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The effect of regular cellular structure formation at a binary melt crystallization has
been considered in the frame of the bidimensional solidification model under account for
the surface energy of the liquid/solid phase interface. The transition to the phase interface
with bulges arranged periodically thereon takes place at the crystallization speed value exceed-
ing twice that causing the formation of the concentration supercooling zone in the melt. The
calculated results are compared with the experimental data taken from literature.

BapranuoHHBIM MeTOZOM B paMKaX ABYMEPHOU MOJeJU 3aTBePAEBAHUSA C YUETOM IIOBEPX-
HOCTHO! SHeEpPruy TPaHUIILl JKUIKOI U TBephoil (as mcciegoBaH sd@PeKT oOpasoBaHUA pery-
JIAPHON SYENCTON CTPYKTYPHl IPU KPUCTAIIN3AlUM OWHapHOro pacmiaBa. IlokasaHo, 4TO
nepexoi K MeK(pasHOIl IpaHUIle C IePUOJUYECKU pPACIIOJOKEHHBIMH Ha Hell BBICTyIaMU
IIPOUCXOJUT IIPU CKOPOCTU KPUCTAJNIMB3AINU, B ABa pasa IPeBBINIAIOIeil ee 3HaueHUE, IIPU
KOTOPOM B pacljiaBe IOABJAETCA 30HA KOHIIEHTPAIIMOHHOTO HepeoxJjakiaeHus. IIpoBemeHO
CpaBHeHUeE Pe3yJIbTATOB pacueTa ¢ MMEMIOIMMUCA B JUTEPATYPE ONBITHBIMU JaHHBIMU.

It is known that as the crystal growth speed increases or the temperature gradient decreases,
the initial smooth solid/liquid phase interface becomes at first “erupted” (“pox-like”) and then cha-
otically arranged bulges arise thereon which form later a rather ordered periodical structure. Fi-
nally, the bulges grow into dendrites [1]. The rash formation on the phase interface has been shown
to be due to the concentration supercooling zone (CSZ) in the melt [2]. Thus, the cellular structure
becomes a regular one in conditions different from those predicted by the CSZ criterion. This work
is aimed at elucidation of those conditions.

Let the bidimensional model of a binary melt solidification be used where the temperature field
is set as a linear function of the coordinate x directed along the crystal growth axis and the surface
energy of the phase interface is taken into account [3]. Let the problem be formulated at first in the
differential form ant then its variational equivalent will be considered.

Let the following designations be used: C(x,)), the impurity concentration in the melt; x=¢(v), the phase inter-
face equation; L, the cell half-width or the phase interface half-period; C, the impurity concentration in the melt at
infinite distance from the crystallization front; D, the impurity diffusion coefficient in the melt; V, the crystalliza-
tion speed; &, the impurity distribution coefficient; 7 , the pure melt solidification temperature; G, the temperature
gradient; x, the liquidus line slope in the phase diagram of the binary system; 7, the capillary constant. Going to
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and using the dimensionless variables in the (x, y, C) space, the problem of an impurity diffusion in
a melt being crystallized at a constant speed can be presented [3] as

C, +C +r*C, =0, )
C, (@) - szPyCy (@) +(1- k)C(kp> +k=0, 5)
Cloe.y)=0, € (,0)=C (x1)=0, ©)

)—3/2

C(p) =1-Bo+ 7y, (1 +xp,? )

Here, the partial derivatives C(x,y) with respect to x and y as well as derivatives of ¢ with re-
spect to y are designated using indices. Note that in the problem (4)-(7), the condition at the phase
interface are presented by two equations (5) and (7) that are the boundary conditions of 3 and 1%
order, respectively. When formulating the second condition in (6), the experimentally established
fact that the bulges on the crystallization front are symmetrical with respect to their centers.

Let the Eq. (7) be set aside meanwhile and the solution of the problem (4)-(6) be constructed at a
fixed phase boundary. According to all the mathematical physics canons, a solution of such a prob-
lem exists and is the only one [4]. It is easy to check that if the first variation of the functional

HCxy).o(0)} = fdyfe“ (Cﬁ + K2C§>dx - f e*[2k +(1-k)C]Cdy. (8)
N A
(where (@) denotes the line x=0go(y) Yalong which the line co%tbur integral is taken) is set equal to zero, then both
Eq. (4) and condition (5) are obtained simultancously. Thus, the condition (5) can be set free [4] while the condi-
tions (6) are easy to take into account when selecting the basis functions. The eigenfunctions of the corresponding
boundary problem with flat interphase boundary are quite suitable as such basis functions. Then, the solution of
the problem (4)-(6) can be presented as

Cp =D A, exXp(=pyx)cos(mmy), ©)
w=0
where n is the approximation order (O, 1, 2...);

Gmn = 0.5++/0.25 + (wmc, )% (10)

and A__ are coefficients determined basing on the stationarity condition of the functional (8).

