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7KLQ�ILOPV�RI�QREOH�PHWDOV��LQ�SDUWLFXODU�
$X�� DUH� XVHG� ZLGHO\� LQ� PRGHUQ� PLFUR�HOHF�
WURQLF� GHYLFHV�� 2I� D� SDUWLFXODU� LPSRUWDQFH
LQ� WKRVH� FDVHV� LV� WKH� FRQWURO� RI� WKH� ILOP
SK\VLFDO� VWDWH� WKDW� LV� GHILQHG� WR� D� JUHDW
H[WHQW�E\�WKH�VWDWH�RI�WKH�VWUXFWXUH�HOHFWURQ
VXEV\VWHP�� $PRQJ� WKH� GLDJQRVWLF� PHWKRGV
RI� WKH�PHWDO� ILOP� HOHFWURQ� VXEV\VWHPV�� WKH
;�UD\� HPLVVLRQ� VSHFWURVFRS\� RI� .� DQG� /
EDQGV�DUH�ZRUWK�WR�EH�QRWHG��7KRVH�PHWKRGV
PDGH� LW�SRVVLEOH�WR�REWDLQ�GDWD�RQ�WKH�HOHF�
WURQ� VWDWH� GHQVLW\�� LQ� SDUWLFXODU�� QHDU� WKH
)HUPL� OHYHO� >�Ü�@��+RZHYHU�� WKH�0D�;�UD\
VSHFWURVFRS\�ZDV�QRW�XVHG�WR�VWXG\�WKH�WKLQ
ILOPV�RI�KHDY\�PHWDOV��7KXV�� LW� LV�RI� LQWHU�
HVW�WR�GHYHORS�D�PRGHO�RI�WKDW�HPLVVLRQ�DQG
WR�XVH�LW�IRU�WKH�ILOP�FRQWURO�

:KHQ�PRGHOLQJ�WKH�0D�HPLVVLRQ��LW�LV�WR
QRWH� WKDW� GLUHFW� LRQL]DWLRQ� RI� WKH�0L� VXE�VKHOO��L� ��Ü���RI�DQ�DWRP�E\�LQFLGHQW�SDUWL�
FOHV� FDQ� EH� DFFRPSDQLHG�E\� UDGLDWLYH� GHFD\
RI� WKH� FUHDWHG� YDFDQF\� ZLWK� HPLVVLRQ� RI� D
FRUUHVSRQGLQJ�;�UD\�OLQH�RI�D�0�VHULHV��IRU

H[DPSOH��lD� OLQH� �l�� WR�1���� WUDQVLWLRQ��+RZHYHU�� LQ� WKH�FDVH��ZKHQ�HQHUJ\�RI� VXFK
D�SDUWLFOH�LV�VXIILFLHQW�WR�LRQL]H�PRUH�LQQHU
0L� VXEVKHOOV�� DQ�lL� YDFDQF\� �L�z���� PD\� EHIRUPHG� DOVR� GXH� WR� WKH� GRXEOH� LRQL]DWLRQ� FRQ�
QHFWHG�ZLWK�WKH�&RVWHU�.URQLJ��&.��WUDQVLWLRQV�
VXFK�DV�lLÜ0M1�DQG�lLÜ0M;��;� �2��3���7KHFRQWULEXWLRQV�RI�VXFK�SURFHVVHV�WR�WKH�WRWDO
JHQHUDWLRQ� FURVV� VHFWLRQ� RI�lL� YDFDQF\� DUHUDWKHU� VLJQLILFDQW� >����@��$V�D�UHVXOW�RI�&.
WUDQVLWLRQV� DQG� WKHLU� FDVFDGHV�� WKH� VWDWHV
DULVH� ZLWK� RQH� RU� VHYHUDO� DGGLWLRQDO� YDFDQ�
FLHV�LQ�1��2�RU�3�VKHOOV��7KH�UDGLDWLYH�GHFD\
RI�lL�YDFDQF\�LQ�WKH�SUHVHQFH�RI�1��2�RU�3YDFDQFLHV� UHVXOWV� LQ� UDGLDWLRQ� RI� VDWHOOLWH
OLQHV� ZKLFK� WRJHWKHU� ZLWK� D� FRUUHVSRQGLQJ
;�UD\� HPLVVLRQ� OLQH� IRUP� D� WRWDO� VSHFWUDO
lD� FRQWRXU� >�Ü�@�� ,W� LV� LPSRUWDQW� WR� QRWH
WKDW� IRU� lD� OLQHV� UDGLDWHG� E\� DWRPV� RI
KHDY\� HOHPHQWV� �=�!������ WKH� JURXSV� RI
0�1Ü1���1� WUDQVLWLRQV� �0�1� VDWHOOLWHV�GLIIHU�E\���WR���H9�IURP�WKH�FRUUHVSRQGLQJ
lD� OLQH�� ZKHUHDV� IRU�0�;Ü1���;� WUDQVL�
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WLRQV� �0�;� VDWHOOLWHV��� VXFK� VKLIWV� GR� QRWH[FHHG���RU���Ë9�>�@��7KXV��WKH�FRUUHVSRQG�
LQJ�0�1� VDWHOOLWHV� IRU� WKHVH� HOHPHQWV�� XQ�OLNH� WKH�0�;� VDWHOOLWHV�� FDQ�EH� LQ�SULQFLSOHVLQJOHG�RXW�WKH�WRWDO�lD�FRQWRXU�

$� QXPEHU� RI� ZRUNV� LV� NQRZQ�ZKHUH� WKH
LQWHJUDO� LQWHQVLWLHV� RI�lD���lE�� DQG�lJ�
OLQHV�RI�KHDY\�HOHPHQWV�ZHUH�H[SHULPHQWDOO\
PHDVXUHG� XQGHU� YDULRXV� FRQGLWLRQV� RI� H[FL�
WDWLRQ��)RU�H[DPSOH��DW�SKRWRDEVRUSWLRQ��LQ�
YHVWLJDWHG� HOHPHQWV� ���d�=�d����� >�@�� ERP�
EDUGPHQW� ZLWK� D�SDUWLFOHV� �+I� WR� 7K�� >�@�
SURWRQ� LPSDFW� �+J�� >�@�� ERPEDUGPHQW� ZLWK
)����/L����&����+��LRQV��$X��>�@��7KH�REWDLQHG
LQWHQVLW\�YDOXHV�ZHUH�FRPSDUHG�DV�D�UXOH�WR
FDOFXODWLRQ� UHVXOWV� RI� lD��� lE�� DQG� lJ
;�UD\� SURGXFWLRQ� FURVV� VHFWLRQV� LQ� ZKLFK
lLÜ0M1� DQG�lLÜ0M;� &.� WUDQVLWLRQV� DQGFDVFDGHV� WKHUHRI� ZHUH� WDNHQ� LQWR� DFFRXQW�
+RZHYHU�� WKH� VHSDUDWLRQ� RI�l�1�VDWHOOLWHVIURP�WKH�WRWDO�lD�FRQWRXU�LQ�>�Ü�@�ZDV�QRW
SHUIRUPHG��7KH� LQWHQVLWLHV� RI� VXFK� VDWHOOLWH
JURXSV� ZHUH� QRW� FDOFXODWHG� VHSDUDWHO\�� $W
WKH� VDPH� WLPH�� XVH� WKH� UHODWLYH� LQWHQVLWLHV
RI� WKH� VHSDUDWHG� VKRUW�ZDYH� VDWHOOLWHV� H[�
SDQGV� QXPEHU� RI� WKH� HTXDWLRQV�� ZKLFK� GH�
VFULEH� WKH� LQWHQVLW\� RI�0� ;�UD\� HPLVVLRQ�
JLYLQJ� PRUH� LQIRUPDWLRQ� RI� VXFK� GHVFULS�
WLRQ�� )RU� H[DPSOH�� LQ� WKH� FDVH� RI�/� VHULHV�
WKH� DFFRXQW� RI� WKH� UHODWLYH� LQWHQVLWLHV� RI
/�0��VDWHOOLWHV�RI�D�/D����OLQH�KDV�DOORZHG�XVLQ� UHFHQW� SDSHUV� >����@� WR� GHWHUPLQH� D� SDUWLDO
ZLGWK�RI�/��OHYHO�FRQQHFWHG�ZLWK�/�Ü/�l��&.WUDQVLWLRQV� LQ�DWRPV�RI�:� WR�3W� HOHPHQWV�� ,Q
WKLV� SDSHU�� D� PRGHO� RI�lD� ;�UD\� HPLVVLRQ
ZKLFK� WDNHV� LQWR� DFFRXQW� WKH� PRVW� LPSRU�
WDQW� JHQHUDWLRQ� DQG� PLJUDWLRQ� FKDQQHOV� RI
YDFDQFLHV� LQ�lL� VXEVKHOOV� LV� SURSRVHG� DQGDSSOLHG� WR� UHODWLYH� LQWHQVLW\� GHWHUPLQDWLRQ
RI� WKH�0�1� VDWHOOLWHV� WR� WKH�lD� OLQH�� 7KH
UHODWLYH� LQWHQVLW\� RI� 0�1�VDWHOOLWHV� DUH� H[�SHULPHQWDOO\� GHWHUPLQHG� IRU� $X� H[FLWHG� E\
zD� HPLVVLRQ� RI�&U� DQG�&X� DQG� WKH� GDWD� RE�
WDLQHG� DUH� FRPSDUHG� WR� FDOFXODWHG� UHVXOWV
ZLWKLQ�WKH�IUDPH�RI�VXJJHVWHG�PRGHO�

