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AKICHE JOCILIZKEHHA TMHAMIKH HEYITKHUX
JAUCKPETHUX CUCTEM

€.B. IBOXIH, C.O. BOJIYKOB

[MpoBoauThCs aHami3 CTIHKOMOMIOHMX BIACTHBOCTEW (YHKIIOHYBaHHS HEUYITKHUX
JMCKPETHUX CHCTEM Ha NpPUKJIAIi CUCTEM NpPUHHATTA pilleHb. BBoauThcs BH3HA-
YEHHS CTIMKOCTiI PO3B’SA3KiB HEWITKUX CHUCTEM. 3aIPOIIOHOBAHO aJTOPUTMH OOUYHC-
JICHHS 3Ha4eHb (YHKIII HaJEeXKHOCTI Ui 3a0e3MeveHHs] MOJENIOBaHHS TUHAMIKA
cucTeM NpUHHATTS pimens. Ha ocHoBi MeToxy ¢ynkuiit JIsmynoBa noBeneHo TBep-
JOKEHHS TIPO YMOBH CTIHKOCTI B TUCKPETHUX HEUITKHX CHCTEMaXx.

MatemaTuyHe MOJICITIOBaHHS Pi3HUX (DI3MUHUX SIBUII CKJIATAETHCS 13 JBOX MPHH-
IATIOBUX €TalliB, SKi MOTPeOYIOTh BpaxyBaHHS CKIIATHOCTI Ta HEBHU3HAYEHOCTI
BignoBimHUX Mojenei. [lepmmit 3 HUX 00’€KTHMBHO OOYMOBJICHUH BiJICYTHICTIO
TOYHOT'O OMHCY TIpOIleciB (DYHKIIIOHYBaHHS, IO MOIETIOOThCs. Lle, B cBOTO Uep-
Ty, Belle 0 HEMOXKJIHMBOCTI C(OPMYIIIOBATH TOUHHUH BUTIISA MOJENi (i3HUHOrO
nporecy. HeapydHocTi BUKOpHCTaHHS KOHKPETHHUX MOJENEeH Ha MpaKTHUIl Mosc-
HIOIOTbCS TaKOX HAsBHICTIO B MOJENsAX OaraTboxX HeBU3HaueHocTed. pyruit
eTar, TOB’S3aHMI 3 MPOOIEMOI0 aJEeKBATHOCTI MaTeMaTHYHOTO MOJETIOBAaHHS
peabHUX CHCTEM, TMOJISITae y CyO €KTHBHIH HECTIPOMOYKHOCTI OL[IHIOBATH CTaHU
mporeciB abCOMIOTHO TOYHO. HesICHICTh, HEUITKICTh TTOBEAIHKHA CHCTEM, BiICYT-
HICTh JIOCTATHBOI iHQoOpMAIl JJIsi MOJETIOBAHHS MPOIIECIB HE J03BOJSIOTH
KOPEKTHO OIMCYBaTH MOJENi B paMKaX TPaJAHWIIHHUX ITiIXOMIB, SKi BPaXOBYIOThH
HeBH3Ha4YeHiCTh. OCTaHHIM YacoM JUIS BUPIIIEHHS IIUX TPOOJIEM AOCUTH LIHPOKO
BHUKOPUCTOBYETHCSI TEOPish HEUITKMX MHOXUH [ 1-5].

IcHye Garato miaxo/iB 10 MOOYIOBH Ta MATEMAaTHYHOIO OOTPYHTYBaHHS 3a-
ranpHOi Teopii HeuiTkuX MHOXHH. [IoTpiOHO BiAMITHUTH, IO aKCiOMaTHKa JaHOI
TEOpii MOCUTH MOBHO BUBYEHA [5], a 00JacTh 3aCTOCYBAHHS HEUYITKHX MHOXKHH
MOCTIHHO PO3UIMPIOETHCS 3aBASKH BUKOPUCTAHHIO OCHOBHUX MPUHIUIIB TEOpii B
aHali3l CKJIIAJHUX CHCTEM DI3HOTO TNPHU3HAYEHHS (EKOHOMIYHUX, EKOJOTIdHHX,
COITIAIbHUX, MEAWYHUX, MMOJTITHIHHX Ta iH.).

IcHye Benuka KiJIbKICTh HEUITKUX MOJIENEH, SIKi JJO3BOJISIOTh OMKUCYBaTH JH-
HaMiKy IporneciB (sBuI, cutyaniil i moa.). [Ipote 3po3ymino, mo 6e3 SIKiCHOTO
JIOCJIIJDKCHHS TTOBEJIIHKK PO3B’SI3KiB aHali3 Mojeliell He MOKe OyTH MOBHUM.
ITutaHHAM JOCHIIUKEHHS CTIMKOCTI HEYITKMX AUHAMIYHHUX CHCTEM IIOKH IO
npucBsYeHo HebaraTo poOit [2, 4, 7, 9]. Lle moB’s13aHO 3 TUM, IO TEPMIiH «CTil-
KICTh HEUITKOi CHCTEMH» 3aJIMIIAETHCS HE M0 KiHIM (OpMai3oBaHUM ITOHSAT-
TSM, SIK€ TPAKTYETHCA B 3QJICKHOCTI BiJl MOJAENIECH MOCHIDKCHHS AWHAMIKH Ta
B MOTJISIAIB HA 3MICT BIIACTUBOCTI «CTIMKOCTI®.

MerTor 1i€i poboTu € cupoda OTpUMAaTH YMOBH TPAAHLIHHOTO MOHSITTS
CTIMKOCTI PO3B’A3KIB HEUITKUX TUHAMIYHHX CHCTEM Ta MOOYyIyBaTH Taki aHa-
jgoru teopeM JIAmyHOBA, SIKi BCTAHOBIIOBATUMYTh (PaKTH CTIHKOCTI 3a JOTMO-
MOTOIO JOCTiPKeHHS TOTOMDKHUX QYHKUiH (PyHKUiit JlanmyHoBa).

