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ODU� RU� ODUJH�DQJXODU� RQHV�� 8QIRUWXQDWHO\�WKH� FULWLFDO� YDOXH� RI� WKH� PLVRULHQWDWLRQDQJOH� ϕFU EHLQJ� WKH� ORZHU� OLPLW� DW� ZKLFKERXQGDULHV� DUH� FRQVLGHUHG� WR�EH� ODUJH�DQJOHRQHV�� FDQQRW� EH� GHWHUPLQHG� XQLTXHO\� IRUYDULRXV� UHDVRQV�� )LUVW�� SUHFLVH� FULWHULD� DF�FRUGLQJ� WR� ZKLFK� VPDOO�DQJOH� DQG� ODUJH�DQJOH� ERXQGDULHV� VKRXOG� EH� GLVWLQJXLVKHGDUH�QRW�NQRZQ�WLOO�QRZ��VHFRQG��WKHUH�LV�QRXQLIRUP�SRLQW� RI� YLHZ� DERXW� WKH�PD[LPXP
Σ YDOXH��EH\RQG�RI�ZKLFK�WKH�ERXQGDULHV�DUHQRW�DOUHDG\�VSHFLDO��,Q�RWKHU�ZRUGV��WKHUH�LVD�TXHVWLRQ��DW�ZKDW�Σ YDOXHV�WKH�FRQFHSWLRQ

)XQFWLRQDO�0DWHULDOV�����1R��������� �������Û�,QVWLWXWH�IRU�6LQJOH�&U\VWDOV

)XQFWLRQDO�PDWHULDOV������������� ���



RI� ERXQGDU\� DV� D� VSHFLDO� RQH� ORVVHV� WKHSK\VLFDO� VHQVH�� ,W� LV� WR�QRWH�WKDW�ϕFU YDOXHVDV� HVWLPDWHG� E\� YDULRXV� DXWKRUV� GLIIHUV� HV�VHQWLDOO\��)RU� H[DPSOH�� LQ�5HDG�DQG�6KRFN�OH\�ZRUNV�>�@�YDOXH�RI�ϕFU PDNHV���WR�����,QWKH�WKHRU\�E\�/L�>�@�EDVHG�RQ�FRDOHVFHQFH�RIGLVORFDWLRQ� FRUHV� LQ� ERXQGDULHV�� ϕFU YDOXHFDQ�UHDFK�≈�����$FFRUGLQJ� WR� >�@��ϕFU a�����RQ� GDWD� E\� )ULHGHO� >�@� ϕFU a���� Ü������ ,Q9DQ�%XHUHQ�ZRUNV� >�@��ϕFU GRHV� QRW� H[FHHG�����8QIRUWXQDWHO\��DV�IDU�DV�ZH�NQRZ��WKHUH� DUH�QHLWKHU�GLUHFW� H[SHULPHQWDO�QRU� UHOL�DEOH� WKHRUHWLFDO� GHWHUPLQDWLRQV� RI� WKHPLVRULHQWDWLRQ�DQJOH�FULWLFDO�YDOXH�ϕFU�,Q� WKLV� ZRUN�� D� FU\VWDO�JHRPHWULF� ULJLGJUDLQ� ERXQGDU\� VWUXFWXUH� PRGHOLQJ� LV� SUR�SRVHG�WDNLQJ�LQWR�DFFRXQW�QRW�RQO\�WKH�FRP�SOHWH� DWRPLF� FRLQFLGHQFHV� LQ� WKH� ERXQGDU\EXW� DOVR� SDUWLDO� RQHV�� DOORZLQJ� WR� VLPXODWHWKH�JUDLQ�ERXQGDU\�VWUXFWXUH�DQG�WR�REWDLQWKH�ERXQGDU\�HIIHFWLYH�HQHUJ\�YDOXH��WKH�FR�LQFLGHQFH�GHJUHH�RI�ODWWLFHV�LQ�WKH�ERXQGDU\�DW�DQ\�PLVRULHQWDWLRQ�DQJOH��7KH�HVVHQFH�RIWKH�PRGHOLQJ�PHWKRG�LV�UHGXFHG�WR�FRQVWUXF�WLRQ� RI� WZR� LGHQWLFDO� VFKHPHV� RI� ODWWLFHDWRPLF� DUUDQJHPHQW� LQ� D� FHUWDLQ� FU\VWDO�ORJUDSKLF� SODQH� >����@�� 7KHQ�� RQH� RI� WKHVFKHPHV� LV� WXUQHG� DERXW� DQ� D[LV� SDVVLQJWKURXJK�WKH�FRPPRQ�VLWH�SHUSHQGLFXODUO\�RIWKLV� SODQH� ZLWK� UHVSHFW� WR� DQRWKHU� RQH�� 7RWDNH� LQWR� DFFRXQW� WKH� SDUWLDO� FRLQFLGHQFHV�WKH� DWRPLF� DUUDQJHPHQW� VFKHPH� �LQWHUD�WRPLF� GLVWDQFHV�� DQG� WKH� DWRPLF� VL]HV� DUHVXEPLWWHG� LQ� WKH� VDPH� VFDOH�� $V� ZLOO� EHVKRZQ� EHORZ�� VXFK� PRGHOLQJ� WHFKQLTXH� DO�ORZV�� ILUVWO\�� WR� GHULYH� WKH� GHSHQGHQFH� RI