/HW� XV� FRQVLGHU� D� VHSDUDWH� W\SH� RI� lD
VDWHOOLWHV� ZKLFK� UHSUHVHQW� UDGLDWLYH�l�Ü1���WUDQVLWLRQV�LQ�WKH�SUHVHQFH�RI�RQH�DGGLWLRQDO
YDFDQF\� LQ�1���� VXEVKHOOV�� /HW� DOO� SRVVLEOHSURFHVVHV�EH�FRQVLGHUHG�ZKLFK�PD\�UHVXOW�LQ
HPLVVLRQ� RI� l�1���� VDWHOOLWHV�� )URP� KHUHRQ��WKH�IROORZLQJ�GHVLJQDWLRQV�ZLOO�EH�XVHG�
3L1�� WKH� SUREDELOLW\� RI� D� SURFHVV� LQ� ZKLFKWKH�DSSHDUDQFH�RI�D�YDFDQF\�LQ�L�WK�VXEVKHOO
�L� �0�� WR�0��� LV� DFFRPSDQLHG� E\� HMHFWLRQRI� RQH�1���� HOHFWURQ� GXH� WR� VKDNH�RII� �62�SURFHVV��ILM1��WKH�\LHOG�RI�D�&.�WUDQVLWLRQ�RIWKH� 0LÜ0M1���� W\SH� ZKHUH� D� YDFDQF\� LV

