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Abstract. The conformal Galilei algebra (CGA) is a non-semisimple Lie algebra labelled
by two parameters d and £. The aim of the present work is to investigate the lowest weight
representations of CGA with d = 1 for any integer value of £. First we focus on the reducibi-
lity of the Verma modules. We give a formula for the Shapovalov determinant and it follows
that the Verma module is irreducible if £ = 1 and the lowest weight is nonvanishing. We
prove that the Verma modules contain many singular vectors, i.e., they are reducible when
¢ # 1. Using the singular vectors, hierarchies of partial differential equations defined on the
group manifold are derived. The differential equations are invariant under the kinematical
transformation generated by CGA. Finally we construct irreducible lowest weight modules
obtained from the reducible Verma modules.
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1 Introduction

Conformal algebras are algebraic structure relevant to physical problems for both relativis-
tic and non-relativistic settings. In the non-relativistic setting, the algebra is called confor-
mal Galilei algebra (CGA) [32] (see also [24]). This is a family of Lie algebras consisting
of infinitely many members. Each member is not semisimple, not isomorphic to each other
and is labelled by two parameters d and ¢, where d is a positive integer and ¢ takes a spin
value (=1/2,1,3/2,...). The simplest member with ¢ = 1/2 is the Schrédinger algebra which
gives the symmetry algebra of free Schrodinger equations in d-dimensional space [23, 33]. Re-
cently the Schrodinger algebra and ¢ = 1 member of CGA were discussed in the context of
non-relativistic AdS/CFT correspondence [6, 13, 14, 30, 36]. This caused a renewed interest
on CGA. Indeed, CGA with various pairs of (d,¢) appears in wide range of physical prob-
lems [7, 8, 9, 10, 11, 12, 20, 21, 22, 25, 26, 29, 34, 37, 39] (see [4] for more references on ¢ = 1/2
and £ =1 CGA). This observation motivates us to study representation theory of CGA.

This work is a continuation of our previous works on the lowest (or highest) weight repre-
sentations of CGA and their application to the symmetry of partial differential equations [4, 5].
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In [4, 5] we focused on d = 1 CGA with half-integer /. On the other hand, we put our focus
on d =1 CGA with integer ¢ in this work. Our aim is two fold: (i) we study some important
ingredients of representation theory such as Verma modules, singular vectors and so on. We
start with the Verma modules and study their reducibility by searching for the singular vectors.
If the Verma module is reducible, we take a quotient by the maximal invariant submodule and
study the reducibility of the quotient module by the same method. This process is repeated until
we reach the irreducible module. At each step of the process we would like to give the explicit
formula for the basis of the modules. The formula is independent of any particular realization of
the generators of the algebra. This is a nice and useful feature when we consider the application
of a representation theory, since we can take a realization appropriate to the problem under
consideration. Indeed, our second aim shall be achieved by taking a vector field realization on
a group manifold. (ii) We construct a hierarchy of partial differential equations by employing
the method developed in [16]. By construction, these equations have kinematical symmetries
generated by the CGA. This means that the CGA generates a transformation of independent
variables (dependent variable remains unchanged) through which a solution to the equation is
converted to another solution. For any integer values of £ each hierarchy contains one differential
equation of second order. This is in sharp contrast to the previous works on dynamical systems
relating to the CGA, where higher order derivative is needed for higher values of ¢ [7, 8, 10, 12].

Here we mention the previous works on irreducible lowest /highest weight modules and diffe-
rential equations with symmetries generated by CGA for other pairs of (d,£). A classification
of irreducible modules for the ¢ = 1/2 and d = 1,2,3 is found in [19, 31], while the case
(d,¢) = (2,1) is found in [3]. Symmetric differential equations have been obtained for ¢ = 1/2
and any d [1, 2, 19, 31]. Such equations were also found for d = 1,2 and any half-integer ¢ [5].
Very recently a classification of all finite weight modules over the d = 1 CGA with any ¢ has
been done in [28].

This paper is organized as follows. In the next section the definition of d = 1 CGA for
integer £ is given. We also give triangular type decomposition and algebraic anti-involution for
later use. In Section 3 the Verma modules over the CGA is introduced and calculation of the
Shapovalov determinant is presented. We observe that the Shapovalov determinant vanishes
for many cases. This suggests the existence of singular vectors in the Verma modules. It is
shown in Section 4 that there exist various singular vectors. It turns out that there exists
more singular vectors for integer ¢ than for half-integer . The formulae of singular vectors are
used to construct the hierarchy of partial differential equations with kinematical symmetries in
Section 5. In Section 6 we give the irreducible lowest weight modules obtained from the Verma
module. Throughout this article we denote the d =1 CGA with spin ¢ by g,.

2 d =1 Conformal Galilei algebras g,
The complex Lie algebra g, for a fixed integer ¢ has the elements [32]:
D, H,C, P, n=01,...,20

Their nonvanishing commutators are given by

[D,H| = H, [D,C] =-C, [C, H] = 2D,
[H,P,] = —nP,_1, [D,P,] = (¢ —n)P,, [C, P,] = (20 — n)Pyy1. (2.1)
One may see from this that (P, Py, ..., Py) is an Abelian ideal of gy, so that g, is not semisimple.

It is known that this Lie algebra has no central extensions [30]. The subalgebra spanned by
(H,D,C) is isomorphic to s0(2,1) ~ sl(2,R) ~ su(1,1). The Abelian subalgebra spanned by
(Pn)n=0,1,..2¢ carries the spin ¢ representation of the s[(2,R) subalgebra.
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This algebra may be realized as generators of transformation of (1+ 1)-dimensional spacetime

0 0 0 20 0 a9

In this realization, H, D and C generates time translation, dilatation and the special conformal
representation, respectively. Meanwhile the generator of space translation is represented by Fp,
the Galilei transformation generator by Py, the transformation to a reference frame with constant
acceleration is given by P, and so on.

One may introduce the algebraic anti-involution w : gy — g by

w(D) =D, w(H)=C, w(Pp) = Pay_p.

It is not difficult to verify that w satisfies the required relations:
WX, Y]) = (V) w(X), @ X)=X ¥Xeg.

Let us define the degree of the generators based on their commutator with respect to D:
deg(D) =0, deg(H) =1, deg(C) = —1, deg(P,) ={—n.

With respect to the sign of the degree one may define the triangular decomposition of gy:
=9/ ©o Oy,

where
9, = (H,Py, P1,...,Pry), a) = (D, P), 9, = {(C,Pri1, Prio, ..., Pay).

This is a decomposition of gy as a direct sum of the vector spaces.

3 Verma modules and Shapovalov determinant

We start with the one-dimensional module C|d,p) over b = g9 & g, . The lowest weight vector
|0, p) is defined by

D|s,p) =06|6,p), Pylo,p) =plo,p) , X |6,p) =0, VXeg,.