ERXQGDU\� HIIHFWLYH� HQHUJ\� �ERWK� IXOO� DQGSDUWLDO� FRLQFLGHQFH� GHJUHH� RI� DWRPV� LQ� WKHERXQGDU\�� IURP� WKH� PLVRULHQWDWLRQ� DQJOH�VHFRQGO\��WR�GHWHUPLQH�WKH�ϕFU YDOXH�DQG�WRVKRZ� WKDW� LW� GHSHQGV� RQ� WKH� ERXQGDU\OHQJWK�DQG�LWV�OD\LQJ�SODQH��DQG��WKLUGO\��WRUHYHDO�WKH�VWUXFWXUDO�HOHPHQW�UHSUHVHQWLQJ�DSULPLWLYH�VWUXFWXUDO�FHOO�ZLWK�D�VKRUW�SHULRGSDWWHUQ� FRQVLVWLQJ� RI� SDUWLDOO\� FRLQFLGHQWDWRPV�DQG�RQH�FRPSOHWHO\�FRLQFLGHQW�FHQWHUDWRP�7KH� PRGHOLQJ� UHVXOWV� REWDLQHG� IRU� WZRERXQGDU\� OD\LQJ� SODQHV� ������ DQG� ������ RII�F�F�� VWUXFWXUH� DUH� SUHVHQWHG� EHORZ�� )LJ���VKRZV� WKH� GHWHUPLQDWLRQ� VFKHPH� RI� DQJOHV
ϕ FRUUHVSRQGLQJ� WR� FRLQFLGHQFH� VLWH� ODWWLFHVIRU� ERXQGDU\� OD\LQJ� SODQH� ������� 6LQFH� WKHDWRPLF�DUUDQJHPHQW�VFKHPH�LQ�WKLV�SODQH�LV

)LJ�����'HWHUPLQDWLRQ�VFKHPH�RI�ϕ DQJOHV�FRU�UHVSRQGLQJ�WR�&6/�IRU�ERXQGDU\�OD\LQJ�SODQH������

7DEOH���0LVRULHQWDWLRQ� DQJOHV�ϕQ�N�� FRUUHVSRQGLQJ� WR�&6/� IRU� ERXQGDU\� OD\LQJ� SODQH� ������ �Σ LVVXUIDFH�GHQVLW\�RI�FRLQFLGHQFH�VLWHV��Σ��YROXPH�GHQVLW\�RI�FRLQFLGHQFH�VLWHV����
ϕQ�N �GHJ��� NQ � � � �� �������Σ���Σ���� �������Σ����Σ���� �������Σ���Σ�� �������Σ����Σ���� �������Σ����Σ��� �������Σ���Σ����� �������Σ����Σ���� �������Σ����Σ��� ������Σ����Σ����� �������Σ����Σ��� �������Σ����Σ���� �������Σ����Σ����� �������Σ����Σ���� �������Σ����Σ���� �������Σ���Σ���� ������Σ����Σ������ �������Σ����Σ���� �������Σ���Σ��� �������Σ����Σ���� �������Σ����Σ����

,Q�WKH�7DEOH��LW�LV�SRVVLEOH�WR�ILQG�WKH�VDPH�DQJOHV�FRUUHVSRQGLQJ�WR�&6/�IRU�GLIIHUHQW�SDLUV��Q��N��)URP�WKH�VFKHPH�RI�DQJOH�GHWHUPLQDWLRQ��)LJ����� LW� LV� VHHQ� WKDW� WKLV� UHFXUUHQFH�FDQ�EH�DYRLGHGFRQVLGHULQJ�RQO\�Q DQG�N KDYLQJ�QR�FRPPRQ�PXOWLSOLHUV�
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��� )XQFWLRQDO�PDWHULDOV�������������



FKDUDFWHUL]HG�E\�D���WK�RUGHU�V\PPHWU\�D[LVSHUSHQGLFXODU�WR�WKLV�SODQH��WR�GHWHUPLQH�DOOWXUQ�DQJOHV�ϕ UHVXOWLQJ�LQ�FRLQFLGHQFH�RI�WKHODWWLFH� VLWHV�� LW� LV� SRVVLEOH� WR� UHVWULFW� RXU�VHOYHV� WR�RQO\�SDUW�RI� WKLV� VFKHPH��QDPHO\�WR�D����GHJUHHV�VHFWRU�DV�LW�LV�VKRZQ�LQ�)LJ���� /HW� WKH� SRLQW� 2� EH� WKH� FHQWHU� WKURXJKZKLFK�SDVVHV�WKH�PLVRULHQWDWLRQ�D[LV��DQG�QEH�D�QXPEHU�RI�OD\HUV�LQ�WKH�VWUXFWXUH�EHLQJFRQVLGHUHG�� 7KH� VHTXHQWLDO� FRQVLGHUDWLRQ� RIFRLQFLGHQFH� RSSRUWXQLW\� RI� ODWWLFH� VLWHV� LQHDFK� OD\HU� DQG� GHWHUPLQDWLRQ� RI� WKH� DQJOHVUHVXOWLQJ� LQ� VXFK�FRLQFLGHQFH�� DOORZV� WR�GH�WHUPLQH� DOO� QHFHVVDU\� YDOXHV� RI�ϕ�� 7KH� GH�WHUPLQDWLRQ� VFKHPH� LV� VLPSOH� HQRXJK�� )RUH[DPSOH�� LQ� WKH� ILUVW� OD\HU�� VLWHV�$ DQG�k�FDQ�FRLQFLGH�RQO\��WKH�QHFHVVDU\�YDOXH�RI�ϕ�DQJOH� PDNHV� ����� )URP� )LJ����� LW� LV� VHHQWKDW�LQ�WKH�VHFRQG�OD\HU��FRLQFLGHQFH�RI�VLWHVRFFXUV�DW�WXUQLQJ�WKURXJK���� DV�ZHOO�DV�LQWKH�ILUVW� OD\HU��2QO\�LQ�WKH�WKLUG�OD\HU��WKHFRLQFLGHQFH�RI�VLWHV�% DQG�%� LV�SRVVLEOH�DWWXUQLQJ� WKURXJKQ� DQJOH� ϕ� GLIIHUHQW� IURP

����� ZKLFK� FDQ� EH� GHWHUPLQHG� HDVLO\� IURPJHRPHWULFDO�FRQVLGHUDWLRQ�
ϕ� = �DUFWJ 




��√� 


� ���

&RQVHFXWLYH�FRQVLGHUDWLRQ�RI�DWRPLF�FRLQ�FLGHQFH�RSSRUWXQLW\�LQ�VXEVHTXHQW�OD\HUV�DO�ORZV�WR�GHULYH�DQ�H[SUHVVLRQ�IRU�GHWHUPLQD�WLRQ� RI� DOO� DQJOHV� UHVXOWLQJ� LQ� RFFXUUHQFH&6/�
WJϕQ�N� = Q − �NQ√� �� ���

ZKHUH�Q  �������������N  �������������N ��Q���7KH�I�F�F�ODWWLFH�PLVRULHQWDWLRQ�DQJOHV��ϕQ�N��FUHDWLQJ�&6/�IRU�WKH�ERXQGDU\�OD\LQJ�SODQH������FDOFXODWHG�XVLQJ�IRUPXOD�����DUH�VXP�PDUL]HG�LQ�7DEOH�)LJ���� �D�� E�� SUHVHQWV� DV� DQ� H[DPSOH� WKHJUDLQ�ERXQGDU\�VWUXFWXUHV�DULVLQJ�DV�D�WXUQ�LQJ� UHVXOW� RI� RQH� DWRPLF� DUUDQJHPHQWVFKHPH� ZLWK� UHVSHFW� WR� DQRWKHU� RQH� E\� DQ�

)LJ����� *UDLQ�ERXQGDU\� VWUXFWXUHV� DULVLQJ� DW� WXUQLQJ� RI� RQH� DWRPLF� DUUDQJHPHQW� VFKHPH� ZLWKUHVSHFW� WR� DQRWKHU� RQH� E\� YDULRXV� DQJOHV�ϕ FRUUHVSRQGLQJ� WR� VSHFLDO�PLVRULHQWDWLRQV�� È�� ERXQGDU\OD\LQJ� SODQH� �������ϕ  ���������Σ��� E�� ERXQGDU\� OD\LQJ� SODQH� �������ϕ  ���������Σ���� F�� ERXQGDU\OD\LQJ�SODQH��������ϕ  ������Å��Σ���G��ERXQGDU\�OD\LQJ�SODQH��������ϕ  ������Å��Σ���
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JOHV�ϕ ������������������FRUUHVSRQGLQJ�WR�WKHVSHFLDO� PLVRULHQWDWLRQV� �Σ��� ���� IRU� ERXQG�DU\� OD\LQJ� SODQH� ������� )URP� )LJ����� LW� LVVHHQ� WKDW� WKH� JUDLQ�ERXQGDU\� VWUXFWXUH� LQ�FOXGHV�FRPSOHWHO\�FRLQFLGHQW� ODWWLFH�VLWHV�DVZHOO�DV�SDUWLDOO\�FRLQFLGHQW�RQHV��$�GLVWLQF�WLYH� DQG� LPSRUWDQW� IHDWXUH� RI� DOO� WKHVHVWUXFWXUHV� LV� WKDW� HYHU\RQH� WKHUHRI� FDQ� EHGHVFULEHG�ZLWK�WKH�KHOS�RI�WKH�LGHQWLFDO�FHOOVUHSUHVHQWLQJ� SULPLWLYH� VWUXFWXUHV� FRQWDLQ�LQJ�LQ�WKH�FHQWHU�RQO\�RQH�FRPSOHWHO\�FRLQFL�GHQW� VLWH� �DWRP��� 7KH� VKDSH� RI� VXFK� D� FHOOUHIOHFWV� DWRPLF� DUUDQJHPHQW� V\PPHWU\� LQWKH� SODQH� EHLQJ� FRQVLGHUHG�� 6R�� IRU� SODQH������� WKH� FHOO� KDV� WKH� VKDSH� RI� D� UHJXODUKH[DJRQ�7KH� PRGHOLQJ� VFKHPH� SURSRVHG� SHUPLWVWR�GHWHUPLQH�HDVLO\�SDUDPHWHU�RI�WKH�SULPL�WLYH�FHOO�PHQWLRQHG�DERYH��DFHOO����DFHOOQ�N = QUFRV


ϕQ�N� 



��� ���
ZKHUH�U LV�WKH�DWRPLF�UDGLXV�)RU�OD\LQJ�SODQH��������WKH�SULPLWLYH�FHOOPDNLQJ� LW� SRVVLEOH� WR� GHVFULEH� WKH� ZKROHVWUXFWXUH� DOVR� FRQWDLQV� RQO\� RQH� FRLQFLGHQWDWRP� �)LJ���� F�� G��� 7KH� FHOO� LV� VTXDUH�VKDSHG�� 7KH� IRUPXODV� WR� GHWHUPLQH� WKH� ϕDQJOHV� DQG� WKH� SULPLWLYH� FHOO� SDUDPHWHUDFHOO�DUH�DV�IROORZV�

WJϕQ�N� = Q − NQ �� ���

DFHOOQ�N = �QUFRV


ϕQ�N� 



�� ���
ZKHUH�U LV�WKH�DWRPLF�UDGLXV��Q  ������������N  ������������Q Ü������,W�LV�HDV\�WR�VKRZ�WKDW�WKH�UDWLR�EHWZHHQWKH�YDOXH�RI�FRLQFLGHQW�VLWHV�UHFLSURFDO�GHQ�VLW\� Σ DQG� WKH� SULPLWLYH� FHOO� SDUDPHWHU� LVJLYHQ�E\�

Σ = N ⋅




DFHOOU 



�� ���
7KH� FRHIILFLHQW� N LV� GLIIHUHQW� DQG� GH�SHQGV�RQ�WKH�ERXQGDU\�OD\LQJ�SODQH��6R��WKHN YDOXH� PDNHV� ���� IRU� OD\LQJ� SODQH� ������DQG�����IRU�SODQH�������$� GLVWLQFWLYH� IHDWXUH� RI� JUDLQ� ERXQGDU\VWUXFWXUH� FU\VWDO�JHRPHWULF� PRGHO� SURSRVHGLV� WKH�GHWHUPLQDWLRQ�SRVVLELOLW\�RI�HIIHFWLYHHQHUJ\�(HII QRW�RQO\�IRU�WKH�VSHFLDO�ERXQGD�ULHV�� EXW� DOVR� IRU� WKH� JHQHUDO� W\SH� RQHV� DWDQ\�PLVRULHQWDWLRQ�DQJOHV�

(HII =
6� − 66� ⋅ (��� ���

ZKHUH� 6� LV� WKH� RYHUODSSHG� DUHD� RI� DWRPSURMHFWLRQV�RQ�WKH�ERXQGDU\�OD\LQJ�SODQH�DW
ϕ  ���� 6�� WKH� RYHUODSSHG� DUHD� DW� DQ� DUEL�WUDU\� ϕ �ERWK� FRPSOHWH� DQG� SDUWLDO� FRLQFL�GHQFHV� EHLQJ� WDNHQ� LQWR� DFFRXQW���p��� WKHFRHIILFLHQW� GHSHQGLQJ� RQ� WKH� ERXQGDU\� OD\�LQJ� SODQH� RQO\� �WKH� HQHUJ\� RI� JHQHUDO� W\SHERXQGDU\� ZLWK� WKH� PLQLPDO� 6�6� YDOXH��7KLV�SXUSRVH�LV�UHDFKHG�E\�FRQVWUXFWLQJ�WKHGHSHQGHQFH� RI� WKH� DWRPLF� FRLQFLGHQFH� UHOD�WLYH� GHJUHH� �6� Ü�6��6�  � (HII�(� RQ� WKHPLVRULHQWDWLRQ� DQJOH� ϕ�� $� FRPSXWHU� SUR�JUDP� GHYHORSHG� VSHFLDOO\� SHUPLW� WR� GHWHU�PLQH� WKH� RYHUODSSHG� DUHD� RI� DWRPLF� SURMHF�WLRQV� RQ� WKLV� SODQH� IRU� YDULRXV� ERXQGDU\OHQJWK� �DWRPLF� DUUD\�� DW� DQ\� WXUQLQJ� DQJOHRI�WKH�DERYH�PHQWLRQHG�DWRPLF�DUUDQJHPHQWVFKHPHV� LQ� D� FHUWDLQ� FU\VWDOORJUDSKLF� SODQH�WKH�ERXQGDU\�OD\LQJ�SODQH���&DOFXODWLRQ�UH�VXOWV� IRU� DUUD\� RI� DERXW� ����� DWRPV� DUHSUHVHQWHG� EHORZ�� 7KH� LQFUHDVH� RI� DWRPLFDUUD\� XS� WR� ������ DQG� PRUH� GRHV� QRWFKDQJH� HVVHQWLDOO\� WKH� UHVXOWV� REWDLQHG�� $VDQ� H[DPSOH�� )LJ���� VKRZV� VXFK� GHSHQGHQFHLQ� (HII�(� Ü�ϕ FRRUGLQDWHV� IRU� WKH� OD\LQJSODQH� ������ LQ�ϕ DQJOH� UDQJH� IURP� �� XS� WR����� 7KH� GHSHQGHQFH� (HII�(�  �I�ϕ�� LV� SUH�VHQWHG�LQ�WKH�VSHFLILHG�DQJXODU�UDQJH�DV�WKH

