equal to the frequency of the LF modulation.

In this section, we show that with a certain method
of oscillators coupling, HF oscillations are excited also
when the partial frequencies do not coincide. This case
is realized in the absence of constant in time coupling
between the oscillators. However, a nonreciprocity of
the coupling, as in the previous case, is needed. A set of
equations that describes such a coupled oscillatory sys-
tem can be represented as:

ISSN 1562-6016. BAHT. 2018. Ne4(116)



Gy +@f -0y = ua, cos(a-t)
Gy + @3 -Gy = —pgycos(-t). ©)
Here w=wm, -, is the low frequency modulation
of the coupling between the high-frequency oscillators.
We look for the solution of (9) in the form:
O = A () exp(imt) + By (t) exp(—iet).
To find equations for slowly varying amplitudes, we

at first come from (9) to the following system of equa-
tions:

[ A () exp(iant) — By (t) exp(~ieat) | =
=~ A, exp(ic,t) + B, exp(~imyt)] cos(et)
2wy

[ A () expliost) — B, (t) exp(—ieyt) | =

(
=— 2_# [A& exp(iogt) + B; exp(—ia)lt)]cos(a)t).
From this equations, it is easy to determine the fol-

lowing relations between the complex amplitudes

Ao M .
A diey 4l
hy=-—Lp; (11)
diw,
2
. ﬂ
- =0.
A 160w, A
From (11), it immediately follows that the excitation
of high-frequency oscillations can also occur in such a
system as illustrated in Fig. 3. This figure shows the
solution of the system of equations (9) at such parame-

10)

ters:  w4=02; =001, =1, =101,
¢, (0)=0.1.
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Fig. 3. The excitation of oscillations of two coupled,
different high-frequency oscillators (see system (9)).
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Fig. 4. Dispersion diagram of the waves
participating in the interaction
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4. THE ROLE OF NONRECIPROCITY
IN THE DYNAMICS OF COUPLED WAVES

In the above sections, we discussed the existence in
coupled oscillators of LF- to HF energy transfer channel.
It can be expected that a similar channel can exist in
systems with interacting waves. Below, considering an
example of coupling of transverse high-frequency waves
to plasma waves, it is shown that such a channel does
exist. However, as before, it exists only in the presence of
a non-reciprocal coupling between interacting waves.

We consider the following problem. Suppose that
there are two high-frequency transverse electromagnetic
waves that propagate through rare magnetoactive plas-

ma () << ()’ ~ % ). The frequencies of these waves

are large, and the difference of these frequencies is
close to the plasma frequency (w, - ~ @, ). For sim-

plicity, we consider a one-dimensional motion, i.e. all
waves propagate and interact with each other only along
the axis z and in time. A diagram of a possible interac-
tion of the waves is shown in Fig. 4. It can be seen from
diagram 4 that a three-wave interaction occurs. In this
interaction, two transverse high-frequency waves and a
plasma wave are involved. The structure of these waves
and their dispersion characteristics are well known (see,
for example, [4, 5]). The plasma wave is longitudinal
with a large amplitude. We assume that this wave is
given. In this case, the plasma frequency can be repre-
sented only by its wave characteristic:

®, = (m)exp [izcz - ia)pt] +kec. (12)

The equation for the electrical component of the
field of the transverse electromagnetic waves can be
obtained from the Maxwell equations:

5
AE —%&5’) =0. (13)
c” ot

Here, D =£E and £ is the plasma permittivity tensor.

We look for the components of the electric field of
transverse waves in the form

Ey(2,1) = Aps(t)expiky 2 —imy t [+ ke (14)
Then it is convenient to represent equation (13) in

the form of the following set of equations with respect
to the amplitudes A ,:

o .

SRR, = ic o A

o .

S A ic oA, (14)

Here &, =Foy 05/ o, (a)i - ah ) are off-diagonal

components of the
k2 =ws/c®, ki =aw?lc?