Bu3HaunMO TOHATTS HEWITKOI MHOXXHHH 3 BHKOPHUCTAHHSM Y3arallbHEHOTO
MMOHATTS HajexxHoCTi [1].

© €.B. Isoxin, C.O. Bonuxos, 2005
94 ISSN 1681-6048 System Research & Information Technologies, 2005, Ne 4



AKicHe 00CniOdHceHHs OUHAMIKU HeYIMKUX OUCKPEMHUX CUCTIEM

1. OCHOBHI IOHATTSA

PosrnsHeMO MOBITBHUN CKIHUEHHOBUMIPHHUI TPOCTIp HAJ MOJIEM IHCHUX YHCEN
X =R". Bynemo Ha3uBati X YHiBepCaTbHOK MHOXKHHOIO.
Busnauenns 1.1. MHOXUHA niap (x, U /R(X)) HAa3MBAETHCS HEYITKOIO MHOXKH-

HOIO A B X,me xe X,
5 (x):X —[04]. (1.1)
Dynxkuisg ,uA(X): X —[0,1] masupaerpcs dymkuicro HamexHOCTI HewiTKOY

MHOXHUHHA A .

JHamni Bci HEWITKI MHOKMHH OyJeMO MO3HauyaTH BEJIHKHMH JiTEpaMH 3 XBHU-
JIET0 Ha/I HAMHU 1 OTOTOXKHIOBAaTH iX 13 BIiANOBIMHUMHU (QYHKIIISIMH HaJIEXKHOCTI.
IpocTip Beix HewiTkuX MHOkHH B X To3Haunmo E".

Busnauenns 1.2. Heuitkum BigoOpaxenasmM R 3 X y NOBLNBHUHN CKiHYEH-

HOBHMIipHU# npocTip Y Ha3MBa€ThCSA HewiTKa MHOXHMHA R y X xY 3 QyHKIiEHO
HAJICKHOCTI

(X, y): XxY —>[0,1], xeX, yeY. (1.2)

VY BIAMOBIAHOCTI IO TIPaBWII Aifl 3 HEWITKUMH MHOXWHAMH [6] mis oOdwmc-
JICHHS 3HaueHb (PYHKIIIH HAJIEKHOCTI 00’ €JTHAHHS Ta IEPETUHY HEUITKUX MHOXHH
BUKOPHUCTOBYEMO Omepariii max i min

xeA U Ay, pg g, () =max (ug (%), 1z (X)),

) (1.3)
Ve A A Ay, g 5, (9 =min (g (9, 2z, ().
[Tin BUCOTOXO HEYITKOT MHOKUHU A y X po3yMieMo
h(A)=sup uz(X). (1.4)

xeX

MuoxuHamu « -piBHs (@ -3pizu, « €[0,1]) HewiTkoi MHOKMHM A Ha3uBa-
I0Th 3BHYaiHI MHOXKUHH

A, =xeX:uz(0>al ael01]. (1.5)

[Tpu boMy Mae Miclie po3KITaieHHs HeUiTKOT MHOKHHH 32 MHOKHHAMH «f —
piBHSA

A= |JA,, (1.6)
ae[0,1]
ne aKa =B — Heuitka MHOXUHA B X 3 dynxuiero Hanexuocti g (X)=a,

Xxe X.

Busnauenns 1.3. Heuitka MHOXHHA V HA3UBAETHCS PETYISPHOIO HEUITKOIO
MHOKHHOIO B X , SIKIIO:
1) byHKuis HANEKHOCTI 145 (x): X > [0,1] HalriBHENIepepBHA 3BEPXY;
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2) MHOKUHA \7 omykia [7], Tooto VX, ye X, 0<A<1,
g (Ax+ (L= A)y) = min (5 (X), 145 (Y))
3) icHye enuHMI eeMEeHT X € X Takuid, o L7 ()_() =1;

4) HOCi# MHOXHHH SUPP V= {x e X uy (x) > O} obmexxeHnii B X .

Hexait d (A B) — xaycaopdoBa BiacTtaHb Mixk 3BUYAHHUMH MHOXHHAMU
A1 B, Toni
dy (A B)=max x—y]|. (1.7)
Busnaunmo
d[A B]=sup dy[A,.B,] (1.8)
0<a<1

SIK BIJICTaHb MK HEUITKMMHU MHOXUHamu A,B y X .
Busznauenns (1.8) BifgcTaHi MikK HEYITKHMHA MHOXKHHAMHU 337]a€ METPUKY B
. . . n . .
IpOCTOpi BCIX HEUITKMX MHOXUH E yHiBepcanbHO! MHOXUHH X , TIPH OMY

(E",d) € moBHMM MeTpHUYHHM mpocTopoM [7].

2. HEYITKI JUHAMIYHI CUCTEMUA

OyHKI[IOHYBaHHS TPOLECIB Ta SBUIL HEUITKUX NTUHAMIYHHUX CHCTEM MOXE OyTH
OIMCaHe HeYITKUMH HeTlepepBHIMHU

X(t)= X (t)<R, 2.1)
HEYiTKUMH JUCKPETHUMHU
X(t+1)=X(t)oR (2.2)
a00 HEYiTKUMU MaTPpUYHUMHU Jr(epeHiaIbHUMA PiBHIHHIMHA
Y =F(,X), 2.3)
nie R — HediTKe BifloGpaKeHHs 3 PYHKIIEO HANEKHOCTI 15 (X,Y), X, Y € X [6].

