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On the recursive sequence 7, | = — %+

I+ IT %kt 1)t—k
=0
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Abstract. In this paper a solution of the following difference equation
was investigated

T
Tn+1 = 2 @etd) ’ 17,:0,]_72,,,,
14 [T Zn—(ks1ye—r
=0
where &_ 443y, T—(4k42)s---T—1,T0 € (0,00) and k =0,1,....
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1. Introduction

Difference equations appear naturally as discrete analogues and as
numerical solutions of differential and delay differential equations having
applications in biology, ecology, physics, etc [26].

Recently there has been a lot of interest in studying the periodic na-
ture of nonlinear difference equations. For some recent result concerning
among other problems, the periodic nature of scalar nonlinear difference
equations see, for examples [1-26].

Cinar, studied the following problems with positive initial values

Tyl = B el S
1+ arpzyp—1
ey = et
—14+ax,xn_1
. ATn—1
Tntl = 1+ bxpzn—1
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forn=0,1,2,...,in |2, 3, 4], respectively.
In [18] Stevic assumed that § = 1 and solved the following problem

Tn—1
14z,

Tpel = forn=0,1,2,...

where x_1,z¢ € (0,00). Also, this result was generalized to the equation
of the following form:
Tptl = Inl forn=0,1,2,...
(zn)
where z_1,z¢ € (0,00).

In [19, 20, 21| studied the following problems with positive initial
values:

T _ Tp-3
= —=
n+ 1*'xn71’
T Tn—5
1= 7
n+ 1+$n727
ITn-5
Tn+l1l =

1+ xp17p-3
forn =0,1,2,..., respectively.

In this paper we investigate the following nonlinear difference equation

€T _ o
Tptl = 2” (4k+3) forn=0,1,2,... (1)

L+ I Tpregyi—s
=0

where T_ 4143y, T_(4k42)s---5 T-1, Toand k=0,1,....

2. Main result

Theorem 2.1. Consider the difference equation (1). Then the following
statements are true.

a) The sequences (T(sp+ayn—(4k+3))s (T(ak+4)n—(4k+2))s - - - » (T(ak+4)n)
are decreasing and there exists ai,az, ..., a4x+4 = 0 such that

lim @ (4p 44y (4k+3)+t = Q1+t t=0,1,...,(4k + 3).

n—oo

b) (ai,az,...,a4+44,01,02,...,040+4,...) IS a solution of equation
(1) of period 4k+4.

3 3
c) tl;[O lm z g gyn— ket 1)tk = 05 ,tl;[[) Jim 24 gy (pa1ye = 0 or
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4
Hak+1)t+1—0 H k+1t—0

1
d) If there exists ng € N such that

H Tp—(k4+1)t—k = Tntl H Tn—(k+1)t—k
t=0 t=0

for all n > ng, then

lim z, = 0.
n—oo

e) The following formulas

L(4k+4)ntr(k+1)+s+1
4
<l__[1x—(mk+m—1)+s> /x(r—4)(k+l)+s+1
= T(r—a)(k+1)+s+1 | 1 — —— 3
1+ ( Hl x—(mk+m—1)+s)
n 4j+r

j=0i=11 + H L(k41)i—(mk+m—1)+s

where r =0,1,2,3 and s =0,1,...,k hold.
F) If vakgayns -1kt — ar # 0, (t =1,2,3) then T (apyayn436+4 —

0 asn — o0,.... If Pgpgayngthrr — ke 7 0, (t = 1,2,3) then
T (4kt4)n+ak+4 — 0 as n — oo.
Proof. a) Firstly, from the equation (1), we obtain
Tt 1 (1 + T k- (2h41) Tn—(3k42)) = Tn—(4k+3)-
If Tk, Tpe(2h41) Tr—(3k42) € (0, +00), then
(1 + Zn—kTn—(2k+1)Tn—(3k+2)) € (1, +00).

Since Tp11 < Tp_4k43), * € IV, we obtain that there exist

Lim T gpyayn—(akt3)+e = a1t =0, 1,0 (4k +3).
b) (a1, a2,...,a4014,01,02,...,04%14,-..) is & solution of equation

(1) of period 4k + 4.
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c) In view of the equation (1), we obtain

L(4k+4)n—(4k+3)

L(4k+4)n+1 = b

1+ Ho T (4k+4)n—(k+1)t—k
=

Taking limits as n — oo on both sides of the above equality, we get

lim x(
n—oo

Then

dk4)n1 = lim

L(4k+4)n—(4k+3)

n—00 2

1+ HO T (4k+4)n—(k+1)t—k
t=

3

3
Hnlgrgox(4k+4)nf(k+l)t7k =0or H a(k+1)t+1 = 0.
=0

Similarly,
3

t=0

4

Honlgilom(%%)n—(ml)t =0or H1 a(k+1)e = 0
t= t

d) If there exists ng € N such that T, xZTn_(2k11)Tn—(3k+2)
Tn1Tn—kTn—(2k4+1) for all n = ng, then a1 < agro < aggrs < asg44

ay, ..., (g1 < Qo2 < 343 < Agppa < agg1. Since

we obtain the result.