The upper sign in these expressions corresponds to a
wave propagating along the magnetic field o, = @, ; the
lower sign belongs to a wave propagating in the oppo-
site direction @_ = e, . When obtaining (14), the condi-
tion of spatial synchronism « =k, +|k;| has been used.
We note that the first wave «;, k; propagates in the

direction opposite to the direction of the external mag-
netic field.

permittivity tensor;
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For an effective interaction of the waves, it is neces-
sary that together with the spatial synchronism condition,
the time synchronism should be satisfied: @, -» -, =0.

We look for a solution of (14) in the form
Aoy = ayexXp(—iwt) +k.C. (15)
Substituting (15) into (14), we obtain the following
equations with respect to the slowly varying amplitudes a, ;:
62a21 |g+g |
— = a,=0 . 16
ot 4 @087 1 (16)
It can be seen from this equation that the amplitudes
of the transverse waves increase exponentially with the
increment:

F:a)Ha)FZ)/(Z‘wz—wz ‘) @an

In this expression, it is taken into account that the
frequencies of the HF waves are close to each other
, — o = o, << . High-frequency transverse elec-

tromagnetic waves receive energy from the LF Lang-
muir waves excited in the plasma.

CONCLUSIONS

We note the most important results presented in the
paper. There are two basic scientific results. The first is
that the conversion of the energy of LF oscillations to
the energy of HF frequency oscillations is a rather
"strong" effect, in the sense that it can be realized in
very different ways (see Sections 3 and 4), and also in
the presence of significant perturbations, like, for ex-
ample, additional resonances in the system (section 2).

The second result is that the availability of nonreci-
procity can create a channel for converting the energy
of LF oscillations to HF oscillations not only in systems
with coupled oscillators, but also in systems with cou-
pled waves (see Section 5). In latter case, the presence
of a nonreciprocity leads to a qualitatively new dynam-
ics of the three-wave interaction. Indeed, it is well
known (see, for example, [4 - 5]) that if at the initial
instant of time the low-frequency wave has the largest

amplitude in a system with a three-wave interaction,
then practically no dynamics with energy exchange can
occur in such system. In the case considered above, the
presence of a nonreciprocity leads to the excitation of
HF waves, in spite of the fact that at the initial moment
only a low-frequency Langmuir wave exists.

In our paper, there are also several results of practi-
cal importance. At first, it is shown that when consider-
ing the excitation of high-frequency oscillations (for
example, in terahertz frequency range), it is necessary to
take into account the oscillatory properties of the cou-
pling elements (see Section 1). Secondly, it is proved
that a phase modulation of the coupling coefficient can
be used as well as an amplitude modulation to realize
the energy transfer. At third, it is shown that oscillatory
systems with different partial frequencies can be used
for the conversion of LF- to HF oscillations. The only
requirement in this case is that the modulation frequen-
cy of the coupling coefficients of these systems should
be approximately equal to the difference between the
partial frequencies.

REFERENCES

1. V.A Buts, D.M. Vavriv, O.G. Nechayev, D.V. Tarasov.
A Simple Method for Generating Electromagnetic
Oscillations // IEEE Transactions on circuits and
systems Il. Express Briefs. 2015, v. 62, Ne 1, p. 36-40.

2. V.A. Buts, D.M. Vavriv. Role of Non-Reciprocity in
the Theory of Oscillations // Radio Physics and Ra-
dio Astronomy. 2018, v. 23, Ne 1, p. 60-71.

3. A.l. Akhiezer, I.A. Akhiezer, et al. Plasma Electro-
dynamics. M.: “Nauka”. 1974, 719 p. (in Russian).

4. B.B. Kadomtsev. Collective Phenomena in Plasma.
M.: “Nauka”. 1976, 238 p. (in Russian).

5. H.A. Wilhelmsson, J. Weiland. Coherent Non-
Linear Interaction of Waves in Plasmas. M.: “Ener-
goizdat”, 1981, 224 p. (in Russian).

