
3K\VLFR�FKHPLFDO�SURSHUWLHV�RI�SKRVSKDWHVROXWLRQV�XVHG�LQ�.'3�VLQJOH�FU\VWDO�JURZWK
5�3�3DQWDOHU��2�0�6PLUQRYD��$�%�%ODQN

67&��,QVWLWXWH�IRU�6LQJOH�&U\VWDOV���,QVWLWXWH�IRU�6FLQWLOODWLRQ�0DWHULDOV��1DWLRQDO�$FDGHP\�RI�6FLHQFHV�RI�8NUDLQH����/HQLQ�$YH���������.KDUNLY��8NUDLQH
5HFHLYHG�1RYHPEHU���������
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7KH� HOHFWURRSWLFDO� DQG� QRQOLQHDU� .'3VLQJOH�FU\VWDOV�JURZQ�IURP�DTXHRXV�.+�32�VROXWLRQV� DUH� XVHG� ZLGHO\� LQ� PRGHUQ� HQJL�QHHULQJ� WR� FRQWURO� WKH� KLJK�SRZHU� ODVHU� UD�GLDWLRQ�� 7KH� VROXWLRQ� DFLGLW\� LV� DPRQJ� WKHPRVW� LPSRUWDQW� SDUDPHWHUV� GHILQLQJ� WKH.'3� FU\VWDO� JURZWK� DQG� SURSHUWLHV�� 7KHDFLGLW\�YDULDWLRQV�LQIOXHQFH�WKH�LRQLF�FRPSR�VLWLRQ�� VROXELOLW\� RI� WKH� FRPSRQHQWV�� WKHRUWKR�SKRVSKDWH� VROXWLRQ� GHQVLW\�� VWDELOLW\DQG� RWKHU� FKDUDFWHULVWLFV�� 7KH� JURZWK� NLQHW�LFV�� PRUSKRORJ\� DQG� SK\VLFDO� SURSHUWLHV� RI.'3�FU\VWDOV�GHSHQG�KHDYLO\�RQ�WKH�K\GURJHQLRQ�FRQFHQWUDWLRQ�LQ�WKH�ZRUNLQJ�VROXWLRQ�>�@�7KH� DFLG�EDVH� HTXLOLEULD� LQ� WKH� WHUQDU\.�2±3�2�±+�2 V\VWHP�ZHUH�VWXGLHG�E\�VHY�HUDO� DXWKRUV� >�Ü�@�� ,W� IROORZV� IURP� WKH

SKDVH� GLDJUDP� RI� WKH� V\VWHP� �)LJ����� WKDW.+�32� LV�FU\VWDOOL]HG�ZLWKLQ�D�ZLGH�UDQJH�RI3�2� FRQFHQWUDWLRQ�����WKURXJK������PDVV��7KH� ��� ���� DQG� ���&� LVRWKHUPV� VKRZ� D� SUR�QRXQFHG�NQHH�DW�WKH�.�2�3�2�  �����FRPSRVL�WLRQ� D[LV� ZLWK� D� PLQLPXP� VROXELOLW\� LQ� WKHVLQJXODU� SRLQW�� 7KH� .+�32� VROXELOLW\� LQ�FUHDVHV�ZKHQ� WKH� FRPSRVLWLRQ� LV�GHYLDWHG� WR�ZDUGV�WKH�DFLGLF�RU�EDVLF�UHJLRQ�RI�WKH�SKDVHHTXLOLEULXP��,Q�>����@��SUHVHQWHG�DUH�HPSLULFDOWHPSHUDWXUH�GHSHQGHQFHV�RI�WKH�.+�32� VROX�ELOLW\�� 7KH� VDWXUDWHG� VROXWLRQ� FRQFHQWUDWLRQDV�WKH�WHPSHUDWXUH�IXQFWLRQ�LV�FDOFXODWHG�DVF = (αH[S>βW@) ⋅ ���� ���ZKHUH� F LV� WKH� .+�32� FRQFHQWUDWLRQ� LQNJ�NJ� RI� VROXWLRQ�� W�� WHPSHUDWXUH� LQ� �&�� α