3 4
H arnyerr = 0,000, H ags1yt =0,
t=0 t=1

e) Subracting x,,_ (4443 from the left and right-hand sides in equation

(1) we obtain

LTn4+1 — Tp—(4k+3) —

1

L+ Zp—kZp—(2k+1)Tn—(3k+2)

and the following formula

forn>k+1

L(hA1)n—((k+1)2=1) ~ L(kt-1)n—[(k-+2)2+2k]
n—(k+1) 1
(z1 — 95—(4k+3)) I1 2
i=1 1+t1;[02(k+1)7;_(k+1)t—k

L(k4+1)n—((k+1)2—(k+1)) — L(k+1)n—[(k+2)2+k]

n—(k+1)

1
(Thr1 — T3k+3)) |1 2
= T 2 ez

(Tp—p — $n—(5k+4))7
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holds. Replacing n by 4j in (2) and summing from j = 0 to j = n we
obtain

n 4j
1
L(4k+4)n+1 — L—(4k+3) — (z1 — L_(4k+3) ZH 5
j=0i=1 1:[ (k4+1)i—(k+1)t—k
(3)
n 47 1
L(4k4+4)n+k+1 — L—(3k+3) — (Thy1 — fL‘—(3k+3))ZH B

j=0i=11 4 HO T (k4 1)i—(k+1)t
t—=

Also, replacing n by 4j + 1 in (2) and summing from j =0to j =n
we obtain

n 4541
1
L (4k+4)n+k+2 —T—(3k+2) = (21 —$—(4k+3))z H 2 )

J=01i=1 1 4 r[(]x(k+1)i—(k+1)t—k
t=

(4)

n 4j+1

_ 1
L(4k+4)n+2k+2 — T—(2k4+2) — (Thy1 — 55—(3k+3)) Z H P) .
j=0:=1 1+tl:[0x(k+1)i—(k+1)t

Also, replacing n by 4j + 2 in (2) and summing from j =0to j =n

we obtain
n 4542 )
T (4htaynt2k+3 — T—(2k41) = (T1 — T_akg3)) 2. [ —= ;
J=01i=1 1+t].:[017(k+1)i—(k:+1)t7k

()

1

n 4j+2
T(4k4+4)n+3k+3 — L—(k+1) = (Thp1 — 2 3k+3))2 H 2
J=01i=1 1+ H T(lot1)i— (k+1)t
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Also, replacing n by 4j + 3 in (2) and summing from j =0to j =n
we obtain

n 4j+3

1
L(4k+4)n+3k+4 — T—(k) = (w1 — $—(4k+3)) 3 )
j=01i=1 1 4 tl:IO T (k4+1)i—(k+1)t—k
(6)
n 4j+3 1
L(4k+d)nt+dk+4 — L0 = (Tht1 — $7(3k+3))z H 3

j=0i=11 4 Hox(k+1)i—(k+1>t
t=

Now, we obtained of the above formulas;

L(4k+4)n+r(k+1)+s+1

4
< Hlx_(mk+m_1)+s) | T(r—2) (k1) +s+1
m=

= T(r—a)(k+1)+s+1 | 1 — 3
( 111 —(mk+m— 1)+s)
n 4j+r 1
X

3
7=03=1 1 [ @(ks1)ie (mhtm—1)+s
m=1

where r =0,1,2,3 and s =0, 1,...,k hold.
f) Suppose that a; = agy2 = agr+3 = asp+4 = 0. By (e) we have

Hl‘ (k+1)t—
Jim zgp gy = MM 2 gy | 1 2
H —(k+1)t

n 4j

Y|

j=0 i=11 4 HO T (ke 1)i—(k+1)t—k
t=
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a1 = T (4k+3)

1—

a1 =0= =0

2
l:[ L—(k+1)t— oo 4j

1

1=0

; I

1+ HOﬂC—(kH)t—kJ =0i=11 4 H
{—

L (k+1)t—k oo 4j

Similarly,

lim x
oo (4k+4)n+k+2

agy2 = 0=

T (kg 1)t—k J=0=T + H

2
I+ T] 2 (eg1ye—n
t=0

S5

T (k41)i—(k+1)t—k

(H —(k+1)t— k)/x (3k+2)