Then for each pair of (4, p) the Verma module over gy is defined as usual (see, e.g., [15]): Ve‘s’l’2 =
U(ge) ®u(v) |0, p) where U(gy) and U(b) are the enveloping algebras of g and b, respectively. In

order to specify the basis of Vf’p we introduce the f-component vector

m = (my,my,...,my) € R,
where m; (i = 1,2,...,/) are non-negative integers. With this the basis of Vf’p is given by
\k,m) = HE P P, - Py |5, p) . (3.1)

We also introduce the /~-component vectors

e =(0,...,0,1,0,...,0) € RY,  j=1,2,... L
where the jth entry of ¢; is 1, and all other entries are 0. It may not be difficult to prove the
following relation by induction on k:

min{n,k}

n k! i
[P, HY] = ; (i)(kz—z’)!Hk P, n>1 (3.2)
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It follows that the action of g9 and g; on |k, m):

l
D |k,m) = <6+k+2im,~> k,m),

i=1
min{¢,k} / k!
Pylk,m) =p|k,m) + ; (Z.>(k,_i)!|ki»m+§i>7
Hlk,m)=|k+1,m),
min{n,k} n k!
Py k,m) = ; <i>(k_2.)!’k—iam+§£—n+i>, 1<n</l-1,

Py [k,m) = [k,m + ¢) -

From this one see that Vf’p has a grading structure according to the eigenvalue of D:

o0

ViT=@ (Vi) (W) =1l € VP DIw) = (6 +N)[v) }.
N=0
J4
N=Fk+ Z ;.
=1

We refer to N as the level as usual.

Now we define Shapovalov form on a module over g, [35] (see also, e.g., [27]). That is
a contravariant Hermitian form (- | -) defined by making use of the anti-involution w. For the
Verma module Vf’p it is defined as follows: Let |z) and |y) be any two vectors in Vf’p . They
may be written as

2} =X 0,p), |y =YIop), XY eU(g)
Then

(@]y) = (6,plw(X)Y[6,p),  (&pldp) =1 (3:3)
Next we define the Shapovalov determinant at level N. Let |v1),|v2),...,|v,) be a set of basis

of the subspace (Vf’p )n- We consider the matrix ((v; | v;)) whose entries are the Shapovalov
)

form and we call the determinant of this matrix, the Shapovalov determinant at level N : A% =

()

det((v; | vj)). We give an explicit formulae of the Shapovalov determinants of gy, since A}/ is

important to know the reducibility of Vf’p .

Proposition 1. The Shapovalov determinants A%) at level N of gy are given as follows (up to
overall sign):

) AW — (H m.) YNV, (3.4)
iy AY =@+ 128,  (>2 (3.5)

Proof. The case with £ = 1 shows a deviation from other values of ¢. We treat the case with
¢ =1 separately. The basis of Vlé’p is specified by two nonnegative integers:

|k,m) = HkPS” |0, p) .
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The next relation obtained from (3.2) is useful in the following computation:

Pylk,m) =2kplk — 1,m) + k(k — 1) |k — 2,m +1).. (3.6)
The level is N = k + m so that the basis of (Vf’p ) v is given by

|m, N —m), 0<m<N.

is

The product of two vectors in (Vl‘s’p)N

(N —k,k|m,N —m) = (N —k,0| PY =P} |m,0). (3.7)

It follows from (3.6) that P¥ |m,0) is a linear combination of |m — k — j,j) with 0 < j < k.
Therefore, P¥ |m,0) = 0 if & > m. Thus we have proved the following lemma:

Lemma 1. (N —k,k|m,N —m) =0 if k > m.

By definition A%) is given by (up to sign)

(N,0]0,N) (N,O|1,N—1) ... (N,0|N,0)
@ |(N=1,0[0,N) (N-1,0/1,N=1) ... (N-1,0[N,0)
AN = . . . . .

O,N|O,NY  (O,N|LN-1) ... (ON|N,0)

By Lemma 1, Ag\lf) is the determinant of upper triangular matrix. Thus

N
Ag\l,): H (N —m,m|m,N—m).

m=0

Each factor is calculated by (3.7) as follows
(N —m,m|m,N —m) = (N —m,m| B} "™Py" N —m,m) = (N —m)lm!(2p)",

where we used the relation obtained from (3.6): P}" |m,0) = (2p)"m!|0,0). This completes the
proof of (3.4).

Now let us turn to the case with ¢ > 2. In this case A%) # 0 only if N = 1. As we shall

see, this fact stems from that at least two rows of A%) are proportional if N > 1. The basis

4
of (Vf’p ) is given by (3.1) with the constraint N = k + ) im,. First we prove the following
i=1
lemma:

Lemma 2. In the subspace (Vf’p)N we have the relation
(0
<05 n ‘ k;’ m> = fN@(p)(SkN?

where fj(\f’)n(p) is a function of p determined by £, N and |0,n).
Proof. By definition

141
l 4
N = Zmz = k—FZZmZ
i=1 =1
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Because of (3.2) the right hand side of (3.8) will be a linear combination of the terms
<67p| Hklpgill o P(;né |57p> )

with the condition mj > my for all k. However, such terms give nonvanishing contributions

only if
K=mi=mh=-=m)=0.
This implies my = 0 for all k, i.e., k= N. |

It follows from Lemma 2 that two rows in A%) labelled by (0,n| and (0,n/| are proportional.

If N > 2 then there exists at least one such pair of rows, but no such pair for N = 1. Thus
A%) =0 if N > 2. On the other hand the N = 1 subspace is two-dimensional with the basis

11,0), 0, €1) where 0 denotes the zero vector in R. Thus Agg) is computed as follows

Ag) = = = —(0+1)*p*.
(0,e111,0) (0,e1|0,€1)] [(+1)p 0O
This completes the proof of Proposition 1. |

Proposition 2.

i) Vf’p is irreducible if £ =1 and p # 0.
i1) Vf’p is reducible if £ > 2 and p # 0.

ii1) Vf’o is reducible for all values of €.

Proof. (i) is the corollary of Proposition 1(i). Proposition 1 also suggests the existence of
singular vectors in Vf’o for any ¢ and in Vf’p with £ > 2 and p # 0. In the next section we shall
show that this is indeed the case. Thus we establish (ii) and (iii). [

4 Singular vectors in Vf’p

In this section we give explicit formulae of the singular vectors in Vf’p . We do not give a complete
list of singular vectors, but the list given below is enough to show the reducibility of Vf’p
(Proposition 2) and derive differential equations having g, as a symmetry in the next section.
Before giving the list let us recall the definition of singular vectors. A singular vector |vs) € Vf’p
is yet another lowest weight vector which is not proportional to |J, p). Namely, |vs) satisfies the
conditions:

lvs) #Cl6,p), Dlvg) =6"|vs), Prlos)=p"|vs), Xlvg)=0, VXeg,. (41)

According to Proposition 1, singular vectors in Vf’p may be different for p # 0 and p = 0. We
treat these cases separately.

