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In frameworks of percolation scenario of material destruction, the general stochastic
model is proposed. It is connected with the so-called attainment problem of the given level
E > 0 in the case of independent, equally distributed, non-negative random variables ¢,
k=1, 2, ... . The asymptotic formula for the probability distribution of random instant
of the level E > 0 attainment is proved when the absorbed destructive energy is large. It
is done in the case when ¢, possess a finite second moment and their sums have an
absolutely continuous probability distribution with the bounded density.

B pamMKax NIpejACTABIEHUS O MEPKOJANUOHHOM CIEHAPUU PA3PYNIEHUS MATEPUATA, [Pe.-
JIOYKEHA CTOXACTUYECKAS MOJEJb, KOTOPAs CBA3aHA C T.H. 3a/a4ell MOCTUIKEHUS 3aTaHHOTO
yposasa E > 0. Ora Mozenh IPOAHANU3UPOBAHA B CJIyYyae HE3aBUCUMBIX, ONMHAKOBO Dacmpe-
NEeNEHHbIX, HEOTPULATENbHBIX CIYyYaWHBIX BEJWYUH €, k = 1, 2, ... , IPEICTABJISIONIUX
OpIMY TOIVIOIIEHHON sHepruu. JoKasaHa acuUMITOTAYecKad (OopMyJa A paclpefeeHus
BEPOSITHOCTEN CJIy4aliHOrO MOMEHTa [OCTIIKEHWUS 3ajaHHoro ypoBHA E > 0, Korga BejuuyuHa
TIOTJIOMIEHHON SHEPTrUU, 3aTpAaueHHON Ha paspyllleHne OueHb BejlnKa. JTa (opMyJa HMeer
CMBICJI, €CJIM BTOPOY MOMEHT &, ABJAETCA KOHEUHOH BEeJWYMHOW M MX CyMMBI MMeloT abco-
JIIOTHO HeIpepbIBHOE paclipefiejieHre BePOATHOCTEN ¢ OTPAHUYEHHOHN IJIOTHOCTBHIO.

The following problem which is arisen in the statistical theory of material destruction is considered
in this work. It is required to find the probability distribution of the random destruction time 7 of the
material when the definite energy level defining its degradation is attained [1].

Earlier, it was proposed to solve this problem considering the destruction process as the formation
of the defective cluster in the material piece. The destruction scenario consisting of the formation of the
defective cluster which is covered the sample was named the percolation one [1, 2]. If the percolation
scenario is realized, it is possible to characterize the material degradation by the absorbed energy J(¢)
in the material which is the random function. Then, for the description of the destruction process, it is
necessary to determine the probability distribution of the random time 7(FE) when J(¢) attains the given
level E. Such a problem is named as the given level attainment one. The natural approach which has been
analyzed in papers [2, 3] assumes that the energy is pumped to the system with the constant average
intensity £(¢t) = dJ(¢)/dt. The simplest physical picture consists of the following. There are not any
external influence on the system during some random temporal intervals and so the material destruction
is absent during them. Therefore, the function J(¢) does not change during these intervals. Otherwise,
there are some random time instants of 7, K = 1, 2..., when the absorption of appreciable energy portions
occurs so quickly that it is reasonable, from the mathematical point of view, to neglect the duration of
this process. We may model such kind of energy absorption in the form Y, exd(t — %) of the process
intensity. In this case, one may consider the random time 7 which is defined by the formula

7(E)=min{¢: J(t) > E}. (1)
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If the level E is very large, it is possible to expect that probability distribution of the random variable
7(F) will have the universality at the limit F — oo. This requires the rigorous justification. Earlier, we
have analyzed the problem pointed out in the particular case [4] when J(t) is the sum of independent
and equally distributed variables. They were discrete and their general probability distribution was the
poissonian one. In this case, the energy absorbed in the system is modelled by the random sequence
{Jnlex]; n € N} with realizations

= > ek (2)

Besides, the attaining time 7(F) is determined by the integer random variable
v(F) = min{n; J,[ex] > E}, (3)

7(E) = tov(E). The asymptotic probability distribution of the random variable v(F) at the limit E — oo
has been calculated. In the present work, we solve this problem for the arbitrary continuous probability
distribution of random variables ¢, k = 1,2, ....

Let P, (n) is the probability of the random event when the given level F is attained at the moment
ntg. Then, due to the independence of the variables e, k = 1,2, ..., the following formula takes place

E-0

Po(n) = / Prie, > E — a}dPr{J,_1[ex] < 2} 4)

We solve the above-mentioned problem when the probability distribution of random &5, k = 1,2, ... has
the finite dispersion. We notice that there exists the Fourier transformation on the parameter E at such

7 E pp( : (5)

0
Therefore, it is proved easily that the function (¢, n) is given by the formula

Bt m) = it™ (1= (t)) [p(t)]" (6)

a condition,

where

= /e”der{a <z} (7)

is the characteristic function of the random variable e. Moreover, if the probability distribution Pr{e < z}
has the bounded density, there exists the absolutely converged inverse transformation of the function
$(t,n) due to the Linnik lemma. Then, we have

n) = %_/ W(t,n)e " Edt. (8)

Basing on the integral representation (8), we prove now the asymptotic formula for the function Pg(n).
Really, the following statement is true.