Omnepairisi «o» 03HaYa€ MaKCUMaJbHYy KOMIIO3MIIIO, KA BIJMOBITHO JIs
(2.1)1(2.2) mae Burisg

20 )= n;j))(( [min (e 4y (), 125 (6 YT (2.4)
H3,,y (V) = maxmin (ug ) (), 5 (% Y] - 2.5)

Bukopucranus audepeHIianbHOTO aHajaora npu poOoTi 3 HEYITKUMU MHO-
JKUHAMHM, Ha Halll TIOTJISA, Mae OLTbII TeopeTHUHui xapakrep. ToMy 30cepeaumo
yBary Ha JOCJIKEHHI TUCKPETHUX HEUITKUX Mojened Burisiay (2.2).

Hexait muoxuna T =1{0,1,2,...,N -1}, ie N — nesike Hamepen 3amaHe

JI0faTHE YHUCIO, BU3HAYae JUCKPETHI MOMeHTH duacy. Ilosnaummo T, =
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={t1,t2,t3,...,tn}cT HOCHIJOBHICTH MOMEHTIB 4acy 3 T , BIOPSAKOBaHHUX 3a

3pOCTaHHSIM.
Bynemo posrnsigatu Taky QUCKPETHY HEHITKY CUCTEMY:

Xy =Ry o Xy, k=012,..., (2.6)

ne X(ty) =X, eE" — xoMmmakrtHa MHOXHMHa modyaTkoBux craHis; X (t )=

= X — HeuiTKi MHOKMHM B X MOXJIMBUX CTaHIB CUCTEMH B MOMEHTH 4acCy
t, €T, sKki BU3Ha49a10Th po3B’sa3ku cuctemu; R(ty)=R, — nesxi HewiTki Bino-
OpakeHHA 3 X y X , IO BU3HA4al0Th nepexoau cucremu, kK =0,1,2,....

Busnauenns 2.1. Tpaextopiero cucremu (2.6) Ha3BEMO IOCIHIIOBHICTh
{X(tk ) =Xy € X =supp {;(k }c X?k:o,l,z,... , JUIi EJIEMEHTIB $KOI CIIpaBeIIMBi
CIIBBIIHOLICHHS

Xk+1 ZRKOXk, k:O,l, 2, . (27)

BapTto momitutH, mo Oyap-sikuii po3B’s30K cucTeMu (2.6) CKIagaeTbes i3
MHOKHHH TPAEKTOPIH.

Busnauenns 2.2. Tpaexropito cucremu (2.6) {Xk } OyInemMo Ha3uBaTH

k=0,1,2,...
perymsipuoro (PTC), skiio st ii eJ1eMeHTIB cripaBeinBa yMOBa

Mk Zﬂ(ik)zl, k=0,1,2,.... (28)

Heuirtki cranm X k¥ Momentn vacy t,, k=0,12,..., cknamarothees 3 ene-
MEHTIB Tpaekropiii cucremu X, , K=0,1,2,.... OgeBunno, sxmo cucrema (2.6)
Ma€ €MHY PeryJsipHy TpaekTopito, To Hewitki ctann X, k=0,12,... € pe-
TYJISIpHUMH HEYITKMMH MHOXXMHamu B X . Po3B’s30k cucremu (2.6) y manomy
BUTIA/IKY 3aJIe)KUTh BiJl BHOOPY MHOXKHUHHU X (ty) = X o - Ipu npomy PTC nis (2.6)
MOXe OyTH €IMHOI0 abo MOKe iICHYBAaTH JOBIUIbHA iX KITBKICTh Y 3aJICKHOCTI
Big Xj.

VY cucremi (2.6) 3anHIIAETHCS HEBIOMOIO MPHUPOJIA Ta XapakTep Iii omepa-
topiB Ry, k=0,1,2,.... Dopmanizyemo mMozaens cucteMu (2.6) y BUDIISLAIL JTiHIHHO-
TO IUCKPETHOTO PiBHIHHS

X =A o X, k=012,.. (2.9)

3 Matpurpsimu A, k=0,1,2,... ceniagsHOrO BUIY.

JU1st 1pOro PO3IJISIHEMO BHIAJOK, KOJNM CTaHM CHCTeMH X, 1=1n, ski

CKJIQIAIOTh YHIBEpCAJIbHY MHOKHHY X , 3 4acOM He 3MiHIOIOThCS. Lle o3Hauae,
o Mozenb (2.9) onucye AMHAMIKY CUTYAIlld MPUAHATTS pimeHs [9] 1 Moxe OyTh
3amucaHa y BUIIAIL

'uiml (X) - Ak ° 'uik (X)’ k = 0’1’2"": (210)
ae Mg, (%), HR (X) — BekTop-yHKIIT HaNEeKHOCTI HeuiTKuX MHOXUH X (t)

BIZIMOBiAHO B MOMEHTH vacy 1, 1, ;. Take npumymieHHs, a piBHO # po3riisag Mo-
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neni (2.10), € momycTUMHUM 32 YMOBHM BU3HAUCHHS MpaBHi 0OyI0BH MaTpuli A
Ta 3MicTy TOOyA0BH aJreOpaivHuX orepariiii 3 HeYITKHMHA MHOXXHHAMH. 3aCTOCY-
€MO TIAX1J, AK1i BUKOPUCTOBYETHCS B TEOPIii MPUUHATTS PIIICHb.

Anropurm 1. Hexaii na k -my xpoui, k=0,1,2,..., mposeneno N nocninis
(excIIepuMeHTIB), B paMKaX SKHX BH3HAYAJIUCS CIIBBIIHOIICHHS CTaHIB HEUITKOL
cuctemu (2.9), HaNIPUKIIA, METOIOM MMAPHHUX TOPIBHIHB.