)LJ�����'HSHQGHQFH�RI�pHII�p� RQ�PLVRULHQWD�WLRQ� DQJOH� ϕ�� ERXQGDU\� OD\LQJ� SODQH� ������DUUD\�RI������DWRPV�

(�(�%DGL\DQ�HW�DO����&U\VWDO�JHRPHWULFDO�PRGHO���

��� )XQFWLRQDO�PDWHULDOV�������������



FXUYH� DSSHDUV� V\PPHWULF� WR� WKDW� FRUUH�VSRQGLQJ�WR�WKH�ϕ  ���� RQH�LQ�WKH����WR����UDQJH�IRU�OD\LQJ�SODQH��������,W�LV�VHHQ�IURPWKH�)LJXUH�WKDW�WKH�FRPSOHWH�FRLQFLGHQFH�RIVLWHV� �6  �6��� WDNHV� SODFH� DW� ϕ  ���� 7KLVPHDQV� WKDW� WKHUH� LV�QR�ERXQGDU\� �pHII  ����$V� WKH� PLVRULHQWDWLRQ� DQJOH� LQFUHDVHV�� WKHpHII ULVHV� VKDUSO\�� UHDFKLQJ� WKH� PD[LPDOYDOXH� DW�PLVRULHQWDWLRQ�DQJOH�ϕ  �������7KHIXUWKHU� ϕ LQFUHDVLQJ� UHVXOWV� LQ�PLQLPD� DS�SHDULQJ� LQ� FXUYH�(HII  �(HII�ϕ��� 'HWHUPLQD�WLRQ�RI�ϕ DQJOHV�FRUUHVSRQGLQJ�WR�WKHVH�PLQ�LPD�VKRZV�WKDW�DOO�RI�WKHP�DQVZHU�WR�VSHFLDOERXQGDULHV�� H[FHSW� RQO\� IRU� WKH� ILUVW� PLQL�PXP� FRUUHVSRQGLQJ� WR� ϕ  ������� 7R� FODULI\WKH�QDWXUH� RI� WKLV�PLQLPXP��DGGLWLRQDO�GH�WHUPLQDWLRQV�RI�DWRPV��VLWHV��FRLQFLGHQFH�GH�JUHH� LQ� VKRUW� ERXQGDULHV� KDYH� EHHQ� FDUULHGRXW�GHSHQGLQJ�RQ�DWRPV�DUUD\��$� FRQVHFXWLYH� FRQVLGHUDWLRQ� RI� YDULRXVDWRPLF� DUUD\V�� DGPLWWLQJ� DSSHDUDQFH�� DF�FRUGLQJ� WR� WKH� VFKHPH� SUHVHQWHG� LQ� )LJ���DQG�7DEOH�� RQH�� WZR�� WKUHH�� HWF��PLQLPD�RQWKH�pHII  �pHII�ϕ��FXUYH�FRUUHVSRQGLQJ�WR�FR�LQFLGHQFH� VLWH� ODWWLFHV�� KDV� DOORZHG� WR� VKRZXQHTXLYRFDOO\�WKDW�WKH�ILUVW�PLQLPXP�IRXQGRXW� LQ� WKHQ� FXUYH� �)LJ����� GRHV� QRW� FRUUH�VSRQG�WR�DQ\�VSHFLDO�ERXQGDU\��7KLV�LV�FRQ�ILUPHG� E\�pHII  �(HII�ϕ�� GHSHQGHQFHV� JLYHQIRU�YDULRXV�DUUD\V�LQ�)LJ�����D��E���,Q�)LJ���È�UHVXOWV� IRU� DUUD\� WKDW� PDNHV� WKUHH� OD\HUVDUH� VKRZQ�� $FFRUGLQJ� WR� 7DEOH�DQG� WKHVFKHPH� VKRZQ� LQ� )LJ����� LQ� WKH� WKUHH�OD\HUDUUD\�RQO\�RQH�PLQLPXP�DW�DQJOH�ϕ  �������FRUUHVSRQGLQJ�WR�Σ��DSSHDUV��,Q�H[SHULPHQW�RQH� PRUH� PLQLPXP� LQ� WKH� FXUYH� LV� IRXQGZKLFK�FDQQRW�EH�H[SODLQHG�RI�FRXUVH�E\�WKH&6/�SUHVHQFH��$V� WKH�DUUD\� LQFUHDVHV�XS�WR��OD\HUV��)LJ���E���EHVLGHV�WKH�PLQLPD�FRUUH�

VSRQGLQJ� WR�Σ ��� ���� ���� DV� LW� LV� VKRZQ� LQ7DEOH��WRR��DQ�DGGLWLRQDO�PLQLPXP�LV�IRXQG�EXW� DW�ϕ ≈ ������7KXV�� LQGHSHQGHQWO\� RI� WKHDWRPLF� DUUD\� FRQVLGHUHG� DQG�� KHQFH�� RI� WKHERXQGDU\�OHQJWK��WKH�DGGLWLRQDO�PLQLPXP�LVDOZD\V�IRXQG�RXW�ZKLFK�GRHV�QRW�DQVZHU�WR&6/��$V�WKH�ERXQGDU\�OHQJWK�LQFUHDVHV��WKHPLQLPXP� SRVLWLRQ� LV� VKLIWHG� WRZDUGV� VPDOO
ϕ DQJOHV��7KH� ϕFU GHSHQGHQFH� RQ� WKH� ERXQGDU\OHQJWK� �DWRPLF� DUUD\�� LV� VKRZQ� LQ� )LJ����)URP� WKH� )LJXUH� LW� LV� VHHQ� WKDW� DW� VPDOOOHQJWK� �O�� RI� ERXQGDU\� ZLWK� OD\LQJ� SODQH�������OHVV�WKDQ����DWRPLF�VL]HV��O ³ ��Ü� FP��WKH�ϕFU YDOXH�GHSHQGV�KHDYLO\�RQ�WKH�QXPEHURI� DWRPV� 1 DQG� FDQ� DWWDLQ� ����� ,Q� RWKHUZRUGV�� IRU� VPDOO�DQJOH� ERXQGDULHV� RI� LQVLJ�QLILFDQW� OHQJWK�� WKH� PLVRULHQWDWLRQ� DQJOHYDOXH� FDQ� DPRXQW� WR� DERXW� ����� )RU� ORQJHUERXQGDULHV� �O ≤ ��Ü� FP��� WKH� ϕFU GRHV� QRWGHSHQG� SUDFWLFDOO\� RQ� WKH� ERXQGDU\� OHQJWK

)LJ����� 'HSHQGHQFH� ϕFU RQ� ERXQGDU\� OHQJWK�DUUD\�RI�1 DWRPV��IRU�ERXQGDU\�OD\LQJ�SODQH������

)LJ�����'HSHQGHQFH�RI�pHII�p� RQ�PLVRULHQWDWLRQ�DQJOH�ϕ IRU�YDULRXV�DUUD\V��%RXQGDU\�OD\LQJ�SODQH�������D����OD\HUV�����DWRPV���E����OD\HUV�����DWRPV��
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DQG� PDNHV� ≈���� 7KXV�� GHSHQGLQJ� RQ� WKHERXQGDU\� H[WHQVLRQ�� ϕFU PD\� YDU\� E\� RQHGHFLPDO�RUGHU�HYHQ�IRU�DQG�WKH�VDPH�ERXQG�DU\�OD\LQJ�SODQH��DQG�WKLV�DOORZV�WR�H[SODLQWKH� DPELJXRXV� HVWLPDWLRQV� RI�ϕFU JLYHQ� E\YDULRXV� DXWKRUV�� ,Q� RXU� RSLQLRQ�� D� VLJQLIL�FDQW� UHVXOW� SURYLGHG� E\� WKH� FRQVLGHUHGPRGHO� FRQVLVWV� LQ� WKH� H[SODQDWLRQ� RI� WKHVSHFLDO� ERXQGDU\� ORZ�HQHUJ\��7UDGLWLRQDOO\�WKH� VSHFLDO� ERXQGDU\� HQHUJ\� LV� FRQQHFWHGRQO\�ZLWK� WKH�Σ YDOXH� �WKH� GHQVLW\� RI� FRP�SOHWH�FRLQFLGHQFH�VLWHV���)RU�H[DPSOH��LQ�>�@�WKH�UHODWLRQ�(  �(*7���Ü�ΣÜ���LV�JLYHQ�ZKHUH(*7 LV�WKH�HQHUJ\�RI�JHQHUDO�W\SH�ERXQGDU\�WKLV� H[SUHVVLRQ�� KRZHYHU�� GRHV� QRW� FRUUH�VSRQG�DOZD\V�WR�H[SHULPHQWDO�Σ HVWLPDWLRQV�)LJ���� SUHVHQWV� WKH� (HII�(� GHSHQGHQFH� RQ
Σ IRU� OD\LQJ� SODQH� ������ REWDLQHG� LQ� WKLVZRUN��7KH�GHSHQGHQFH�SUHVHQWHG� LV�QRW�PR�QRWRQRXV�� ,W� LV�QRW�QHFHVVDULO\� WKDW� VPDOOHU
Σ YDOXHV� FRUUHVSRQG� WR� ORZ�(HII YDOXH�� 6R�IRU� H[DPSOH�� YDOXH� RI�(HII IRU�Σ��� DSSHDUV