It is seen from the expression for the second variation of the functional (8)

Functional materials, 16, 1, 2009 49



V.N.Kanischev, S.V.Barannik / On the transition ...

I o
8% = 2 ax [ ¢ (6C22 +K26Cj>dz—2fez(1-k)6czdx , (1

0 v (o}
that at least at £>1, the solution of the problem (4)-(6) imparts not simply stationary but minimum
value to that functional. The question if the latter is valid for any & requires a special consideration
and falls outside the limits of this work. However, the study results of special cases where k>1 [5]
suggest that the stationary value of the functional (8) is equivalent to its minimum within thew
whole range of k values.
It was shown before that the double integral value in the Eq. (8) is in proportion to the energy being
dissipated at the impurity diffusion within the melt volume [6]. This is evidences, in particular, by
the dependence of its integrand on the squared concentration gradient. Using the boundary condi-
tion (5), the line contour integral in (8) can be presented as

2
exa’y—L e’ Cx—xzkpyCy dy - (12)
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It is seen that at fixed phase interface, the line part of the functional (8) consists of an item insignifi-
cant in variation and an integral with the integrand proportional to the squared concentration gra-
dient but related to the phase interface. Thus, by analogy with the double integral, the minimum
of the line contour integral in the functional (8) can be suggested to be defined by the minimum of
energy being dissipated at the phase interface when the impurity particles go from the liquid phase
to solid one.

Returning now to the problem (4)-(7), we obtain a system of equations where the function ¢(y)
is not the set but to be sought. In the steady state conditions, the average impurity concentration
at the phase interface should be 1, otherwise, the mass conservation law would not be met. Then,
the equality

1
[ (o)) =1, (13)
0

restricting the selection of the sought-for C(x,y) and @(y) functions is valid.

Thus, the variational problem equivalent to (4)-(7) is reduced to determination of C(x,y) and @(y)
functions that satisfy the conditions (5)-(7), (13) and impart the minimum value to the functional (8).

The periodical structure of crystallization front can be expected to be formed at a small ampli-
tude of the cell bulges that will be designated as &. Then our task is to determine the conditions
where the contribution to the dissipation energy due to such bulges changes its sign from plus to
minus. Since that contribution value should be independent of the sign at ¢, it should be an even
function of ¢, that is, at least proportional to &

The solution of problem (4)-(7) at an accuracy to the 2™ smallness order with respect to  can be
presented as

C(x,3) = € + A exp(—gyx) cosy + E2[ Age ™" + Ay exp(—gx) cos 2y, (14)

@(y) = & cosmy + 2 (g + g oS 2TY). (15)

Here q_ is defined by the Formula (10) where the index n equal to 2 is omitted and the param-
eters q,, A and a can be found using a system of 6 equations composed by substituting those expres-
sions into boundary conditions (5), (7) and equating to zero the coefficients at cosmy, & and &2cos2iry
[3]. Meanwhile, substituting (14), (15) into (8), we get the expression
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1
1r=—k+g25 : (16)

1
A12 (ql — 1) + k[A12 — 2A1 — 20L0 + 5]

It is seen therefrom that half of the parameters mentioned are unnecessary. Substituting then
the expression (7) into the condition (13) and taking into account (14), (15), it is easy to understand
that o, =0. The remaining parameters q, and A, are rather easy to find from the system of two equa-
tions obtained by substituting the first in { approximations of C(x,y) and @(y) and equating to zero
the coefficients at {cosiry. As a result, we get

1 kB,
=1+ 1
qi 1-B. )

and A, = 1 — B_. where B = B + n?x?y. Substituting those values into (16), we get finally
1 y b

2k 1
I=-k+¢ 2[3w 2]. 8

It is seen from (18) that the additive to the functional due to bulges arranged periodically on the
phase interface is negative at B <1/2. According to the variational principle for the solidification
model under consideration, it is just this inequality that is the criterion of transition to a regular
cellular structure of crystallization front. The transition will occur at critical values of the crystal
growth parameters that are determined from the inequality

1
B+7I2K2V:§. (19)

It 1s to note a fundamental distinction of this expression from the formula used to determine the
formation conditions of a concentration supercooling zone in a melt [1]. Using our notation, that
formula is written as

B=1. (20)

As will be seen from what follows, the “capillary additive” n2k?y<<1 within the range B=1/2 for
real systems. Therefore, if an CSZ arises in the melt at a certain value of parameter B=B , the cel-
lular structure becomes regular at B=B =B /2.

Now we have all the relationships enabling us to forecast within some limits the phase inter-
face structure arising at specific erystallization conditions. The Figure shows the cell half-width L
plotted versus the crystallization speed V calculated using (17) under account for (1)-(3) and (10).
When plotting, the parameter values were used close to those indicated in [1] for lead containing
tin impurity: k=0.5, m=-3 K/%, D=10"* cm?s, C =0.1%, T =1000 K, G=7.5 K/cm (curves 1, 2), G=12
K/em (curve 3) and G=15 K/em (curve 4). The curve I is constructed with no account for capillary
forces (I=0 cm), while those were taken into account for curves 2-4 (I=10-2 cm [7]).