T (ke 1)i—(k+1)t—

k

2
1+ HO T_(ht1)t—k
t—

1

L(k4+1)i—(k+1)t—

3

(tljoxf(k+1)t7k)/x—(3k+2) Jj=01= H

Similarly,

a2k+3 =

a2k+3

T_(2k+1

oo 4j+1

T(k4+1)i—(k+1)t—k

3
(tHO xf(k+1)tfk)/xf(2k+1)

2
1+ HO T (k41)t—k
=

y | 1-

oo 4j+2

XZH21

=0 211_|_H

T (k41)i—(k+1)t—k

1+H90 (k+1)t—k

=0= =0

3
(tl:[O T_ (k4 1)i—k)/T—(2k+1)

k

(8)
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00 4j+2

311 g 1 . (9)

7=01i=11 4 Hofc(k+1)z-—(k+1)t—k
t=

Similarly,
3
( HO T_(jg1)t—k)/T—k
. 1 t=
Sz anasees = Mmooy | 1= =
1+ 1 T (k+1)t—k
n 4543 1
<2
j=0 i=11 4 ]_[Ox(kﬂ)i—(kﬂ)tfk
t—
3
(Hom_(k+1)t_k)/$—k
azkra = Ty [1- = 2

1+ 1 T (k+1)t—k

oo 45+3 1

11 2 ’

§=0i=11 4 Hox(k+1)if(k+1)t*k
t=

2
1+ Hoai_(k+1)t—k
t=

agprs = 0= —3

(HO T_(hg1)t—k)/ Tk
t—

oo 4543 1

= Z H 2 ' (10)

j=0i=11 4 1_[0=T(k;+1)z’—(k+1)t—k
t=

From the equation (7) and (8),

2

1+ l_[Oaff(kJrl)tfk oo 4j
t= _

2 STT—— (1)

I 2—gg1ye—r g=0i=11 + HO T (ot 1)i— (k1) t—k
t=!
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2
L+ TT 2—ggnye—s

oo 4541 1
=0 _
~ 73 - Z J 2
(Hox_(k+1)t_k)/$—(3k+2) J=01=11 + Hox(k-i-l)z—(k-&-l)t—k
t= t=
thus @_4p43) > T_3k42)-
From the equation (8) and (9),
2
L+ [T 2 rrrye—s 4541 1
=0

3 2
(tl:lox_(k+1)t—k)/fﬂ—(3k+2) 7=0 =11 + T Thg1yie (ke 1)t—k

if
=)

1+ HO T (f41)t—k 0
= _
>— =

(t]:lo T (esnk) /T kg IO =L 14

, (12)
5U(k:+1)z (k+1)t—k

\T:]w

thus, z_(3542) > T _(2841)-
From the equation (9) and (10),

2
1+ Ho T (k+1)t—k
t—

B2 oo

2
L+ T @ (gryie(b1)i—k

3
(tl:lo T (ke 1)t—k)/T—(2k+1)

2
1+tl:[0x7(k+1)t7k 0o 4543 )
> — ZH (13)
:O =1

2
(tl:[Ow—(kH)t—k)/x—k 1:[ L (et 1)i— (k+1)t—k

thus, z_(op11) > Tk, T_(4p43) > T_(3k12) > T_(2k+1) > T—k. We arrive
at a conradiction.

Suppose that ag+1 = agk+2 = a3gpt+3 = aqp+4 = 0.

From that the equation (14) in (e) follows, Proof of the equation (11)
is similar and will be omitted.

T+ [l 2 ky1ye oo 4

2t:0 - ZH 2 -

HO T_ (kg 1)t j=0i=11 + HO T (ot 1)i— (k1)
t= t=
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2
1+tl:[096—(k+1)t oo 4j+1 )
> — ZH 3 o (1
=01i=1 1

(tl:IO T_ (k1)) /T (2k+2) 1:[ L(k41)i—(k+1)t

thus, 2_(3k43) > T—(2k+2)-
From that the equation (15) in (e) follows, the proof of the equation
(12) is similar and will be omitted.

2
1+ H T (k1)

oo 47+1 1
=211
i=1 1

(Hl‘ (k+1)t)/T—(2ky2)y I=07

2
14+ HO T (k+1)t oo 4j+2
=

> -1 ! L)

(Hf’f (k+1)t)/T— (k1) I=0 =1 1+t1:[0$(1c+1)z‘—(k+1)t

thus, r_(op40) > T_(141)-
From that the equation (16) in (e) follows, the proof of the equation
(13) is similar and will be omitted.

2
(H T_ (o)) /T—ry IO =L+ [T Tgnyie (1)

_ t 0o 1
=0
> 3 - Z 2 (16)

(tl:[OLU—(kH)t)/ﬂ?o J=0i=11+ How(k—f—l)i—(k—f—l)t

thus, T (k+1) > 205 T—(3k+3) > T—(2k+2) > T—(k+1) > L0- We arrive at a
conradiction which completes the proof of theorem. ]
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