ORZHU� WKDQ� IRU�Σ���� IRU�Σ����(HII LV� ORZHUWKDQ�IRU�Σ����HWF��([SODQDWLRQ�RI�WKLV�HIIHFWFDQ�EH�VHHQ�LQ�)LJ����ZKHUH�PLQLPD�SURILOHVLQ�WKH�FXUYH�(HII  �(� IRU�Σ���DQG�Σ���DQGWKH�SULPLWLYH�FHOOV�ZLWK�VKRUW�SHULRG�SDWWHUQIRUPLQJ�VWUXFWXUH�RI�VXFK�JUDLQ�ERXQGDULHVDUH�VKRZQ��6LQFH�RQ�WKH�RUGLQDWH�D[LV��FRLQ�FLGHQFH�GHQVLW\�YDOXHV�DUH�ODLG��L�H��WKH�GHQ�VLW\� RI� SULPLWLYH� FHOOV� SDWWHUQ�� WKH� ODWWHUGHWHUPLQH� WKH� HQHUJ\� RI� VSHFLDO� JUDLQERXQGDULHV�� ,Q� RWKHU� ZRUGV�� ORZ� HQHUJ\� RIWKH� VSHFLDO� JUDLQ� ERXQGDULHV� LV� GHWHUPLQHGE\�KLJK�GHQVLW\� RI� VKRUW�SHULRG�SDWWHUQV� RIWKH�SULPLWLYH�FHOO�VWUXFWXUH��7KH�LQFUHDVH�RIWKH�SDWWHUQ�GHQVLW\�UHVXOWV� LQ�WKH�ERXQGDU\HQHUJ\�GHFUHDVH�5HIHUHQFHV���$�1�2UORY�� 9�1�3HUHYH]HQWVHY�� 9�9�5\ELQ�*UDLQ� %RXQGDULHV� LQ� 0HWDOV�� 0HWDOOXUJLD�0RVFRZ��������>LQ�5XVVLDQ@����:�7�5HDG�� :�6KRFNOH\�� 3K\V��5HY��� ���� ����������

)LJ�����'HSHQGHQFH�RI�pHII�p� RQ�Σ YDOXH�IRU�SODQH��������È��E\�UHVXOWV�RI�>�@��E��E\�UHVXOWV�RI�WKLVZRUN�

)LJ�����3URILOHV�RI�PLQLPD�LQ�WKH�GHSHQGHQFH�RI�pHII�p� RQ�PLVRULHQWDWLRQ�DQJOH�IRU�Σ����D��DQG�Σ���E��DQG�FRUUHVSRQGLQJ�SULPLWLYH�FHOOV�ZLWK�VKRUW�SHULRG�SDWWHUQV��7KH�SODQH�LV�������
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��� )XQFWLRQDO�PDWHULDOV�������������



���-�&�0�/L��-��$SSO��3K\V���������������������&K�9�.RSHWVN\�� $�1�2UORY�� /�.�)LRQRYD�*UDLQ� %RXQGDULHV� LQ� 3XUH�0DWHULDOV��1DXND�0RVFRZ��������>LQ�5XVVLDQ@����-�)ULHGHO��'LVORFDWLRQV��3HUJDPRQ�3UHVV��2[IRUG�/RQGRQ�(GLQEXUJK�1HZ� <RUN�3DULV�)UDQNIXUW����������+�*�9DQ� %XHUHQ�� ,PSHUIHFWLRQV� LQ� &U\VWDOV�1RUWK�+ROODQG�3XEOLVK�&RPSDQ\��$PVWHUGDP�������

���(�(�%DGL\DQ��$�*�7RQNRSULDG��,QYHQWRU±V�&HU�WLILFDWH�1R�����������%,�¢�����������>LQ�5XV�VLDQ@����(�(�%DGL\DQ��$�*�7RQNRSULDG��,QYHQWRU±V�&HU�WLILFDWH�1R����������%,�¢�����������>LQ�5XV�VLDQ@����7�6FKREHU��5�:�%DOOXIIL��3KLO��0DJ��� ���� ����������
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