41 p#0

In this case the Verma modules over £ = 1 algebra have no singular vectors. For the algebra gy

with ¢ > 2, singular vectors may exist only in the subspace (Vf’p ) N With N > 2.
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Proposition 3. Following are the singular vectors in V;’p for € >2
(8(2n))k |67 p> ’ (S(2n+1))k ’5’p> ’ k= 1’ 27 Tt (42)

where n takes the value of a positive integer. The mazximal value of n is determined by £ and N
in such a way that SV and StV given below are well-defined

(=) 0 +2n)!

n—1
S = ppy o, + Z ajPp—ontjPoe—j+

4.
= 2 (e 4
{4+2n+1
S@nt1) _ 2Py oy g — ——— 1 P, 5 (2n)
P y—on—1 (n+%)(€+1) -1
n—3i042n+1 il
— 2 P,P,n—E:UP,n<P,; 4.4
n+% I+ 1 bro—174-2 j:1g62+gz]1, ()
where
, (0 + 2n)! n—3i—j 00+ 2n + 1)!
= (1) 2 by = (apt 2] A ]

€+ )N+ 2n—j) n+3 (+7+DU+2n—5)

Proof. We show that the vectors in (4.2) satisfy the conditions in (4.1). It is obvious that the
vectors in (4.2) are annihilated by P, € g, and are eigenvectors of P, with the eigenvalue p. It
is also easy to verify that

[D, (S@¥] = 2nk(SE N [D, (S = (20 4 1)k(SE*D)*,
It follows that the vectors in (4.2) are the eigenvectors of D:

D(S)* 18,p) = (6 + 2nk) (S*) " |5,)

D(SP0)"16.p) = (8 + (20 + 1)) (SCV)* 10.p).
Finally, from the commutation relations

[C, 8] = (£ +2n)Pr_gpi1(p — Po),

0+2n)({+2n+1)
(n+3)(¢+1)

[C, 8+ D] = {p(z +2n+1)Ppy, — ( Py 1Pyont1

(=)™ 0 +2n+1)!
on+1 (L+n))2

L)y a2+ 1)
2:( ) ( )

PronsiPri b (p— Pp),

j=1

one can immediately see that C(SZ™)F |0) = C(SE D)k |0) = 0. ]
Proposition 4. Following are the singular vectors in Vf’p for £ >2

(T 5.0y, k=1,2,..., (4.5)

where n takes a value of positive integer. The mazimal value of n is determined by £ and N in
such a way that T given below is well-defined

T(2n+1) — Pf—l ((e + 2)P€2_1 — 2p(€ + 1)Pé—2)n
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+§ ¢ PRIV pl P, 3+§ jd PP (4.6)
where
n—1 2p(¢ + 1)\’ .
o _apET ) = 1 2)"
c; ( j >< 2 co, dq p(l+1)(€+2)

Other coefficients co, d; (j <1 < n) are determined by the relations
(] + 1)(f + 2)dj+1 + (2n — 25+ 1)p(£ + 1)dj + (E + 3)Cj71

(1) vptesar =0 =12

with Cln+1 =0.

Proof. One can prove this in a manner similar to Proposition 3. Due to the commutativity
of P, we can immediately see that the vectors in (4.5) are annihilated by P, € g, and are
eigenvectors of Py with the eigenvalue p. Using the defining commutation relations (2.1) the
following relations can be verified without difficulty:

D(TE N 16, p) = (6 + (2n + 1)k) (T )" 16,p), (47)
[C, T = F(Py_y, Pr_g, Po_3) (P — p), (4.8)

where F'(z,y,z) is a function of three variables and we do not need the explicit form of it. It
follows from (4.8) that C(T(2”+1))k |0, p) = 0. Thus the vectors in (4.5) satisfy the definition of

singular vector. [}
4.2 p=0

In this case singular vectors in V;’O may exist for all values of £ and N. We have the singular
vectors inherited from the case of p # 0.

Proposition 5. Following are the singular vectors in V‘S’O
PEL15,0), (81500, (P 8C) 500, k=12, (4.9)

where n takes the value of a positive integer. The mazimal value of n is determined by ¢ and N
in such a way that S given below is well-defined

X (—1)HI2((L 4 n)!)2
P, Pr_j + P?
Z; T 0(E+2n— ) 2t T i

Proof. It is easy to verify the relations:
[D,PF,]| =kP},, [C,Pf]=k(+1)P P

It follows immediately that P, |6,0) is a singular vector with & + k as the eigenvalue of D.
Next we set p =0 at (4.3), (4.4) and (4.6). Then we find the following reduction (up to overall
constant):

5(271)*)3(2”), 8(2n+1)*>Pg_1S(2n), T(2n+1)*>Pé2f;rl-

This means that the vectors in (4.9) are singular vectors. It is also an easy task to verify
directly that the vectors (SZ™)¥(5,0), (P,_1S?™)*|5,0) satisfy the definition of singular vec-
tor (4.1). [
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5 Differential equations symmetric
under the kinematical transformations generated by g,

5.1 General formalism

The singular vectors obtained in previous section can be used to derive partial differential
equations having particular symmetries. The symmetries are generated by gy, i.e., the symmetry
group is the exponentiation of gy, and the partial differential equations are invariant under the
change of independent variables, i.e., the kinematical symmetries, caused by the group. This
can be done by applying the method developed for real semisimple Lie groups in [16]. In this
subsection we give a brief review of the method with suitable modification for the present case
(see also [1, 2, 5]).

The basic idea is to realize the Verma modules in a space of C*°-class functions. Let G be
a complex semisimple Lie group and g its Lie algebra. The Lie algebra g has the triangular
decomposition g = gt @ g° ® g~. The corresponding decomposition of G is denoted by G =
G1GoG-. Consider the space of C*°-class functions on G having the property called right
covariance:

Cr = {f € C™(G)| f(gzg-) = " f(g)},

where A € g* (algebra dual to g¢), g€ G, H € g°, x = ef! € Gy, g_ € G_. Because of the right
covariance, the functions of C are actually function on G/B with B = GyG_, or on G. We
keep using the same notations for the restricted representation space of functions on G;. Then
one may define a representation T* of G by a left regular action on Cj:

(T =flg'd), 9.9€GC.

The infinitesimal generator of this action, which is the standard left action of g on Cy, gives
a vector field representation of g on Cjy:

d
e—TXg)

L (X)f(g) = dr (

, Xeg, geq.
7=0

We introduce the right action of g on Cy by the standard formula:

d

mr(X)f(g9) = ar

, Xeg, gedG.