WUDQVIHUUHG� IURP�0L� WR�0M� VXEVKHOO� �M�!�L�DQG� RQH� RI� WKH� 1���� HOHFWURQV� OHDYHV� WKHDWRP�� Z0L0M�� WKH� IOXRUHVFHQFH� \LHOG� IRU� DUDGLDWLYH� 0LÜ0M� WUDQVLWLRQ�� VL�� WKH� SKR�WRLRQL]DWLRQ� FURVV� VHFWLRQ� RI� WKH� 0L� VXE�VKHOO��*D��WKH�SDUWLDO�ZLGWK�RI�0��OHYHO�FRU�UHVSRQGLQJ�WR�WKH�UDGLDWLYH�l�Ü1����WUDQVL�WLRQ�� *L�� WRWDO� ZLGWK� RI� WKH�0L� OHYHO�� :H
VKDOO�EH�UHVWULFWHG�WR� WKH�DFFRXQW�IRU�PD[L�
PXP�WZR�FRQVHFXWLYH�WUDQVLWLRQV�ZLWKLQ�RQH
VKHOO� DQG�IRU�RQH� WUDQVLWLRQ�EHWZHHQ�VKHOOV�
7KXV��WKHUH�DUH�WKH�IROORZLQJ�SRVVLEOH�SURF�
HVVHV� ZKLFK� UHVXOW� LQ� DULVLQJ� RI� LQLWLDO
l�1����VWDWHV���� $� YDFDQF\� DULVHV� LQ�l�� VXEVKHOO� DQGDQ� 1���� 62� SURFHVV� RFFXUV�� 7KH� SURFHVVSUREDELOLW\�LV�
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6XPPLQJ�XS�DOO� WKH�DERYH��WKH� LQWHQVLW\
RI� D�lD� VDWHOOLWH� LQ� WKH� FDVH� RI� DGGLWLRQDO
YDFDQF\�LQ�1����VXEVKHOOV�FDQ�EH�ZULWWHQ�DV�
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%DVLQJ� RQ� VLPLODU� FRQVLGHUDWLRQV�� LW� LV
SRVVLEOH� WR� GHULYH� HTXDWLRQV� IRU� LQWHQVLW\
FDOFXODWLRQ� RI� 0�1���� 0�1���� 0�1���0�1��� DQG� 0�1��VDWHOOLWH� JURXSV�� 7KHQWRWDO�LQWHQVLW\�RI�lD�VDWHOOLWHV��,�0DVDW���LVGHWHUPLQHG� DV� WKH� VXP�RI� LQWHQVLWLHV� RI� DOO
VDWHOOLWH�JURXSV�

,�0DVDW�� �¦�
N ��

,�0�1N��� ���

,W� LV� LPSRUWDQW� WR� QRWH� WKDW� LQ� WKH� SUH�
VHQW�PRGHO��ZH�QHJOHFW�WKH�VDWHOOLWHV�DVVRFL�
DWHG�WR�UDGLDWLYH�WUDQVLWLRQV�LQ�0�1L1L�DQG0�1L;� LRQL]HG� DWRPV�� 7KH� LQWHQVLWLHV� RIWKHVH�VDWHOOLWHV�FRQWULEXWH�WR�WKH�WRWDO�LQWHQ�
VLW\�RI�0D�VDWHOOLWHV�QR�PRUH�WKDQ������

7KH� LQWHQVLW\� RI� WKH� WRWDO� lD� FRQWRXU
ZDV�GHWHUPLQHG�XVLQJ�HTXDWLRQ�SUHVHQWHG�LQ
>�@�� 7KH�0D� OLQH� LQWHQVLW\� �,�0D��� ZDV� GH�
WHUPLQHG� DV� D� GLIIHUHQFH� EHWZHHQ� WKH� WRWDO
FRQWRXU�LQWHQVLW\�DQG�WKDW�RI�WKH�VDWHOOLWHV�
7R� FDOFXODWH� WKH� UHODWLYH� LQWHQVLW\� RI�0D
VDWHOOLWHV� �6D� �,�lDVDW���,�lD��� DQG� WR
VWXG\� WKRVH� LQ� H[SHULPHQW�� WKLQ� JROG� ILOPV
ZHUH�XVHG��7KLV�HOHPHQW�ZDV�FKRVHQ�EHFDXVH
WKH�IOXRUHVFHQFH�\LHOG�IRU�$X�LV�DOUHDG\�VLJ�
QLILFDQW� HQRXJK� DQG� D� VDWLVIDFWRU\� DQJXODU
GLVSHUVLRQ� RI� WKH�0D� VSHFWUXP� LV� UHDOL]HG�
7R� FDOFXODWH� 6D�� WKH� IROORZLQJ� OLWHUDWXUH
GDWD� ZHUH� XVHG�� SKRWRLRQL]DWLRQ� FURVV� VHF�
WLRQV�RI�0L�VXEVKHOOV�>��@��UDGLDWLYH�WUDQVL�WLRQ� UDWHV� IRU�0L� VXEVKHOOV� >������@�� WRWDODQG� SDUWLDO� ZLGWKV� RI�lL� OHYHOV�� \LHOGV� RI&.�WUDQVLWLRQV�DQG�SUREDELOLWLHV�RI�62�SURF�
HVVHV� >��Ü��@�� 7KH� FRUUHFWLRQV� IRU� DEVRUS�
WLRQ�RI�.D� UDGLDWLRQ� DQG� VHOI�DEVRUSWLRQ�RI
WKH� 0D�OLQH� LQ� WKLQ� $X� ILOPV� ZHUH� WDNHQ
LQWR�DFFRXQW�

7KH� VHFRQGDU\� lD� VSHFWUD� RI� $X� ZHUH
PHDVXUHG� XVLQJ� D� '56��� ;�UD\� VSHFWUR�
JUDSK� LQ� WKH� ILUVW� RUGHU� RI� UHIOHFWLRQ� IURP

����BB���SODQHV�RI�D�TXDUW]�VLQJOH�FU\VWDO��7KH
VSHFWUD� ZHUH� H[FLWHG� E\� SRO\FKURPDWLF� UD�
GLDWLRQ� IURP� %+9���� ;�UD\� WXEHV� ZLWK� &U
DQG�&X�DQRGV��7KH�ZDWHU�FRROHG�;�UD\�WXEHV
ZHUH�RSHUDWHG�DW�8� ����N9�DQG�,� ����P$�
7KH� IUDFWLRQ� RI� VHFRQGDU\� 0D� VSHFWUXP
SKRWRQV� JHQHUDWHG� LQ� WKHVH� FRQGLWLRQV� GXH
WR� EUHPVVWUDKOXQJ� LQ� UHODWLRQ� WR� WKH� IUDF�
WLRQ� H[FLWHG� E\� FKDUDFWHULVWLF�.D� UDGLDWLRQ
RI�&U� DQG�&X�GRHV�QRW�H[FHHG������6R��WKH
0D� VSHFWUXP� RI� $X� FDQ� EH� EHOLHYHG� WR� EH
H[FLWHG�E\�FKDUDFWHULVWLF�.D�UDGLDWLRQ�RI�&U
DQG�&X�RQO\��7KH�VHFRQGDU\�;�UD\�HPLVVLRQ
VSHFWUXP� RI�0D� OLQH� RI�$X� ZLWK�0D� VDWHO�
OLWHV��H[FLWHG�E\�FKDUDFWHULVWLF�.D�UDGLDWLRQ
RI�&U� LV� VKRZQ� LQ� )LJ����� ,Q� WKH� LQVHW�� WKH
UHVLGXDO�VSHFWUXP�RI�0D�VDWHOOLWHV�LV�VKRZQ�
([SHULPHQWDO� YDOXHV� RI� LQWHQVLWLHV� RI� 0D
OLQH� DQG�0D� VDWHOOLWHV� ZHUH� GHWHUPLQHG� DV
WKH� DUHD� XQGHU� H[SHULPHQWDO� FRQWRXUV
WKHUHRI��7KH�UHODWLYH�LQWHQVLW\�RI�0D�VDWHO�
OLWHV� ZHUH� GHWHUPLQHG� DW� DQ� DFFXUDF\� WR
ZLWKLQ� ��� ��� 7KH� SURFHVVLQJ� WHFKQLTXH� RI
H[SHULPHQWDO� VSHFWUD� LV� GHVFULEHG� LQ� PRUH
GHWDLOV�LQ�>�@�

'DWD� RI� FDOFXODWLRQV� �6DFDOF��� DQG� H[SHUL�
PHQWDO� YDOXHV� �6DH[S��� DUH� VKRZQ� LQ� 7DEOH�
ZKHUH� 6�1N�� �,�0�1N��,�0D�� GHQRWH� UHOD�

)LJ����� 7KH� VHFRQGDU\� ;�UD\� HPLVVLRQ� VSHF�
WUXP�RI�0D�OLQH�RI�$X�ZLWK�0D�VDWHOOLWHV�

7DEOH����7KHRUHWLFDO�DQG�H[SHULPHQWDO�YDOXHV�RI�UHODWLYH�LQWHQVLWLHV�RI�0D�VDWHOOLWHV�RI�$X�H[FLWHG
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