Let €1, €3... be the sequence of independent, equally distributed, nonnegative random variables having
the finite second moment (¢7) and the bounded distribution density. Then, the formula

((27Tn)1/2(0'/a)PE(n) — exp {—x2/2}) =0 (9)

1/2

is valid when E — oo, E = na + zon'/2) |2| < co where a = (g},), 02 = (¢2) — a®.
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The proof is based on the integral representation (8) which has the following explicit form

Pom) = 5= [ (= p@)lpr

We introduce the designation

and make the change of the variable to+/n =t at the integral. As a result, we obtain

i [ ()] )

Further, we use the famous formula

1 [e]
exp (—2%/2) = 2ﬂ_/exp (itx —1%/2) dt
—0Q

and represent the expression

I=+2n {(QWn)l/Z(J/a)PE(n) — exp (—l‘2/2)}

B o O T B R 5 P

by the following way

It is necessary to prove that the integral (9) tends to zero at n — oo.
Accurate estimation gives us that there exists the uniform convergence to zero at n — oo of the
integral part where the integration is fulfilled on fixed compact interval [—A, A]. Tt takes place

t2
/ exp{—;}dt —0

[t]>A

at A — co. At the same time, we have

(7))

[t]>60/m

n—1

dt — 0

for each fixed § > 0 at n — oo taking into account that ¢, & = 1,2,... are continuous (not discrete)

(em) PRl
#(7vm)| < o (-5)

being valid at sufficiently small |{| and taking into account that
—f t 2
G5
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random values. At last, the integral

dt =0

So/n>|t|>A

due to the inequality
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On the basis of these inequalities, we obtain

[ PG EER]

Som>|t]> A
Thus, all parts which are included in the integral I tend to zero at n — co.
We prove now more simple statement that the probability distribution function of the sum
Z Pr(n) of v(F) tends to the gaussian one at £ — oo, n — co. Obviously, it is valid
n:N1<n<N>

di < ﬁexp <_AT (1- n—1)> .

> Pu(n)=Pr{J, €] < E} = Pr{J [] < E}
n:N1<n<Ny

Introducing the random variable

Jy[e] — Na

NJVW:CN, N:1,2,...
and parameters

E — Nya E — Nsa
Al = 1/21 k) A2 = 1/22 b
Ny Ny
we rewrite the obtained equality in the following form
S Pe(n) = Pr{Cy, < Aih— Pr{Gy, < As). (10)
N1 <n<Ns

Since (e7) < oo, the classical integral limit theorem (see, for example, [5]) for the corresponding

probabilities of sums of independent random variables €1, 9, ... takes place when the threefold limiting

transition F — oo, N; = oo with bounded A4;, i = 1,2 is done in the right hand of the equation (10).
Therefore, it is valid the formula

A

Pr{¢y, < Ai} = \/2;% / exp{—x?/20}dx (14+0(1)), i=1,2.

— 00

Substituting these asymptotic expressions in (10), we conclude that, for the probability distribution
P_(n) of the random attainment instant v(FE) of the level F by the sum J,[¢x] of independent, equally
distributed, non-negative random variables £1, €5, ..., the limiting formula

S P(n) = \/%/exp{—lj/?a}dx(l—l—o(l))

n:N1<n<Ny
holds when N7, Ny, B — oo in such a way that parameters Ay, A3 remain bounded.
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Bamadya JOCATHEHHH 3aJaHOTO PIBHA TA PyWHYBaHH#A MaTeplay

M. I Hempybenro

B ymoBax kontemniii nepkosggiiifHoro crieHapiro 3pyHHyBaHHSA MaTepialdy JOTJIAHYTO 3arailbHy CTOXa-
CTHYHY MOJIeJb pyiiHyBaHHa. BoHa mos’da3aHa 3 T.3. MpobiaeMOil MOCATHEHHS 3a/IAHOTO €HEPreTHIHOTO
piBaHa F > 0 3 He3aJdeKHUMHA, €KBIBATEHTHO PO3MOMIIEHHUME, HEBIT €MHIMHI BUMATKOBUMA BEJININHA-
Mu noraunay Tol eneprii ex, k = 1,2, ... JloBeneno acumnroruuny dpopmymy g posmnolsry AMoBipHOCcTeR
BUIIAIKOBOT'O MOMEHTY JOCATHEHH:A piBHA F > 0, KoM oBHA TTOTJIMHYTa eHeprig Beanka. g dyrkimsa
Ma€ CEHC, AKIIO JPYTHUIl MOMEHT £} € CKIHYEHHOIO BEJUYUHOIO Ta IX CYyMHU MAaiOTh abCOFOTHO HETIEPEPB-
HHUI PO3Mo/Il HMOBIpHOCTEH 3 0OMEKEHOIO MILILHICTIO.
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