One may show by the right covariance that the function f € C has the properties of lowest
weight vector:

mr(H)f(9) = AMH)f(9),  7r(X)f(9)=0, Heg’, Xeg .

This allows us to realize the Verma module VA ~ U(g*)vy with the lowest weight vector vg in
terms of the function in Cy and differential operators mr(X), X € g™.

Now suppose that the Verma module V* has a singular vector. The general structure of
a singular vector is

US:P(XlaX27"->Xs)UOa Xk €g+,

where P denotes a homogeneous polynomial in its variables. The singular vector v, induces the
Verma module VA ~ U(g")v, with the lowest weight A’. Thus the differential operator 7z(P)
is an intertwining operator between the two representation spaces Cy and Cy, i.e.,

wr(P)T™(g) = T (9)mr(P). (5.1)
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Suppose that the operator mr(P) has a nontrivial kernel
mr(P)Y =0, (5.2)

for some function ¢ on G1. The intertwining property (5.1) assures that the equation (5.2) is
invariant under the kinematical transformations by G.

Tr(P)T*(9)¢ = T (9)mr(P)¢ = 0.
5.2 Hierarchies of differential equations
Now let us apply the scheme in Section 5.1 to the group generated by g,. We parametrize an
(-1
element of G as g = exp(tH) exp ( > mnPn>. Then the right action of g, yields
n=0

o o =9
mr(Pn) =5~ mr(H) =5+ > it O 1

From (5.2), Propositions 3 and 4 we obtain the following hierarchies of partial differential equa-
tions.

Proposition 6. If p # 0 then the following equations are invariant (in the sense of Section 5.1)
under the group generated by gy

k
4 S 0 (=)™ 1€ +2n)! 02
paa:e,% * ;aj O0x¢_op1 ;0T Tt (£ +n))2 022 P(z) =0, (5.3)
Ovg-sn-1 (n+3)(0+1)0ze-r \ 15 7 OmenyiOrey 2 (E+nm))?0af,
k
{+2n+1 0?2 n-l 92
- 2% = 4
t+1 pal‘f—le—Zn Z b] 8$£_2n+j$£_j_1 w(x) O’ (5 )
7=1
9 o° 0\ = 9 N\ D 9 NI g
0xp_1 <(€ +2) ou? | 2p(¢ + 1)3W—2> + jz; ¢ <aﬂfz—1> <8x4_2> T
2n—2j+1 A\ F
n 9 n—2j P j
i ]z; & <3xe_1> (8.’54_2) ¥(z) = 0. (5.5)

We have obtained highly nontrivial differential equations. To have a close look at the equa-
tions, we give examples of the hierarchies of equations for n = 1,2. For n = 1, the equa-
tions (5.3)—(5.5) are as follows

k
0 (+2 9
<p8x€_2 - 2(£+ 1) a$%_1> 17[}(33) - O)

k
o  L+3 8 ((+2)(t+3) &
2 o =
(p Oxg_3 L+ 1pa$g_281’g_1 + 3((+1)2 0a3_, Y(z) =0,

k
o3 0? 30+1)2 5, 0
((5 + 2)78332_1 30+ 1)p3$e_1856e—2 + 713 D 0213 P(x) = 0.
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The corresponding equations for n = 2 are given by

k
9, (+4 0? (+3)(L+4) 06 B
(p Ores 0+ 10w 300 200+ 1)(0+2) 022, Yl) =0,
o 0 L+5 0? (€ +4)(€+5) 0?
P oz s~ 011702040201 500+ 1)+ 2) 0zp_3070_s
k
2(0+4)(€ +5) 03 (L3 + (L +5) 3 (2) = 0
5(0+1)2 Qw3027 504+ 1)2(0+2) Oxp_o90xi1 o

o° ot 3+ 1)2(0+2) 3
(4 2)? —5(L+1)(L+2 2
(( B e LI N S - R P

k
o° 6(0+1)° 92
6(¢+1)%p? - 3 = 0.
+ ( + )p 6x4,18x§_2 £+ 3 P 833@_282Ug_3 ¢($)

By a similar method we obtain, from (5.2) and Proposition 5, the invariant equations for
p=0.

Proposition 7. If p = 0, then the following equations are invariant (in the sense of Section 5.1)
under the group generated by gy

( agjf b(z) =0,

”il n+J2 g_'_n) )2 82 82
(L4 )N +2n — j)! Oxp_9p4;0z¢—; 6.%%7”

=1

0 O (= 1)"HI2((0 4 n))? 02 02 B
< > Z;£+_ + (@) = 0.

.

Oxyg_1 INE+2n — ) Oxp_o0pnyjO0xe—;  OxF_,

6 Irreducible lowest weight modules of g,

We have shown that the Verma modules over g, are reducible in many cases (Proposition 2).
It is known that the Verma module is, in a sense, the largest lowest weight module. That is,
one can derive all irreducible lowest weight modules starting from the Verma module Vf’p . The
purpose of this section is to obtain some types of irreducible lowest weight modules explicitly.
Our results are summarized in the next theorem.

Theorem 1. The lowest weight modules over gy given below are irreducible:
e p#0
i) the Verma module V‘S’p for (=1;
i1) the quotient module V for £ > 2. This module is infinite-dimensional with the basis

vectors HkPﬂl‘uo >, where k, m are nonnegative integers. See Lemma 5 for the

definition of the lowest weight vector ‘ué€)>.
o p= 0

i) if 20 + k = 0 for a nonnegative integer k then the module isomorphic to the k + 1
(=2|9| + 1) dimensional module of sl(2,R);
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1) if 20+k # 0 for any nonnegative integer k then the module isomorphic to the infinite-
dimensional module of s((2,R).

Theorem 1 coincides with the results in [28].

6.1 Proof for p #0

The Verma modules Vf’p are reducible for £ > 2 so we restrict ourselves to £ > 2. We consider
the quotient module Vf’p /Z®?) where Z(?) is the largest gg-submodule of Vf’p . Since there is no

singular vectors in the N = 1 subspace (Vf’p )1, Z® will be induced by the singular vector in
the N = 2 subspace.

Lemma 3. There exists precisely one (up to an overall constant) singular vector in the N = 2
5p . A
subspace (V,"")2. This singular vector is given by

[0 = (2p(€ + 1) Prg — (£ +2)P)) |0, p) .