It is seen from the Fig.1 that the definition region of the curves is limited by a certain crystal-
lization speed value, V=V,. When the surface energy of phase interface is neglected (curve 1), the V,
value coincides with the crystal growth speed V corresponding to a CSZ formation in the melt. So,
for the curve 1 V=2.5-10" cm/s while for the curve 2, V=2.83-10° cm/s, and while L=L =0 cm and
BWZBWCZI correspond to the V value, it is L=L,=0.0173 cm and Bw:Bwo:O'922 that correspond to V.

At V>V, the problem (4)-(7) has two solutions with two branches of the L(V) curve corresponding
thereto. In the lower branch of that curve, the B values increase with V' while dropping in the up-
per branch. According to (18), this means that the waves with L>L, will be more stable than those
with L<L. In both cases, however, those will be damping ones till (according to (19)) the growth
speed will exceed a certain value V=V =2V, to which L=L and B =1/2 values will correspond. The
points in the curves answering to V=V and L=L _are indicated by vertical strokes. For the curve 2,
V=5.01-10" em/s and L =0.0724 cm.
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Table: dependence of the phase interface structure on the ratio of temperature gradient G to crystalliza-
tion speed V predicted by theory and observed in experiment forthe Pb+0.1% Sn system [1].

V, cml/s G, Klem G/V, K*s/cm? Phase interfacestructure
Theory 0.005 15 3000 Almost smooth surface (B=1)
0.006 12 2000 Irregular structure (B=2/3)
0.0075 7.5 1000 Regular cells (B=1/3)
Experiment 0.00466 15.0 3220 No cells or eruptions
0.00567 12.0 2120 Irregular eruptions and cells
0.00835 7.5 900 Regular cells

Comparing the curves I and 2 constructed at the same parameter values except for capillary
constants (0 and 10® cm, respectively), it is seen that both curves are essentially merged long
before the value B =1/2. This points that in the parameter region where the crystallization front
structure becomes regular, the surface energy of the phase interface can be neglected.

It is to note that, basing on the theory described here, the irregular violations of the phase inter-
face smoothness cannot be judged, because its periodicity was initially set as the problem condition.
It is reasonable to suppose that it is just the inequality 1/2<B<1 that encompasses the region of
parameters where the crystal-melt system with an irregular crystallization front structure (chaoti-
cally scattered eruptions or bulges) has the least dissipation energy.

The Table summarizes the dependence of the phase interface structure on the G/V ratio pre-
dicted using (19) and (20) (see also Figure) as well as that obtained in [1] when growing lead single
crystals with tin impurity. The results obtained evidence at least qualitative agreement between
the theory and experiment.

The problem of the cell size is of a certain interest. The problem is, however, so extensive that it
requires a special consideration.

To conclude this study, the following can be stated. The L(V) dependence plot similar to the
curve I of the Figure is a kind of phase diagram for the phase interface within the parameter region
where no dendrites are still observed. From that diagram, coordinates of two characteristic points
can be determined, V=V and V=V ~2V_ The first of those corresponds to transition from a smooth
phase interface to that with irregular bulges, while the second is related to the transition to period-
ic structure. While the V. dependence on the crystallization conditions was studied in many works
[2], the similar dependence for V' has been considered in this work for the first time and mainly due
to the used variational method.
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IIpo kpurepiii mepexoay a0 peryJaapHoOi KOMipuacTol
cTpYKTYypu PpoHTY Kpucraaisarii OilHapHOro po3iiaBy

B.M.Kaniwes, C.B.Bapanmix

Bapiamiifianm MeToqoM B paMKax IBOBIMIPHOI MoIeJ Il TBePOIHHS ¢ ypaxyBaHHIM IIOBepXHe-
BOI eHeprii Meski pigroi Ta TBepHoi das Joc/imeHo edeKT YTBOPEeHHS peryJIsipHoi KoMIpYacTol
CTPYKTYpPH IpH KpucTamizanii 6imapuoro posmiaasy. llorkasano, mo mepexin go misdasHoi Meski
3 IeploJHYHO PO3TAIIOBAHMME Ha HIi BHCTYIIAMH BiAOyBaeThCsl IPHU MIBHIKOCTI KPUCTAJII3ALli,
siKa BJBIYl MTepeBUIIYE ii 3HAYeHHS, IPU AKOMY B PO3ILJIaBl 3 ABJISIETHCST 30HA KOHITEHTP Al iHOTO
nepeoxostofe . [IpoBesieHo icTaB/IeHHS pe3yJIbTaTiB 00UNCIIeHHS 3 HASSBHUMH B JIITEp aTypi
eHKCIIePUMEHTATbHUMY JAHUMHA.

Functional materials, 16, 1, 2009

53