I[TpurycTumo, 1UIst KOKHOTO 31 cTaHiB Xj, 1 =1,N OTpUMaHO MOKAa3HUKU ak

1’
i=1n, j=Ln, ne aﬁ 3aJla€ KUTbKICTh €KCIIEPHUMEHTIB, SIKi BU3HAYAIOTh, IO CH-
cTeMa 3aMIIAEThCS Y CTaHi Xj; &; 3aJa€ KUIbKICTh JOCTiiB (rosociB), 1110 Bij-

JIat0Th MepeBary CTaHy X; Mepel cTaHoM X | . B pesysbTati Takoi 00poOku nanux
OTPUMYEMO MaTpUIFO Ay ={a5 H i<in’ k=012,...

BukopucToBy0YH [Iii HaJl HEYITKUMH MHOKHHAMHM, BU3HAYHMO
e Omepalliio J0AaBaHHs [BOX HEUITKUX eneMeHTIB (X, 44) i (X,ip) 3 X y
BUTJIAIL

(%, 10) F (% 112) = (X, 113), pg =y + g — 1y * 3 (2.11)
e ormepallito MHOKeHHS eneMenTa (X, £(X)) Ha 1ise 4yucio

P * (X, 2 (X)) = (X, (X)) T (%, (X)) F .. T (X, (X)) . (2.12)
p pas

Toni nns marpup Ay, k=0,1,2,..., 3a1aH0T CTPYKTYpH MOKHA PO3IIIAAATH
muckpeTHy cuctemy (2.10), s skoi

J#

=1
Takum uuHOM, 3a popmynoro (2.13) 00UUCTIOETHCS 3HAUCHHS (YHKIIIT
HAJIEKHOCTI eNeMeHTiB X;, I =1,n, neuitkoi muOkuHA X = ((Xq, 15 (X)),

---v(Xnuu)Z (Xa)) -

PosrnsgHyTi omepartii 3 HEYITKUMU €JIEMEHTaMHU TO3BOJISIOTH MOJICITIOBATH
JuHaMmiky cuctemu (2.9), ajie BOHM HE JIAalOTh MOXKIIMBOCTI OI[IHIOBATH BILIUB
CHIBBiTHOIIICHHS PE3yJILTATIB TOCIiAiB (€KCIIEPUMEHTIB) Ha PO3BUTOK MTPOIIECY.

BpaxyBanus naHux onutyBaHHs B cucteMi (2.10) i popMyBaHHS eJIeMEHTIB
marpuns Ay, k=0,1,2,..., OyaeMo MpoBOJUTH 3a JOMOMOTOI0 METOAY MAaKCHMi-
3yI04901 MHOKHHH [8], cXeMa SKOT0 Ha KOXKHOMY KPOILll MaTHUMe TaKui BHUIJISI.

Adaroputm 2. Hexait Ha K -my kpomi, k=0,1,2,..., mis 3a1aHux CTaHIB CH-
cremu (2.9) X;, i=1n, MIPOBOJUTHCS TOJIOCYBaHHS (ONMUTYBAaHHS) €KCIIEPTiB, 3a

SIKUM BH3HAYA€THCS MOKIIMBICTD nepexoay CUCTeMu 3 CTaHy X;, i =1, N,y cran

Xj, j =ﬁ . KinbKicTh rojiocis, 1Mo BU3HAYAIOTh TaKy MOXIIMBICTh, MMO3HAYUMO
ailj, i =1,_n, j =l,_n, k=0,1,2,... Y pesynprati oTpumaemMo matpuui Ay,
k=0,12,..., momemi (2.9).
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BusnaunmMo mpasmia nepexony HewitTkux craHiB X, k=0,1,2,..., cucremn
(2.9) 3a ymoBu HasiBHOCTI iH(popMalii npo exementd marpunp A, k=0,12,....
Posrnssnemo nosineHuit kpok K, k=0,1,2,... . Ctan cucremu (sik Bxke OyJio cka-

3aHO BHIIE) ONUCYETHCS HEYITKOIO MHOXKUHOK X = {(Xi HR (Xi))}, X; X,

i =1,n. Bukopucraemo maHi npo ctad 00’exrta i chopMy€eMO HEUITKI MHOKUHHU

Z\ik:{(aijk,,u)zk (xj))}jzﬁ, i=Tn, k=0,12... (2.14)

Busnauenns 2.1. MakcuMizytouor MHOXHHOIKO M (Y) mig Y Ha3sUBaAETLCA
HEJiTKa MHOKMHA, CTYITIHb HAJIEKHOCTI IO K01 KOKHOTO elleMeHTa Y € Y Bifmo-
Opakae Om3bKicTh Y 70 SUpY .

PosrissHeMo MHOKHHY Y , 1[0 MICTHTH yCi 3HAUEHHS €JIEMEHTIB 3a7aH0i Ma-
Tpui 4

Y=l o (2.15)

[To3HAaUUMO Y ax =SUPY . BuzHaunmo MakcuMi3yroui MHOXUHH JJIS KO-
)kHOro i=1n

'&ik* = {(ail}’ (ail} 1Y max ))}J:ﬁ : (2.16)

. . ~k ~k* ..
Ha ocHoB1 NEPETUHY HCYITKUX MHOXHWH AI Ta AI BHU3HAYMUMO HCUYITK1

MHOXUHA ;&iko, izﬁ, k=0,12,..
A ={als vk | i =1, (2.17)

. Kk ..
) min{uz (%), a“/ymax), skmo i=j, = __
IS SIKUX Vi (Xj)z . k K . i=1n,
min 1—/4)~(~k (xj), 1—aij | Ymax ) AKIO 1 # J,

k=012,....
. v k
iy sy Ko~ i, (6] 2 sz, ) -max ()

k=0,12,..., Oyzemo BBa)XaTH HACTYITHUM 3HAYCHHSIM HEYITKOTO CTaHy CHCTEMH,
SIK€ OTPUMYETHCS 3a popmyom (2.9).