Proof. The basis of (V ), 1512,0),1,€1),]0,2€e1) .10, €2). The singular vector }vs ) is a linear
combination of the basis:

[vP) = c112,0) + c2 1, 1) + €3]0, 2e1) + 4]0, €2) -
It must satisfy the condition
0= Prq|vl?) = 2(£+ 1)pey [1,0) + (€ + 1)(Ler + pe2) 0, €1) -
Thus ¢; = ¢g = 0. Furthermore, the condition C"v§2)> = 0 yields the relation
2(0+ 1)pez + (04 2)cqy = 0.
This proves Lemma 3. |
Define Z(?) = U(gzr)‘v§2)>, then Z(?) is the largest g-submodule in Vf’p. Let ’u(()2)> be the
lowest weight vector in Vf’p /Z?). Then
Dluy”) = lug”),  Pelug”) = plug”),

- €—|—2
Xlug?) =0, Xegr.  Profuy))=

2
It follows that the basis of Vf’p /I(Q) is given by
[k m®) = HEPP P By fug?),

2) _

where m(® = (m1,0,ms, ..., my) € RY. Observing the relation

¢
D[k, m®) = <5+ k+my + szz> ke, m®),

1=3

4
we define the level N2 in the quotient space Vf’p/lm) by N® = k+mq+ 3 im;. The vectors
i=3
{]1,0),10,€1)} and {|2,0),]1,€1),]0,2¢1)} form a basis of N = 1 and N = 2 subspaces of
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Vf’p /T, respectively. The Shapovalov determinant for N(2) = 1 subspace is same as (3) and
given by (£ + 1)%p?. While that for N(?) = 2 subspace is calculated as follows

(2,012,0)  (2,0]1,e1)  (2,0[0,2¢1)
(Lel2,00 (Lalle) (L)
(0,2¢112,0) (0,2¢1|1,€1) (0,2¢1]0,2¢€1)
4(26 +1)6 226 + D)(£+1)p 2(4+1)%p?
= |2(20 + 1)(£ + 1)p (0 +1)%p? 0 = —4(0 4 1)5°
20+ 1)%p? 0 0

Therefore there exist no singular vectors in N (2) = 1,2 subspaces. On the other hand, one finds
a singular vector in the N = 3 subspace.

Lemma 4. There exists precisely one (up to overall constant) singular vector in the N @ =3
subspace of Vf’p/l'@). The singular vector is given by

o)) = (3020 + 1)2Prg — (£ +2)(C+3)PE,) |uf).
Proof. The lemma can be proved in a way exactly similar to Lemma 3. The basis of the level
N@) = 3 subspace is given by

|3vg>a |27§1>7 |172§1>a ’0> 3§1>7 |07§3>

The singular vector ‘v§3)> is a linear combination of the basis:

‘U.g3)> = |37 Q> +c2 ‘27§1> +c3 ‘17 2§1> tey ‘07 3§1> +cs5 ’07§3> :
It must satisfy the condition
0= Ppq|vl?)

(L+2)0—-1)

=3 2.0 3¢ 2 1
pey [2,0) + (3fer + 2pea) | 7§1>+< 20+ 1p

c1+Leg + (£ +1 p03) |0,2¢1) .

Thus ¢; = ¢o = ¢3 = 0. Furthermore, the condition C‘v§3)> = 0 yields the relation

3(0+ 1)pcy + W% =

This proves Lemma 4. |

The vector ’v§3)> is singular only in the quotient space Vf’p /Z® and not in Vf’p itself. Such
vector is called subsingular [17, 18].

It follows from Lemma 4 that the subspace Z(3) = ‘ § > is the largest gy-submodule in
’p/I(Q) Now we consider the quotient space V} ’p/I /I 8) = (Vf’p/I(z))/I(S). The lowest

weight vector ‘uo > of this quotient space is defined by

Dlug’) =dlug”),  Frlug”) =plus?),  X|ug")=0.  Xeq,

5 (+2 3 (C+2)(£+3)
Péﬂ\“éme ug”), Peoslug >:WP€—1\“0 )-

The basis of Vf’p/I@)/I(?’) is given by
k 3
HY PP PP - By fug?),
4

and we define the level N®) =k +m; 4+ 3" im;. With this setting one can show the followings:
i=4
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i) the Shapovalov determinant does not vanish for 1 < N (3) < 3 so that there exist no
singular vectors in the subspaces with N () =1,2,3;

ii) there exists a unique singular vector in the level N®) = 4 subspace.

By the singular vector in N (3) = 4 subspace, one can define the largest gy-submodule ZW in
Vf’p/I(Q)/I(?’) and consider the quotient space Vf’p/I(Q)/I(?’)/I(‘l).

In fact, one can repeat this process until we arrive at Vf’p JZ®?) /... /7). This is assured by
the next lemma:

Lemma 5. Suppose that we have arrived at the quotient space Ve(/\) = Vf’p/I(Z)/‘--/IO‘),
2 < A< /{. Namely, we have the quotient space with the basis

PP B,
where ’ué)‘)> 1s the lowest weight vector in VE(A)’ defined by

Dlug”) =dlug”).  Pilug’) =plug”),  X]ug”)=0.  Xeg,

£+2 JE+3)---(l+a) o |
Py a\ >_ 10 4 Do Pl lug), =2,3,...,\ (6.1)
Then
i) VZ(A) s the graded vector space:
Ve(/\) _ @ (Vé()\))NO‘)v (VK()\))N(M _ { v) € VZ(A) |D|v) = (5+N(’\)) v) }’
N =0
¢
NO = ktmt Y ims
i=A+1

1) The subspace (Vﬁ(/\))NW has a nonvanishing Shapovalov determinant if 1 < NV < X. The
Shapovalov determinant is given by (up to a sign factor)

N®)
Ay = (p(¢ + 1))NVVEVHD TT p(NO — k)1, (6.2)
k=0
This implies that there exists no singular vectors in the level N subspaces if I<NM <.

iii) If 2 < X< {€—1, then there exists precisely one (up to overall constant) singular vector in
the N = X\ +1 subspace of VZ()\)' The singular vector is given by

[ODY = (A + DI ME+ 1 Py = (L+2)(E+3) - (L+ A+ 1) P HuM).(6.3)

Proof. (i) Can be trivially proved. (ii) Suppose that 1 < N < X, then the basis of (Ve()\))zvm
is given by |k) = HN(X)_kng_1|u(({\)> with k = 0,1,..., N®. The equality in the next equation
is up to a sign factor:

O\N’\> (O] NV —1) ... (0]0)

1|N’\> (I NX —1) ... (1]0)
Anoy = . (6.4)

<N(’\) | N(A)> <N(/\) } NO) _ 1> : <N(’\) ‘ 0)
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The lower triangular entry of (6.4) is given by

(m|NO = &) = (u{V| Ppr, NV PN WY,k <m. (6.5)
Using the commutation relations

(C,H"] = 2kH"'D + k(k — 1)H*"Y,  [C, P[] =k(¢+1)PF P,
we see that (6.5) is a linear combination of

(I | Pp HI PP |y, max{k — N +m,0} < j < k. (6.6)

The lower bound for j corresponds to the two possibilities N —m < k or N —m > k. By the
relation

[H. P}y = —m({+ )P Py,
the equation (6.6) is further reduced to
WP P ) = o

The last equality stems from m — j > 0 which is due to the range of j and k < m. Thus all the
lower triangular entries of (6.4) vanish.