)XQFWLRQDO�0DWHULDOV�����1R��������� �������Û�,QVWLWXWH�IRU�6LQJOH�&U\VWDOV

)XQFWLRQDO�PDWHULDOV������������� ���



DQG� β�� FRHIILFLHQWV� LQ� WKH� VDWXUDWLRQ� OLQHHTXDWLRQ�JLYHQ�LQ�>�@��(T�����LV�VXLWDEOH�RQO\IRU�.+�32� VROXWLRQV�LQ�SXUH�ZDWHU��,Q�>�@�GDWD� DUH� SUHVHQWHG� FKDUDFWHUL]LQJ� WKH.+�32� VROXELOLW\�LQ�DTXHRXV�VROXWLRQV�FRQ�WDLQLQJ�+�32� RU�.2+ DGPL[WXUHV�DW�WHPSHUD�WXUHV�RI����WR����&��)RU�HDFK�SRO\WKHUP�VWXG�LHG��WKH�LQWHJUDWLQJ�SRO\QRPLDO�LV�FDOFXODWHG�F = D�L + D�W + D�W��� ���ZKHUH� WKH�.+�32� VDWXUDWLQJ�FRQFHQWUDWLRQLQ� J� SHU� ���� J�+�2�� W�� WHPSHUDWXUH� LQ� �&�DL�� WKH� SRO\QRPLDO� FRHIILFLHQWV� FRUUHVSRQG�LQJ�WR�WKH�VROXWLRQ�FRPSRVLWLRQ�>�@��7KH�FDO�FXODWLRQV� VKRZ�� KRZHYHU�� WKDW� IRU� VRPH� VR�OXWLRQ� FRPSRVLWLRQV�� WKH� GDWD� FDOFXODWHGXVLQJ� (T����� GLIIHU� VXEVWDQWLDOO\� IURP� H[�SHULPHQWDO�RQHV�7KH�VROXELOLW\�YDULDWLRQ�GHSHQGLQJ�RQ�WKHVROXWLRQ� FRPSRVLWLRQ� DQG� WHPSHUDWXUH� UH�VXOWV� LQ� YDULDWLRQV� LQ� LWV� GHQVLW\�� 7KH� GHQ�VLW\� RI� PXOWLFRPSRQHQW� .+�32�Ü+�32�Ü+�2 DQG�.+�32�Ü.�32�Ü�+�2 VROXWLRQV� DVD� IXQFWLRQ� RI� WHPSHUDWXUH� FDQ� EH� FDOFXODWHGXVLQJ�WKH�IROORZLQJ�HTXDWLRQ�SURSRVHG�LQ�>�@�
OJρ = OJρ� + ∑$LL=�

Q FL �� ���
ZKHUH�ρ DQG�ρ� LV�WKH�GHQVLW\�RI�WKH�PXOWL�FRPSRQHQW�VROXWLRQ�DQG�ZDWHU��UHVSHFWLYHO\�LQ� NJ�P��� FL�� WKH� FRPSRQHQW� FRQFHQWUDWLRQ�NJ�NJ� RI� VROXWLRQ��$L�� WKH� WHPSHUDWXUH� GH�SHQGHQFH� RI� WKH� FRPSRQHQW�GHQVLW\� FDOFXOD�EOH�XVLQJ�WKH�SRO\QRPLDO$L = D�L + D�LW + D�LW�� ���

7KH� DL YDOXHV� IRU� .+�32� DQG� .�+32�DUH�JLYHQ�LQ�>�@��7KHUH�DUH�QR�VXFK�GDWD�IRU+�32��� WKHUHIRUH�� WKH� GHQVLW\� GHSHQGHQFHIRU� +�32� KDV� EHHQ� GHWHUPLQHG� LQGLUHFWO\IURP� WKH� FRUUHODWLRQ� GHSHQGHQFH� EHWZHHQ+�62� DQG�+�32� GHQVLW\�>�@�7R� RSWLPL]H� WKH� .'3� FU\VWDO� JURZLQJWHFKQRORJ\�� LW� LV� UHDVRQDEOH� WR� HVWDEOLVK� DFRUUHODWLRQ� EHWZHHQ� WKH� ZRUNLQJ� VROXWLRQDFLGLW\� DQG� RWKHU� SURSHUWLHV� WKHUHRI�� VXFKDV� FRQFHQWUDWLRQ��GHQVLW\�� DQG� LRQLF�FRPSR�VLWLRQ�� 7R� WKDW� HQG�� WKLV� ZRUN� VXPPDUL]HVH[SHULPHQWDO� GDWD� >�Ü��@� RQ� WKH� SURSHUWLHVRI� WKH� .�2±3�2�±+�2 V\VWHP� ZLWKLQ� ZLGHUDQJHV� RI� S+� ����� WR� ����� DQG� WHPSHUDWXUH����WR����&��DQG�SURSRVHV�PDWKHPDWLFDO�H[�SUHVVLRQV� IRU� VRPH� SK\VLFRFKHPLFDO� FKDUDF�WHULVWLFV�RI�WKH�VROXWLRQV�,W� LV� MXVW� WKH� VROXELOLW\� LVRWKHUPV� LQ� WKH.�2±3�2�±+�2 V\VWHP�DW����DQG����&�WKDWKDYH� EHHQ� VWXGLHG� PRVW� FRPSUHKHQVLYHO\�7KHVH� H[SHULPHQWDO� GDWD� KDYH� EHHQ� SURF�HVVHG� XVLQJ� WKH� OHDVW� VTXDUH�PHWKRG� DQG� DORJDULWKPLF� GHSHQGHQFH� KDV� EHHQ� IRXQG� WRH[LVW� EHWZHHQ� WKH� VROXWLRQ� FRPSRVLWLRQ� DQGWKH�VROXELOLW\�DW����DQG����&�WKDW�LV�GHVFULEHGE\�WKH�IROORZLQJ�H[SUHVVLRQV��UHVSHFWLYHO\�IRU VROXWLRQVZLWKS+ < �OQ/ = �������$ + �������� ���
OQ/ = �������$ + �������� ���
IRU VROXWLRQVZLWK S+ > �OQ/ ≡ �������% + ������� �� ���
OQ/ = �������% + �������� ���

)LJ�����.+�32� VROXELOLW\�DV�D�IXQFWLRQ�RI�WKHVROXWLRQ� FRPSRVLWLRQ� �S+������ DW� ��� ���� DQG���&�����
)LJ�����6ROXELOLW\�LVRWKHUPV�LQ�WKH�.�2±3�2�±+�2 V\VWHP�>���@��� Ü���&��� Ü����&��� Ü����&�
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ZKHUH�/ LV�WKH�.+�32� VROXELOLW\��J�SHU���� J�+�2�� $  �P�+�32����P�.+�32���%  �P�.�+32���P�.+�32����P LV� WKH� PROHQXPEHU�SHU�NJ�+�2��7KH�/ YDOXHV�FDOFXODWHGDFFRUGLQJ� WR� ���Ü���� HYLGHQFH� WKDW� WKH� VROX�ELOLW\�LV�ORZHVW�DW�WKH�VWRLFKLRPHWULF�FRPSR�VLWLRQ�RI�WKH�VROXWLRQ��.�2��3�2�  ������7KH.+�32� VROXELOLW\� LQFUHDVHV� ZKHQ� WKH� FRP�SRVLWLRQ� LV� GHYLDWHG� WRZDUGV� WKH� DFLGLF� RUEDVLF� UHJLRQ� �)LJV���� DQG� ���� $FFRUGLQJ� WR>�����@�� WKLV� SKHQRPHQRQ� LV� GXH� WR� IRUPD�WLRQ� RI� SURWRQDWHG� SKRVSKDWH� DVVRFLDWHV� LQWKH�VROXWLRQ��)LJ����D��E��LOOXVWUDWHV�WKH�FDO�FXODWHG� GDWD� RQ� WKH� LRQLF� FRPSRVLWLRQ� RIVDWXUDWHG�.+�32� VROXWLRQV�DV�D�IXQFWLRQ�RIWKH� PHGLXP� S+�� ,Q� WKH� FDOFXODWLRQV�� WKHNQRZQ� IRUPDWLRQ� FRQVWDQWV� RI� SURWRQDWHGSKRVSKDWH� DVVRFLDWHV� >������@� KDYH� EHHQ

XVHG�� 7KH� FRQVLGHUDWLRQ� RI� WKH� UHVXOWV� RE�WDLQHG�KDV�VKRZQ�WKDW�LW�LV�MXVW�WKH�+�32�±DQG�WKH�GLPHUV�WKHUHRI�+��32����± WKDW�SUH�GRPLQDWH� LQ� DTXHRXV� .+�32� VROXWLRQ� DWS+� ����±����� $V� WKH� VROXWLRQ� WHPSHUDWXUHULVHV� XS� WR� ���&�� WKH� GLPHU� IUDFWLRQ� LQ�FUHDVHV�DSSUR[LPDWHO\�WKULFH��)LJ���E��,Q� DFLGLF� VROXWLRQV�� WKHUH� DUH� DVVRFLDWHV+��32���± DORQJ� ZLWK� PRQRPHULF� +�32�

)LJ����� 'LVWULEXWLRQ� RI� SKRVSKDWH� LRQ� IRUPVDV�D�IXQFWLRQ�RI�.+�32� VROXWLRQ�S+�DW����&�D��DQG����&��E���α LV�WKH�PROH�IUDFWLRQ�

)LJ�����.+�32� VROXELOLW\�DV�D�IXQFWLRQ�RI�WKHVROXWLRQ� FRPSRVLWLRQ� �S+�!���� DW� ��� ���� DQG���&�����
7DEOH����&RHIILFLHQW�YDOXHV�LQ����

6ROXWLRQFRPSRVLWLRQ��J�SHU����J�ZDWHU�>�@ D E
1R�DGGLWLYHV ������� �������⋅��Ü������+�32� ������� �������⋅��Ü�
����+�32� ������� �������⋅��Ü������+�32� ������� �������⋅��Ü������+�32� ������� �������⋅��Ü�����.2+ ������� �������⋅��Ü�����.2+ ������� �������⋅��Ü������.2+ ������� �������⋅��Ü������.2+ ������� �������⋅��Ü�

)LJ����� .+�32� VROXELOLW\� LVRWKHUPV� LQ� WKH.�2±3�2�±+�2 V\VWHP�� $  �P�+�32���P�.+�32����%  �P�.�+32���P �.+�32����7HP�SHUDWXUH���&��������������������������������������������������������
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LRQV�� ,Q� WKH� VROXWLRQV� FRQWDLQLQJ�.2+ DG�PL[WXUH� �S+�!����� WKH� IRUPDWLRQ� RI+��32����± DVVRFLDWH� LV� W\SLFDO�� 7KH� DQLRQLFSKRVSKDWH� DVVRFLDWHV� KDYH� EHHQ� IRXQG� WRIRUP� VWDEOH� QHXWUDO� LRQ� SDLUV� ZLWK� DONDOLPHWDO� FDWLRQV� >��@��7KH�DVVRFLDWH� IRUPDWLRQSURFHVV� LV� FRQQHFWHG� ZLWK� ZDWHU� UHOHDVHIURP�WKH�K\GUDWH�VKHOOV�RI�+�32�± LRQV�>�@�WKXV� UHVXOWLQJ� LQ� DQ� LQFUHDVHG� VROXELOLW\� RI.+�32� PDFURVFDOH�FRPSRQHQW��,Q�WKH�VROX�WLRQV�ZLWK�.2+ DGGLWLYH��D�GLVXEVWLWXWHG�SR�WDVVLXP�SKRVSKDWH� DGPL[WXUH� DSSHDUV�� WKDWDFWV�DV�D�VDOWLQJ�LQ�DJHQW�DQG�IDYRUV�IXUWKHUWKH�.+�32� VROXELOLW\�%DVLQJ� RQ� WKH� H[SHULPHQWDO� GDWD� SUH�VHQWHG�LQ�>�@��ZH�KDYH�GHULYHG�DQ�HPSLULFDOH[SUHVVLRQ� IRU� WKH� GHSHQGHQFH� RI� .+�32�VROXELOLW\� RQ� WKH� VROXWLRQ� FRPSRVLWLRQ� DQGWHPSHUDWXUH� OQ/ = D + EW��� ���ZKHUH� / LV� WKH� .+�32� VROXELOLW\�� J� SHU����J +�2��W��WKH�WHPSHUDWXUH���&��D DQG�E�FRHIILFLHQWV� FRUUHVSRQGLQJ� WR� WKH� VROXWLRQFRPSRVLWLRQ��VHH�7DEOH�����7KH�.+�32� VROX�ELOLW\�LVRWKHUPV�FDOFXODWHG�XVLQJ�����DUH�SUH�VHQWHG�LQ�)LJ����7KH� GHQVLW\�PD\� SURYLGH� DQ� LQIRUPDWLYHLQGH[� RI� WKH� SKRVSKDWH� VROXWLRQ� VWDWH�� 7KHGHQVLW\� LV� D� IXQFWLRQ�RI� WKH� VDOW� FRQFHQWUD�WLRQ�� WKH� VROXWLRQ� WHPSHUDWXUH� DQG� DFLGLW\�8VLQJ�WKH�H[SHULPHQWDO�GDWD�RQ�WKH�GHQVLW\RI�VDWXUDWHG�.+�32� VROXWLRQV�>��@��ZH�KDYHGHULYHG� D� ORJDULWKPLF� GHSHQGHQFH� RI� WKHGHQVLW\� RQ� WKH� VROXWLRQ� WHPSHUDWXUH� DQGDFLGLW\� OQρ = N + TW� ����

ZKHUH� ρ LV� WKH� VDWXUDWHG� .+�32� VROXWLRQGHQVLW\�� J�FP��� W�� WKH� WHPSHUDWXUH�� �&�� NDQG� T�� FRHIILFLHQWV� FRUUHVSRQGLQJ� WR� GLIIHU�HQW�S+�YDOXHV��VHH�7DEOH�����)LJ����SUHVHQWVWKH� H[SHULPHQWDO� DQG� FDOFXODWHG� YDOXHV� RIWKH� VROXWLRQ� GHQVLW\� DW� YDULRXV� S+� YDOXHVZLWKLQ�WHPSHUDWXUH�UDQJH�RI����WR����&�7KH� GHQVLW\� YDULDWLRQV� RI� VDWXUDWHG.+�32� VROXWLRQV� ZLWKLQ� WKH� S+� UDQJH� RI���� WR� ���� DUH� FKDUDFWHUL]HG� E\� LVRWKHUPVFDOFXODWHG�XVLQJ�(T������DQG�VKRZQ�LQ�)LJ����7R� GHWHUPLQH� WKH� .+�32� VROXELOLW\� IURPWKH�VDWXUDWHG�VROXWLRQ�GHQVLW\��ZH�KDYH�SUR�SRVHG�WKH�HTXDWLRQ�OQ/ = P + Qρ� ����WKDW� WDNHV� LQWR� DFFRXQW� WKH� GHSHQGHQFH� RIWKRVH�TXDQWLWLHV�RQ�WKH�VROXWLRQ�DFLGLW\��VHH7DEOH����� 7KH� VROXELOLW\� DQG� FRUUHVSRQGLQJGHQVLW\� YDOXHV� RI� VDWXUDWHG� .+�32� VROX�WLRQV� FDOFXODWHG�EDVLQJ�RQ� ������ �����ZLWKLQ

)LJ�����.+�32� VROXWLRQ�GHQVLW\�DV�D�IXQFWLRQRI� WHPSHUDWXUH� DQG� S+�� S+� YDOXHV�� ���� �������� ����� ���� ����� /LJKW� FLUFOHV�� H[SHULPHQWDOGDWD�>��@��GDUN�FLUFOHV��FDOFXODWHG�YDOXHV�

7DEOH����&RHIILFLHQW�YDOXHV�LQ�����������
¯s�±���� N T⋅��� P Q
��� ������� ������� �������� ���������� ������� ������� Ü������� ���������� ������� ������� Ü������� ���������� ������� ������� Ü������� ���������� ������� ������� Ü������� ���������� ������� ������� Ü������� ���������� ������� ������� Ü������� ���������� ������� ������� Ü������� ���������� ������� ������� ������� ��������

)LJ����� .+�32� VROXWLRQ� GHQVLW\� LVRWKHUPV� LQWKH� .�2±3�2�±+�2 V\VWHP�� 7HPSHUDWXUH�� �&��������������������������������������������������������
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WHPSHUDWXUH� UDQJH� RI� ��� WR� ���&� DUH� SUH�VHQWHG�LQ�7DEOH���DQG�)LJ����7KXV��EDVLQJ�RQ�WKH�NQRZQ�H[SHULPHQWDOGDWD�� PDWKHPDWLFDO� H[SUHVVLRQV� KDYH� EHHQGHULYHG� WR� GHWHUPLQH� WKH� VROXWLRQ� FRPSRVL�WLRQV� LQ� WKH� .�2±3�2�±+�2 V\VWHP�� (TXD�WLRQV� DUH�SURSRVHG� WR� FDOFXODWH� WKH�.+�32�VROXELOLW\�DQG�WKH�VDWXUDWHG�VROXWLRQ�GHQVLW\ZLWKLQ�ZLGH� UDQJHV� RI� WKH� VROXWLRQ� S+� DQGWHPSHUDWXUH�� 7KH� LRQ� HTXLOLEULXP� FDOFXOD�WLRQV� LQ� .+�32� SKRVSKDWH� VROXWLRQV� KDYHVKRZQ� WKH� IRUPDWLRQ� SRVVLELOLW\� RI� SUR�
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