3. AKICHE JOCJI)KEHHS AUHAMIKU HEYITKUX TUCKPETHUX
CUCTEM

Criifikono1iOH1 BIIACTUBOCTI PO3B’SI3KiB HEUITKUX AU(PEPEHITIATEHAX CHCTEM PO3-
rnsganucs B podorax [2—4, 7—10]. AHami3 cTiKOCTI HEUIiTKOTO PO3B’SI3KY B Ja-
HOMY BHWITIQJIKy TIPOBOJUTHCS HA OCHOBI MOOYJIOBH YiTKUX ¢ —TpaekTopiii (abo
TpaekTopii « —piBHA, AuB. (1.5)) Ta ix mocmimxeHHi. Y poboti [4] HaBemeHO
YMOBH CTIHKOCTi, moOymoBaHo (yHKii JIsmyHOBa, MO B IIJIOMY y3arajibHIOE
TpamuIliiHEe MOHATTS CTIKOCTI YiITKUX CUCTEM.
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JocnimkeHast y po0oTi [2] mpuUCBSYeHE HEYITKIM CUCTEMi, MOJIEINb SKOT MO-
ke OyTH 3amucana y Burimi (2.1). OTpuMano pe3yibTaTH 3 BUKOPUCTAHHSIM He-
yiTKoro ananora QyHkuii JIsmyHoBa Ta i moXigHO].

Jns HewiTkux nudepeHmianbHUX PiBHSAHBb B [7] pO3riIsAacThcs HOBA
KOHIICTIIisl CTIMKOCTI, 0 0a3y€ThCsl HA 7 -TOIOJIOTIT OKOJIY 4Yacy (pyHKI[IOHyBaH-
HSl CUCTEMH Ta BUKOPHUCTaHHI BizicTaHi Xaycaopda sk METPHKH IPOCTOPY HEUiT-
KUX MHOYXHH 33J]aHOi YHIBepCaIbHOT MHOXKUHU X .

JlocuTh MIMPOKWH OTIIA] KJaciB MoIened 1 SKICHUX pe3yJbTaTiB i
pO3B’s3KiB HaBeZeHO Y poOoTi [9]. B 1mioMy moromkyrodnch 3 aBTOPOM, XOIEMO
BiZI3HAYUTH, 10 PO3MIIsL MTU(EpPeHIIATbHUX MOJENeii HOCUTh B OCHOBHOMY T€O-
peTHUYHUI XapakTep. BiumbmIicTh poOIT He Nae peKOMEHMAlii MIOAO0 MOOYyIA0BU
PO3B’s3KIB Ta X KOHCTPYKTHUBHOTO JOCIIKEHHS, IO iICTOTHO 3HWXKYE MPAKTHIHY
LIHHICTh HABEIEHUX MIIXO/IiB.

Jnst oTpuMaHHs OiNIbII 3arajbHOTO 1 MOBHOTO YSIBICHHS MPO CTIHKOMOAiOHI
BJIACTHBOCTI HEWITKMX CHCTEM PO3TISHEMO HEUITKY AMCKpETHY Mojenb (2.9), a
came pi3Hi BUNaKK HewiTkix craHiB X, k=0,1,2,....

3.1. Monens (2.9) Mae peryisipHy TPaeKTOpIlO.

[Mpunyctumo, WO iCHYE TpaeKTOpis {ik }k=0,1,2,...' X, €supp Xy, k=

=0,12,..., fIKa € peryJapHOI0 TpaekTopiero Momemi (2.9).

Busnauenns 3.1. PTC (2.9) {ik} HA3WBAETHCSI CTilKOIO 3a JlsmyHo-

k=0,1,2,...
BHM Yy BUMaJKy, Ko VT >0,Ve>0,Vy>0, 3 5(s,7,T)>0, 7(8,77,-F) >0
TaKi, Mo A OyAb-IKOi TpaeKTopii {xk }k:O 1, cucremu (1), moyaTkoBi 3HAYECHHS

SIKOT 33JIOBOJIBHSIOTH HEPIBHOCTSIM

X0 =X lI< 8,
(3.1)
| 1o —1l< 7,
mra VK:t, >T crpasennuBi HepiBHOCTI
1% =Xk ll<e,
k=012,... (3.2)
| 1 —1l<n,

ITin |||| y HepiBHOCTAX (3.1), (3.2) po3ymieThcs 3BUYaitHa €BKIIiIOBa HOpMa

npoctopy R".

Busnauenns 3.2. PTC (2.9) {x, | Ha3UBAEThCA ACHMITOTHYHO CTiM-

k=0,1,2,...

KOIO, SIKIIIO BOHA € CTIHKOIO, 1 /I OYb-IKOi TPAaEKTOPIi {xk }kzo 12 Ti€l XK CHC-
TEMU CIPaBEIIUBI CITIBBIJHOIICHHS
lim | =X [|=0,
k—o0 (33)
lim 2 =1.
k—o0

TBepmxennss 1. Sxmo cucrema (2.9) Mae perymsipHy TpaekTOpitO
{Xk }k=0,1,2,...’ a Takox icHyrots ¢ynkiii V:X -[01] ta G:[01]—[0]1] Taki, o mus

OyIp-sKoi TpaekTopii cucremu (2.9) {xk }k:O 15 BHUKOHYIOTbCS HEPIBHOCTI
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Vk =V(Xk)20, V(Yk)=0, AVk =Vk+1—Vk SO, Gk:G(IUk)ZO,
G()=GM)=0, AG, =Gy,1 -G =<(1) 0, (3.4)

To PTC € cTilikoto (aCHMIITOTHYHO CTIHKOI0) 3a JIAyHOBHM.
Cykymnicts ¢ynkuiit {V ,G } nazsemo Qyukuiero JIsmyHoBa juis AUCKPET-
HOT HewiTKoi cuctemu (2.9).