The diagonal entries of (6.4) correspond to (6.5) with m = k. Thus they are expanded
into a linear combination of (6.6). Because of m = k there exist precisely one term in the
expansion which gives the nonvanishing contribution. Writing the coefficient explicitly, that
term is given by

(NO — k) (€ + 1)) NV =F D | Pk 5 |ulM) = KN = B)(p(e + 1)N

The formula (6.2) immediately follows from these results.

(iii) The basis vectors of level NA = X + 1 subspace are Pg_)\_l‘u(()A)> and |k) =
H)‘H*kPe’il‘u(())‘)> with £ = 0,1,...,A + 1. The singular vector is a linear combination of
these vectors:

A+1

‘ A—H Za“k + BPr_»_ 1}u >
k=0

The condition Pry [0l = 0 yields

(+1

(A +1-n) <p(€+1)an+< ;

) AN+2-— n)an_1> H)‘_”Pgll}u(o/\)>

. >\—|—1—n—|—]) \
_HN P P - <n <A
+;<y+1> (A —n)! ugVy =0,  0<n<

It follows that a; = 0 for 0 < j < A. Thus the singular vector yields

[0 = (a1 P + B A1) [ufY).

(A+1) >

The condition C‘vs = 0 gives the relation

A+ DIPME+ D angs + (E+2)(0+3) - (E+A+1)3=0.

This implies the uniqueness of the formula (6.3) of the singular vector. We remark that if A = ¢
then the vector corresponds to Py_y_1 does not exist. Thus a1 = 0, so that no singular vectors
at level £ + 1. |
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Now we consider the module Ve([) = Vf’p/I(Q)/- --/Z®). The basis of this space is H* P}, ’u((f)>
where ‘u((f)> is the lowest weight vector defined by (6.1) with A = ¢. By Lemma 5, there exist

no singular vectors in the subspaces of V€(£) labelled by N =1,2,...,¢. For N® > ¢+ 1 the
singular vectors may be written as

N©)
o) = > arHE PN [ug).
k=0

The condition Py }v§€)> = 0 yields

N®
{+1 k! . o _
ZZ%( ' > S HY P P Mgy = 0.

From the above relation we can see that o, = 0 (k # 0). We also see that ag = 0 from
0=C|ol) = apNO ¢+ 1)pPN) " u?).
Thus there are no singular vectors in Vg(é). That is, Vg(e) is an irreducible gy,-module.

6.2 Proof for p =0

From Proposition 1 if p = 0, then A%) = 0 for all values of ¢ and N. Thus there will be singular

vectors at level N = 1 subspace of Vf’o and they may be of the form
lvs) = (aH + BPy_1)0,0) .

It is easy to see that
Py |vs) =0, k>0+1, C'lvs) =20 [6,0) .

Thus there are two possibilities:

a) a =0 and ¢ is arbitrary (so we take § # 0). In this case there exists precisely one singular
vector at N =1 and it is given by Py_1 |0, 0).

b) § =0 and « is arbitrary. In this case there exists two independent singular vectors given
by H |0,0), and P;—10,0).

We treat these cases separately.

(a) 0 # 0: The largest gy-submodule in Vf’o is ZW) = U(g})Pr—116,0). The lowest weight
vector ’u(()l)> of the quotient space Vf’0 /I(l) is annihilated by P,_; in addition to any element

4
of g/ . The basis of 1/£670/I(1) is HFP)"% ... Py ‘ugl)> and we set N = k+ 3" im;. The N =1
i=2

subspace is spanned by only one vector H ‘u(()l)> so it is easy to see that there exists no singular
vectors in N = 1 subspace. It is also easy to see that there exists precisely one singular vector
in N = 2 subspace and it is given by Pg,g‘uél)>. Thus Z(?) = U(gj)Pg,g‘uél)> is the largest
ge-submodule in Vf’O/I(l), so that we consider the quotient Vf’O/I(I)/I@). Similar to the p # 0
case in Section 6.1 one can repeat this process again and again until Vf’o JTMV /. jT@),
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Lemma 6. Suppose that we arrived at the quotient space Vz()‘) = Vf’O/Z(l)/ IV 1 <AL
£ — 1. Namely, we have the quotient space with the basis

HEPS? - By fug ),
where |u$™) is the lowest weight vector in V™) defined by

Dluiy = 6[uM),  Clu{V) = BluiMy =0, f-A<k<2t
Then

i) VE(A) is the graded vector space:

V= @ VMyorr V) e = {1y e VY Do) = (5 + NV) o) },
NN =0
?
=\+1

1) The subspace (Ve(/\))]v(x) does not have any singular vector if, 1 < NN < A.

iii) There exists precisely one singular vector Pg_)\_llué)‘)> at level NN = X\ + 1 subspace.

Proof. (i) Can be easily proved. (ii) The subspace (Vg(’\)) N is spanned by only one vector
gN» ‘u(())‘)> if 1 < N < \. It is easy to see that the vector is not annihilated by, for instan-
ce, Pg, A-

(iii) A singular vector at level NN = X + 1 subspace is written as

vg) = (aH M + BPé—A—l)‘U(()/\)>-
From (3.2) if 1 < A </ —1 we have
Pylvg) ~ ong_)\_l‘uéA)% Clvs) = a(A+1)(20 + /\)H)“uéA)>.

It follows that a = 0, and [ is arbitrary. |

Now we analyze Ve(g) in a more detailed manner. The basis of Ve(é) is |k) := H k‘ué€)>.
From (3.2) we see that P,|k) = 0 for all £ and n. Therefore, only the sl(2,R) subalgebra
(spanned by H, D, C) of gy has nontrivial action on VK(Z). Namely, Vé(g) is isomorphic to
a s[(2, R)-module. Vé(g) is also a graded vector space. Each subspace (labelled by the positive
integer k) is one-dimensional with the basis vector |k). Since C'|k) = k(20 + k — 1) |k — 1), if
20+k—1 = 0 then |k) is the unique singular vector in Vé(g). The quotient module VE(Z) JU(g)) |k)
is k-dimensional irreducible module of s[(2,R).