Article received 29.05.2018

POJIb HEB3AMMHOCTH B TEOPUU CBSI3BAHHBIX KOJIEBAHUI U CBSI3AHHBIX BOJIH
B.A. by, /I.M. Baepue

HccnenoBaHa AMHAMHKA CBA3aHHBIX OCHIJIIATOPOB M BOJH MPU HAJTMYUHM HEB3aUMHOM CBA3M MEXAYy HUMH, KO-
TOpasi IPUBOANT K BO3MOKHOCTH NPeoOpa30BaHMs PHEPIHMH HU3KOYACTOTHBIX KOJEOAHWI B SHEPTHIO BBHICOKOYA-
CTOTHBIX KoJyieOaHui. [IpoBesieH aHanu3 BIMSHUS PE30HAHCHBIX CBOWCTB 3JIEMEHTOB CBSI3M Ha YCIJIOBHUS NpeoOpa3o-
BaHMA dHeprud. IlokasaHo, 4To nMpeoOpa3oBaHUE YHEPTUM MOKHO PEalN30BaTh KaK IPHU HU3KOYACTOTHOW aMILIH-
TyJHOH, TaK M TPH HU3KOYACTOTHOH (hazoBoil Momymsanun xodddunuenta cea3u. Ha mpumepe aHanmmsa pacnpo-
CTpaHEHHs BOJIH B PEJKOW MarHUTOAKTHBHOM IIa3Me BIIEPBbIE TIOKa3aHa BO3MOXKHOCTh MPe0Opa30BaHMs JHEPIHU U
IIPU B3aUMOJACHCTBUM BOJH. [IpHMBENCHBI pe3yIbTaThl aHAIUTHIECKOTO M YHCICHHOTO HCCIEIOBaHMH, MILTIOCTPH-
pYIOIINe yCIOBUsI BO30Y>K/I€HHS BBICOKOUACTOTHBIX KOJIEOaHUH U X CBOWCTBA.

POJIb HEB3AEMHOCTI B TEOPII IIOB'SI3AHUX KOJIUBAHB I IIOB'SI3AHUX XBWJIb
B.O. byu, /1. M. Baepis

JlocnipkeHo NUHAMIKY 3B'I3aHMX OCIWIATOPIB 1 XBWIb IPH HASBHOCTI HEB3aEMHOTO 3B'SI3KY MiX HUMH, SKUH
NPU3BOAUTE IO MOXKJIMBOCTI IIEPETBOPESHHS CHEPrii HU3bKOYACTOTHHUX KOJHMBAaHb B €HEPril0 BUCOKOYACTOTHUX KO-
nBaHb. [IpoBeieHO aHalli3 BILIMBY PE30HAHCHUX BJIACTUBOCTEH €JIEMEHTIB 3B'A3KYy Ha YMOBH IIEPETBOPEHHS €HEp-
rii. IlokasaHo, MmO MEPEeTBOPEHHSA €HEPTii MOKHA peani3yBaTH SK MPH HU3bKOYACTOTHIM aMIUTITYIHINW, Tak i mpu
HU3BKOYACTOTHIN (pa3oBii Moxyssiuii koediuieHta 3B's13Ky. Ha npukinazi aHanisy noumMpeHHs XBHJIb Y PIAKIA Mar-
HITOAKTUBHIN TUTa3Mi BIepIe MoKa3aHa MOXKIIMBICTh TIEPETBOPSHHS €HEPTii 1 Mpy B3aeMOJIii XBwiIb. HaBeneHo pe-
3yJIBTaTH aHAJITHYHOTO 1 YUCEIBHOTO JOCHTIHKEHHS, 10 LIIOCTPYIOTh YMOBH 30Y/PKEHHSI BUCOKOYACTOTHUX KOJIH-
BaHb 1 IX BIIACTUBOCTI.
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