JMosenenns. B oxoni PTC (2.9) {Yk} ~ Qynkuis V mae MiHiMyMm, TO-

k=0,1,2,..
My MOXHa 3HalWTH OyIb-sike 3HaueHHs C>0 Take, MO HEPIBHOCTAM
Vi <¢c, k=0,1,2,..., Oyae 3a10BONBHATH MHOXHHA TPAEKTOPid, Cepel SKUX
snaxoauthes 1 PTC. 3amamo ¢ >0. dAxmo 0<C <&, To MHOXHHA TPAEKTOPIH,
mo 3axoBojbHse piBHAHHIO V|, =V (X,)<C, Oyme 3amoBompHATH i V| <¢,
k=0,1,2,.... Buxomsuu 3 C # 0, moxHa 3HaiiTn Take & >0, 0 MHOXHHA Tpac-
KTOpIH, 5IKi 387J0BOJIGHAIOTH HEPIBHOCTI

V, <6, (35)

OynyTb 3amoBoipHiTH i V| <C, K=0,1,2,.... Tomy, sKIIO BCi MOYATKOBI TpaeK-
TOpii GymyTh 3a10BOIBHATH (3.5), To i npu t, > T Bci TpaekTOpii cucTeMHU GyIyTh
TAaKOX 3aJ0BOJILHATH 1 HepiBHOcTI V| <C, K=0,1,2,... B cuiy TBep/pKEeHHS, 3a
skum AV <0, k=0,1,2,....
Posrisaemo dyukmiro G . Jlns Toro mo6 PTC Oyna crTiiikoro (acCHMITTOTHY-
HO CTIMKO0) 32 3HAYCHHSIMH (DYHKIIIT HAICKHOCTI 4/ , JOCTATHBO, 1100 BUKOHYBa-
Jach HEPIBHICTH
L > () s te>T, k=0,1,2,.... (3.6)

3a ymoBamu TBep/pKeHHs 3HaueHHs ¢yHkuii G(u,)=G,, k=0,1,2,...,

CTBOPIOIOTH ITOCTIIOBHICTB, sIKa € HezpocTarouoto. Ha 3Hauennsx PTC ¢ynkiis
G(u) mae crpormit mimimym. Tomy MoxkHa 3HaiiTH Taki 7 >0, £>0, mo s

BCiX TpaekTopiil B & -okoni PTC, eneMeHTH SIKMX MaroTh QYHKIiIO HaJleKHOCTI
HE [1— 1, 1], nociigoBuicte Gy, k=0,1,2,..., Oyzxe He3pocraroyoro. Tomy ymo-
Ba TBeplkeHHA G (4,1)-G(4) =G, -G <(<)0, k=0,1,2,.., 3abe3neuye BUKO-
HaHHA (3.6). m

3.2. Cucrema (2.9) He Mae perymsipHoi Tpaektopii. Lle o3Havae, mo amst Oy ab-
AKOi TpaexTopii {xk }k:ovlyzv'.CI/ICTeMI/I (2.9) icnye momeHT wacy t, €T,, xomu
BUKOHYETHCS HepiBHICTb £(X,,) <1.3a Takux yMOB PO3IIISHEMO /(Ba BUMAJIKH.

Bunapox 1. Hexaii MHOXHHA
Yo = X =supp Xg € X 3.7)

MICTUTh MHOXHHY MOYAaTKOBUX CTaHIB yCiX TPa€KTOPid, Ui SIKMX ICHY€ Takui
MoMmeHT yacy t, €T, , mo u(x,)=1.

Busnauenns 3.3. HeuiTka MHOXWHa \70 = {(y|,u(y)): erO} Ha3MWBaETHCS
CTilikor0 3a JISAmyHOBHMM, SIKIIO JJIS OYAb-SKOI TPAEKTOPIl {xk }k=012 X0 Yy,
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cuctemu (2.9) VT >0, Ve>0, V>0, 3 5(¢,7,T)>0, y(s,7,T)>0, nouar-
KOBI 3HAYCHHS SKOI 3a0BOJIGHSIOTH HEPIBHOCTSIM

d(Xg,Yp) <9,

| u(xo) —1l<y, (3.8)
s VK:t, >T chpaBemmusi HepiBHOCTI

d(x,Yy)<e,

(%) —1l<n, k=012,..., (3.9
ne d(-,) — BijcTaHb BiJl TOUKH JIO0 MHOKHUHH
d(x, A)=inf{x-a|:ae Al,

d(x,A)>0, d(x,A)=0, VxeA,
amijg HH PO3yMi€ThCs 3BHUAiiHA €BKIiJOBa HOpPMA.

Busznavenns 3.4. HeuitTka MHOXMHa Y ={(y| u(y)): erO} Ha3UBAETHCS
ACHMIITOTHYHO CTIMKOIO, SIKIIO BOHA € CTIHKOIO, 1 i OyAb-fKoi TpaekTopil
{Xy }k=0 12 Xo & Yo, TI€i 5 CUCTEMH, CIIPABE/INBI CIIiBBIIHOIIECHHS

lim d(x,,Yy)=0, k=012,...,
k—00

(3.10)
lim «(x¢)=1, k=012,....
k—o0

[To3HauMMO MHOXXUHY IPaHUYHUX TOYOK MHOXKHHU Y, udepe3 0Y.