(b) § =0:Let J = U(g,)H |0,0) and consider the quotient VEO’O/J. This space is spanned
by P, --- Py" |vg) with the lowest weight vector |vg). Now we repeat the same process as in the
previous cases and see that the space shrinks step by step to the linear span of P,"% - - Pj™ |vg),
P - Py |vg), ete. Finally, we arrive at the irreducible one-dimensional space which gives
the trivial representation of g,.
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7 Concluding remarks

The main results of this work are the following: Explicit formulae of singular vectors in Vf’p
over gy (Propositions 3, 4 and 5). Hierarchies of partial differential equation symmetric under
the transformations generated by gy (Propositions 6 and 7). Irreducible lowest weight modules
of gy (Theorem 1). In the present work and in [4, 5, 28] the irreducible lowest/highest weight
modules of the d = 1 CGA and invariant differential equations have been investigated in full
detail. However, the structure of irreducible modules of the CGA for d > 2 (especially higher
values of ¢) is still an open problem. Another interesting problem may be a relation of the
representation of CGA and orthogonal polynomials. In this regard we would like to cite [38]
wherein a relation between the representation of the Schrédinger group and a discrete matrix
orthogonal polynomial has been discussed in detail. However to the best of our knowledge no
such relationship between orthogonal polynomials and the representation of CGA is known.
A key observation for such polynomials might be the formulae of singular vectors presented in
Section 4. Because they are multivariable polynomials on P,’s and orthogonal with respect to
the inner product (3.3). A thorough investigation of this aspect is beyond the scope of the
current work and hence will be reported elsewhere.

Acknowledgements

The work of N.A. is supported by the grants-in-aid from JSPS (Contract No.26400209). J.S. ac-
knowledges the hospitality of OPU, where part of this work was completed. R.C. was financially
supported through the MOST grants 102-2811-M-005-025 and 102-2628-M-005-001-MY4 in Tai-
wan. He would like to thank Professor Naruhiko Aizawa for the invitation to visit Osaka Pre-
fecture University and also for the hospitality extended to him during his stay.

References

[1] Aizawa N., Dobrev V.K., Doebner H.-D., Intertwining operators for Schrodinger algebras and hierarchy of
invariant equations, in Quantum Theory and Symmetries (Krakéw, 2001), Editors E. Kapuscik, A. Horzela,
World Sci. Publ., River Edge, NJ, 2002, 222-227.

[2] Aizawa N., Dobrev V.K., Doebner H.-D., Stoimenov S., Intertwining operators for the Schrodinger algebra
in n > 3 space dimension, in Proceedings of the VII International Workshop on “Lie Theory and its
Applications in Physics”, Editors H.-D. Doebner, V.K. Dobrev, Heron Press, Sofia, 2008, 372-399.

[3] Aizawa N., Isaac P.S., On irreducible representations of the exotic conformal Galilei algebra, J. Phys. A:
Math. Theor. 44 (2011), 035401, 8 pages, arXiv:1010.4075.

[4] Aizawa N., Isaac P.S., Kimura Y., Highest weight representations and Kac determinants for a class of confor-
mal Galilei algebras with central extension, Internat. J. Math. 23 (2012), 1250118, 25 pages, arXiv:1204.2871.

[6] Aizawa N., Kimura Y., Segar J., Intertwining operators for ¢-conformal Galilei algebras and hierarchy of
invariant equations, J. Phys. A: Math. Theor. 46 (2013), 405204, 14 pages, arXiv:1308.0121.

[6] Alishahiha M., Davody A., Vahedi A., On AdS/CFT of Galilean conformal field theories, J. High Energy
Phys. 2009 (2009), no. 8, 022, 16 pages, arXiv:0903.3953.

[7] Andrzejewski K., Galajinsky A., Gonera J., Masterov I., Conformal Newton—-Hooke symmetry of Pais—
Uhlenbeck oscillator, Nuclear Phys. B 885 (2014), 150-162, arXiv:1402.1297.

[8] Andrzejewski K., Gonera J., Dynamical interpretation of nonrelativistic conformal groups, Phys. Lett. B
721 (2013), 319-322.

[9] Andrzejewski K., Gonera J., Unitary representations of N-conformal Galilei group, Phys. Rev. D 88 (2013),
065011, 9 pages, arXiv:1305.4777.

[10] Andrzejewski K., Gonera J., Kijanka-Dec A., Nonrelativistic conformal transformations in Lagrangian for-
malism, Phys. Rev. D 87 (2013), 065012, 6 pages, arXiv:1301.1531.

[11] Andrzejewski K., Gonera J., Kosiniski P., Maslanka P., On dynamical realizations of l-conformal Galilei
groups, Nuclear Phys. B 876 (2013), 309-321, arXiv:1305.6805.

[12] Andrzejewski K., Gonera J., Maslanka P., Nonrelativistic conformal groups and their dynamical realizations,
Phys. Rev. D 86 (2012), 065009, 8 pages, arXiv:1204.5950.


http://dx.doi.org/10.1142/9789812777850_0021
http://dx.doi.org/10.1088/1751-8113/44/3/035401
http://dx.doi.org/10.1088/1751-8113/44/3/035401
http://arxiv.org/abs/1010.4075
http://dx.doi.org/10.1142/S0129167X12501182
http://arxiv.org/abs/1204.2871
http://dx.doi.org/10.1088/1751-8113/46/40/405204
http://arxiv.org/abs/1308.0121
http://dx.doi.org/10.1088/1126-6708/2009/08/022
http://dx.doi.org/10.1088/1126-6708/2009/08/022
http://arxiv.org/abs/0903.3953
http://dx.doi.org/10.1016/j.nuclphysb.2014.05.025
http://arxiv.org/abs/1402.1297
http://dx.doi.org/10.1016/j.physletb.2013.03.020
http://dx.doi.org/10.1103/PhysRevD.88.065011
http://arxiv.org/abs/1305.4777
http://dx.doi.org/10.1103/PhysRevD.87.065012
http://arxiv.org/abs/1301.1531
http://dx.doi.org/10.1016/j.nuclphysb.2013.07.026
http://arxiv.org/abs/1305.6805
http://dx.doi.org/10.1103/PhysRevD.86.065009
http://arxiv.org/abs/1204.5950

Lowest Weight Representations of Conformal Galilei Algebras 19

[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
23]
[24]
[25]
126]

27]

(28]
29]
(30]
(31]
(32]
(33]
(34]
(35]
(36]
(37]

(38]

Bagchi A., Gopakumar R., Galilean conformal algebras and AdS/CFT, J. High Energy Phys. 2009 (2009),
no. 7, 037, 22 pages, arXiv:0902.1385.

Balasubramanian K., McGreevy J., Gravity duals for nonrelativistic conformal field theories, Phys. Rev.
Lett. 101 (2008), 061601, 4 pages, arXiv:0804.4053.

Dixmier J., Enveloping algebras, North-Holland Mathematical Library, Vol. 14, North-Holland Publishing
Co., Amsterdam — New York — Oxford, 1977.

Dobrev V.K., Canonical construction of differential operators intertwining representations of real semisimple
Lie groups, Rep. Math. Phys. 25 (1988), 159-181.

Dobrev V.K., Subsingular vectors and conditionally invariant (g-deformed) equations, J. Phys. A: Math.
Gen. 28 (1995), 7135-7155.