TBepmxenns 2. Sxmo cucrema (2.9) He Mae perynsipHOi TPAEKTOPii, 1 JIs
HEYITKOI MHOXHWHH TIOYAaTKOBHUX CTaHIB TPaEKTOPil \70 iCHYIOTh (DyHKIIIT
V:X->[01] ta G:[0,1]-[0,1] Taki, mo mnst Oyab-sikoi TpaekTopii cuctemu (2.9)

{Xk }k=0,1,2,...' Xo €Yo =supp Y~O BUKOHYIOTbCS HEPIBHOCTI
V(Xk) =0, Xk EaYo, Vk =V(Xk)20, AVk =Vk+1—Vk SO,
GkZG(,Uk)ZO, AszGk+1—GkS(<)O, (311)

TO Y; € CTIHKOIO (ACHMITOTUYHO CTiHKOI0) 32 JIAIyHOBHUM.

JoBenennsi. Hamani 6ynemo mpaltoBaTi 3 MHOKHHOIO TPAEKTOPiH, CHCTeMH
(2.9), moyarkoBi craHu AKHX Xg €Y. B oxom mMHOxuHM Y, OyHkuia V wmae

MiHIMyM, TOMy MO>KHa 3HalUTH OyAb-sike 3HaueHHsA C >0 Take, 10 HEPIBHOCTSIM
Vi <c, k=0,1,2,..., Oyne 3a10BOJIBHATH MHOXHHA TPAEKTOPIil, Cepes SKUX 3Ha-
XO/UTHCS 1 OBUTBHA TPAEKTOPIS 3 MOYaTKOBUM cTaHOM Xy €Y. Hexait ¢ > 0.
VY Bunaaky, kom0 < C <&, MHOXKHHA TPAEKTOPIi, IO 3aJ0BOJILHSIE PiBHSIHHIO
V| <c, Oyne 3agoBonbHATH 1 piBHsAHHIO V| <¢&. Uepe3 Tte mo C=#0, MoxHa
3HaWTH Take O > 0, 1110 MHOXXHMHA TPAEKTOPIH, SIKi 3a0BOJIbHAIOTH HEPIBHOCTSIM
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V, <6, (3.12)

OyayTb 3amoBonbhsTh i V) <C, k=0,1,2,... . Tomy, K10 BCi MOYAaTKOBI TpaekK-
Topii GymyTh 3am0BoBbHATH (3.12), TO i IpH t, > T BCi TpaekTopii cucTemu Gy-
IyTh TaKOX 3aJ0BONIBHATH HepiBHOCTAM V| <C, k=0,1,2,..., B cHIly TBep/KEH-
Hi, 3a skum AV <0, k=0,1,2,... .

Posrasaemo dynkrio G .

Jst Toro mo0 MHOXkHHA Yy Oyna CTIHKOIO (aCUMITOTHYHO CTIHKOIO) 32 3Ha-
yeHHSIMH (DYHKI[IT HAJIS)KHOCT1 4, JOCTaTHBO, II00 BUKOHYBAIACh HEPIBHICTh

Hi+1 > (>) :uk’tk >-F, k =0,1,2,..., VXO %YO . (313)

3a ymoBaMu TBep/keHHs 3HaueHHs ¢yHkuii G(u)=Gy, k=0,1,2,..,
CTBOPIOIOTH MOCIHIOBHICTb, KA € He3pocTatouoro. Ha 3Hauennax x, € 0Y, QyH-
kuist G(x) Mae crporuii MiHIMyM, TOMy MOXKHa 3HaiTH Taki 77 >0, £>0, mo
JUIsl BCIX TPAEKTOPIN B & -OKosi X, € OY(, €JIEMEHTH AKUX MalOTh (QYHKIIIO Ha-
JIEXKHOCTI ,ue[l—n,l], nociigoBricte Gy, k=0,1,2,..., Oyae MOHOTOHHO He-
3pocrarouoro. Tomy ymoBa TtBepkeHHS G (u,1) -G (1) =Gy — Gy <
<(«)0, k=0,1,2,..., 3abe3neuye BukoHaHus (3.13). m

Bunanok 2. Haperuri npummycTiMo, o HEMOXKIMBO BUALIUTH MHOXKHHY Y
MOYATKOBUX CTaHIB YCiX TPAEKTOPIH, /IS SIKMX ICHY€ TaKM MOMEHT 4Yacy {y , 1o

4(X)=1.Y upomy Bumaaky noTpiGHO TOBOPHTH HPO CTIHKICTh 3aJaHOI HEeUiT-
KOi MHOXXHHH X .

Busnauenns 3.5. Heuitka Muoxuna X 0= {(X | u(x)):xe Xo} Ha3UBAETh-

cs crifikoro 3a JIAMyHOBHM 3a CTeNeHeM HajlexHocTi, skmo VT >0, V>0,
3y(,T)>0 i mws KoBinbHOrO po3s’s3Ky Xi = {(X, i (X)) x e X }k=01 ,  cuc-

Temu (2.9), moyaTKOBE 3HAUCHHS SIKOTO 3aJI0BOJILHSIE YMOBI

max | 48 () = 46 (9)| <7 (3.14)

xeX

s VKt >T CIIPaBE/TUBE
ma}(x‘yg(x) —yﬁ(x)‘ <n, k=0,12,...,
Xe
[nm max [ () — 1t ()| =0, k=o,1,2,...j. (3.15)
k—>o0 xeX

TBepmkennst 3. SIKo I HETITKOT MHOKHHH X © ITOYaTKOBUX CTaHIB He-
4iTKOi IUCKpeTHOI cucteMu (2.9) icHye QyHnkuia G: [O,l]x [0,1]><...>< [0,1]—) [0,1]
Taka, mo ais OyJb-sIKOTO PO3B’s3Ky cuctemu (2.9) X & , k=0,12,..., ,ué (x) #

# ,ug (X), Xxe X BUKOHYIOTHCS HEPIBHOCTI
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Gy =G (4 (X)) =0, xe X,

AGk :Gk+1_Gk S(<)O, (316)

TO HE4iTKa MHOKHHA X CTiliKa (aCHMITOTHYHO CTiliKa) 3a CTCIICHEM HaIexk-
HOCTI.

Hosenennsi. Hexaii X|9 = {(X ,ug (X)): xe X }k=0 1p — DO3B’SI30K CHCTEMH

(2.9) 3 MOYATKOBMMM 3HAYEHHSAMHU Yy BHUIJIAIl HEYITKOI MHOXKUHH X 0. Tomi mis
JIOBITBHOTO PO3B’sI3KYy X ﬁ, k=012,.., y(l) (x) = ,ug (x), xe X MoxHa BH3Ha-

yntd QyHKHiro Gy =G(yﬁ), k=0,42,..., y Burismi

Gy =max |0 (X) - st ()], k=0,1,2,.... (3.17)
xeX
3a ymoBamm TBepmkeHHs ¢yHkuis G, k=0,12,..., € He3pocTauo0

(cmamHoro) mo K, mo rapanrtye icHyBaHHs Ui Oymb-skux T >0 i 7 >0 Benu-

upan ¥ (17,T) >0, konu Gyje cIpaBeIMBHM BUKOHAHHS CIiBBiAHONICHS (3.14),

(3.15). 3a 03HAaYEHHSIM OTPUMYEMO CTiliKy X 0 (acuMIITOTHYHO CTiliKy) 3a cTe-
IICHEM HAJIEKHOCTI. M

Mpuknan. PosrnsHemMo nuHaMiyHMN TpoOLEC, SIKMH OMHUCYETHCS HEYiTKOIO
JUCKPETHOIO CHCTEMOIO

)zk+1=RkO)Zk, k:O,l,Z,...,
X, esupp Xy =[ay.b ] X =[-11], k=012, ...,
e =sin(ay), by, =sin(b,), ay=-1 by =1, (3.18)
[eos(x), xc efag,by],
= cos(Xy1), X #[ay, by |-

Tpaexropis, enementu sxoi X, =0, k=0,12,..., € peryasipHOI0 TpaeKTopi-
€10 CUCTEMH.

O6epemo s PTC V| = Xf 1 G = ,ukz, k=0,12,... . IlepeBipumo ymoBH
tBepmkerns 1. s qosinsroro VK =0,1,2,... Mmaemo

1)V, =x/ >0;

2) V(%) =V (0)=0;

3) AV, =V (X)) =V (%) = X¢, =X =sin’(x,) - <0;

4) G, =cos’(x,)=0;

5) AGy =G (4y11) — G () = €08% (Xy 11 ) — €0 (x ) = cos? (sin (x)) -

—c0s?(x, ) <0.

Tomi, 3a ymoBamu TBeppkeHHS 1, cuctema (3.17) Mae CTiMkuil TpUBiambHAH
PO3B’SI30K, SIKHH € PEryJIspHOI0 TPAEKTOPIEKD CUCTEMH.
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BUCHOBKH

Po3risaa 9iTKuX TpaeKTOpii AN aHANi3y CTIMKOCTI HEUITKHX CHCTEM HE BPaXOBYE
BaXXJIMBOI OCOONMBOCTI — XapakTepy 3MiH (PYHKIIH HaJleKHOCTI €JIEMEHTIB
HEYITKUX MHOXXHWH. Y Psjii 33724 SAKICHOTO JTOCIIPKEHHS HEYITKIX CHCTEM JIHA-
MiKa 3MiH (PYHKIIT HAIEXKHOCTI Ma€ MIPUHITUIIOBE 3HAYCHHS.

VY naHiii poOOTI IPOBEACHO MOCTIKEHHS TPAJAULIIHHOTO MOHATTS CTIHKOCTI
PO3B’A3KIB HEUITKUX JUCKPETHUX CUCTEM 3a JOMOMOTOI0 Ipyroro merony Jlsmy-
HOBa. BBeleHO BW3HAYEHHS CTIMKOCTI JJIsi PI3HUX BHITAJKIB (DYHKIIOHYBaHHS
HEUITKHX cucTeM. Ha OCHOBI 3aCTOCYBaHHS METOJIB MPHHHATTS PilllcHb 3arpo-
MOHOBAHO AJITOPUTMHU OOUYMCIICHHS 3HaUeHb (DYHKIIIT HAJICKHOCTI 3 METOIO 3a0e3-
IIEYCHHS MOJICIIIOBAHHS TMHAMIKW HEYITKUX CHCTeM. [3 BUKOpHUCTaHHSAM (DyHKIIIN
JlsmryHOBa CIIeIiadIbHOTO BHUTJISAY JTOBEICHO TBEPKECHHS PO YMOBHU CTIHKOCTI B
JUCKPETHUX HEYITKHX cucteMax. OTpUMaHi YMOBHU Yy3araibHIOIOTH BiZIOMi pe-
3yJBTATH IOJI0 YiTKAX CUCTEM.

Haseneni pesynpraty OynM BUKOPUCTaHI NMPH TOCIIIKEHHI JTUHAMIKH CHC-
TEM MIPUAHATTS PIIICHH 1 MOJICTIOBAHHI TPOIIECIB ITOBEIIHKH TJIA3MH Y TIPUEITCKT-
pOIHOMY IHapi.

Pobora BukoHana 3a miaTpuMku (OHAY (YHIAMEHTAIBHUX JOCHI[KECHB.
(ITpoekrt [lep>xaBHOTO KOMiTEeTy HaykH i TexHikH Ykpaiau 01.07/00081.)
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