Dobrev V.K., Kazhdan—Lusztig polynomials, subsingular vectors and conditionally invariant (g-deformed)
equations, in Symmetries in Science, IX (Bregenz, 1996), Plenum, New York, 1997, 47-80.

Dobrev V.K., Doebner H.-D., Mrugalla Ch., Lowest weight representations of the Schrodinger algebra and
generalized heat Schrodinger equations, Rep. Math. Phys. 39 (1997), 201-218.

Galajinsky A., Masterov I., Remarks on I-conformal extension of the Newton—Hooke algebra, Phys. Lett. B
702 (2011), 265-267, arXiv:1104.5115.

Galajinsky A., Masterov 1., Dynamical realization of [-conformal Galilei algebra and oscillators, Nuclear
Phys. B 866 (2013), 212-227, arXiv:1208.1403.

Galajinsky A., Masterov I., Dynamical realizations of [-conformal Newton—Hooke group, Phys. Lett. B 723
(2013), 190-195, arXiv:1303.3419.

Hagen C.R., Scale and conformal transformations in Galilean-covariant field theory, Phys. Rev. D 5 (1972),
377-388.

Havas P., Plebanski J., Conformal extensions of the Galilei group and their relation to the Schrodinger
group, J. Math. Phys. 19 (1978), 482-488.

Henkel M., Schrodinger invariance and strongly anisotropic critical systems, J. Stat. Phys. 75 (1994), 1023~
1061, hep-th/9310081.

Hussin V., Jacques M., On nonrelativistic conformal symmetries and invariant tensor fields, J. Phys. A:
Math. Gen. 19 (1986), 3471-3485.

Kac V.G., Raina A.K., Bombay lectures on highest weight representations of infinite-dimensional Lie alge-
bras, Advanced Series in Mathematical Physics, Vol. 2, World Scientific Publishing Co., Inc., Teaneck, NJ,
1987.

Li R., Mazorchuk V., Zhao K., On simple modules over conformal Galilei algebras, J. Pure Appl. Algebra
218 (2014), 1885-1899, arXiv:1310.6284.

Lukierski J., Stichel P.C., Zakrzewski W.J., Exotic Galilean conformal symmetry and its dynamical realisa-
tions, Phys. Lett. A 357 (2006), 1-5, hep-th/0511259.

Martelli D., Tachikawa Y., Comments on Galilean conformal field theories and their geometric realization,
J. High Energy Phys. 2010 (2010), no. 5, 091, 31 pages, arXiv:0903.5184.

Mrugalla Ch., Quantum mechanical evolution equations based on Lie-algebraic and g-deformed symmetries,
Ph.D. Thesis, Technischen Universitdat Clausthal, 1997.

Negro J., del Olmo M.A., Rodriguez-Marco A., Nonrelativistic conformal groups, J. Math. Phys. 38 (1997),
3786-3809.

Niederer U., The maximal kinematical invariance group of the free Schrédinger equation, Helv. Phys. Acta
45 (1972), 802-810.

Nishida Y., Son D.T., Nonrelativistic conformal field theories, Phys. Rev. D 76 (2007), 086004, 14 pages,
arXiv:0706.3746.

Shapovalov N.N., A certain bilinear form on the universal enveloping algebra of a complex semisimple Lie
algebra, Funct. Anal. Appl. 6 (1972), 307-312.

Son D.T., Toward an AdS/cold atoms correspondence: a geometric realization of the Schrédinger symmetry,
Phys. Rev. D 78 (2008), 046003, 7 pages, arXiv:0804.3972.

Stichel P.C., Zakrzewski W.J., A new type of conformal dynamics, Ann. Physics 310 (2004), 158-180,
hep-th/0309038.

Vinet L., Zhedanov A., Representations of the Schrédinger group and matrix orthogonal polynomials,
J. Phys. A: Math. Theor. 44 (2011), 355201, 28 pages, arXiv:1105.0701.

Zhang P., Horvathy P.A., Non-relativistic conformal symmetries in fluid mechanics, Eur. Phys. J. C' 65
(2010), 607-614, arXiv:0906.3594.


http://dx.doi.org/10.1088/1126-6708/2009/07/037
http://arxiv.org/abs/0902.1385
http://dx.doi.org/10.1103/PhysRevLett.101.061601
http://dx.doi.org/10.1103/PhysRevLett.101.061601
http://arxiv.org/abs/0804.4053
http://dx.doi.org/10.1016/0034-4877(88)90050-X
http://dx.doi.org/10.1088/0305-4470/28/24/014
http://dx.doi.org/10.1088/0305-4470/28/24/014
http://dx.doi.org/10.1016/S0034-4877(97)88001-9
http://dx.doi.org/10.1016/j.physletb.2011.06.093
http://arxiv.org/abs/1104.5115
http://dx.doi.org/10.1016/j.nuclphysb.2012.09.004
http://dx.doi.org/10.1016/j.nuclphysb.2012.09.004
http://arxiv.org/abs/1208.1403
http://dx.doi.org/10.1016/j.physletb.2013.04.054
http://arxiv.org/abs/1303.3419
http://dx.doi.org/10.1103/PhysRevD.5.377
http://dx.doi.org/10.1063/1.523670
http://dx.doi.org/10.1007/BF02186756
http://arxiv.org/abs/hep-th/9310081
http://dx.doi.org/10.1088/0305-4470/19/17/014
http://dx.doi.org/10.1088/0305-4470/19/17/014
http://dx.doi.org/10.1016/j.jpaa.2014.02.012
http://arxiv.org/abs/1310.6284
http://dx.doi.org/10.1016/j.physleta.2006.04.016
http://arxiv.org/abs/hep-th/0511259
http://dx.doi.org/10.1007/JHEP05(2010)091
http://arxiv.org/abs/0903.5184
http://dx.doi.org/10.1063/1.532067
http://dx.doi.org/10.1103/PhysRevD.76.086004
http://arxiv.org/abs/0706.3746
http://dx.doi.org/10.1007/BF01077650
http://dx.doi.org/10.1103/PhysRevD.78.046003
http://arxiv.org/abs/0804.3972
http://dx.doi.org/10.1016/j.aop.2003.11.001
http://arxiv.org/abs/hep-th/0309038
http://dx.doi.org/10.1088/1751-8113/44/35/355201
http://arxiv.org/abs/1105.0701
http://dx.doi.org/10.1140/epjc/s10052-009-1221-x
http://arxiv.org/abs/0906.3594

	1 Introduction
	2 d=1 Conformal Galilei algebras g
	3 Verma modules and Shapovalov determinant
	4 Singular vectors in V,p
	4.1 p =0
	4.2 p=0

	5 Differential equations symmetric under the kinematical transformations generated by g
	5.1 General formalism
	5.2 Hierarchies of differential equations

	6 Irreducible lowest weight modules of g
	6.1 Proof for p =0
	6.2 Proof for p=0

	7 Concluding remarks
	References

