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The impurity diffusion in the melt, out of which the crystal is pulled into a cold zone,
has been explained in the framework of one-dimensional non stationary solidification
model in the second approximation by the amplitude of pulling speed oscillating term. It
has been found that in the first approximation the crystallization and pulling rates have
the same oscillation frequency, differing in phase shift ¢, A dependence of ¢, on oscilla-
tion frequency has been obtained with following parameters: melt impurity diffusion
coefficient, impurity distribution coefficient £ and concentration overcooling coefficient,
which value shows whether overcooling takes place in the melt. In the second approxima -
tion, along side with the second harmonic, the impurity diffusion is explained by the
presence of time-independent admixture which makes the impurity concentration decrease
on the interface border at k<1 at average time and increase at k>1. Thus, a crystal being
pulled at variable rate has the effect of a partially mixed melt.

B pamkax ogHOMepHOII HecTallMOHAPHOM MOIEJNHN 3aTBEpJeBAaHWS BO BTOPOM MPUOGIMIKe-
HUU TI0 aMILIUTYAe KoJiebaTeJIbHOH COCTAaBJSIONIEH CKOPOCTH BBITATUBAHUSA pellleHa 3a7ada o
nuddysuu mpuMecu B pacijiaBe, M3 KOTOPOTO KPHUCTAJJI BBITATUBAIOT B XOJOMHYIO 30HY.
IloxasaHo, UTO B TMEepBOM NPUOJMKEHUM CKOPOCTh KPUCTAJIUIAIUU KOJiebJeTca C TOil Ke
YacToToi, YTO M CKOPOCTH BRITATHBAHUA, HO €O cABUroM Io dase ¢, . IToryuena 3aBUCUMOCTS
¢, OT YacTOTHI KojeGaHW#, B KOTOPYIO IapaMeTPHUeCKM BXOAAT Koaddumuent auddysun
mpuMecH B paciiiaBe, Koo GUIMEHT pacupeiesieHus npuMecu k£ U KoahHUIIHNEHT, IO BeJTUUHU-
He KOTOPOTO MOYKHO CYAUTh O HAJIWYWU WJIN OTCYTCTBUU B PacIljiaBe 30HLI KOHIEHTPAI[MOH-
HOTO TepeoxJaKJIeHus. Bo BTOpoM HNpUOIMIKEHUN, HAPSIAY CO BTOPOI TapMOHUKOM, pellleHune
COIEP’KUT HE3aBUCAIIYI0O OT BpeMeHU no6aBKy. Hammuwme sToif mo6GaBKU IPUBOAUT K TOMY,
YTO B CpeJHEM [0 BPEeMEeHU KOHIEHTpalus IpuMecH Ha MexdasHoii rpamune npu k<l
MmoHMKaeTcd, a npu k>1 moBwimiaerca. TakuM o0pasoM, HPHW BBITATHBAHUKM KPUCTaAJLIA C
mepeMeHHOM CKOPOCThI0 mocturaercsa ddhdeKT, HabGM0ZaeMblii MPU YACTHUYHOM IIepeMeIlnBa-
HUM pacIiliaBa.

1. Introduction
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The impurity striation is quite often ob-
served in binary melt-grown crystals [1].
This defective structure being caused by
discontinuous impurity distribution consists
of layers perpendicular to the direction of
crystal growth. Therefore it is also called cross
striation [2]. The impurity striation consider -
ably cuts down the production yield [3], indi-
cating the loss in purification efficiency by the
method of zone recrystallization.
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The striation can be prevented by the
decrease of crystal growth rate, under all
other equal conditions. In fact, the distance
between the bands increases under decrease
of crystal growth rate [5]. So the speed can
be decreased enough to make the period of
striation larger than crystal’s size. The pe-
riodicity of the bands in this structure [6]
suggests an idea that its parameters can be
controlled by periodical increasing or de-
creasing the growth rate with a proper fre-
quency. However, it leads to the problem of
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binary melt solidification under pulling the
crystal with periodically varying rate. This
work is devoted to theoretical investigation
of the impurity distribution in the melt at
crystal pulling rate containing a sinusoid-
like oscillation component.

2. Computational procedure

Let us use the one-dimensional non-sta-
tionary model of binary melt solidification
with assumptions that let take into account
only impurity diffusion in the melt, exclud -
ing the temperature field. That is possible
if we suppose [7] that heat spreading is in-
stant in the crystal-melt system and the
mass transfer takes place only in the melt
and only by diffusion, the crystal melt tem -
perature depends linearly on the impurity
concentration, and the temperature field is
described by linear function on coordinate.

Let us use the following designations:
C(x,t) — impurity concentration in the melt-
ing point at a certain moment of time. Cy —
impurity concentration in the melt at the
infinite distance from the crystallization
front. G — temperature gradient, D — im-
purity diffusion coefficient in the melt, m —
liquidus line slope, kB — impurity distribu-
tion coefficient.

Suppose a crystal being pulled out of the
melt into the cold zone starting at ¢ =0
with the rate

w(t) = W + Wysinwt (1)

where W, W, and w are constants. In order
to study the behavior of the interface bor-
der in such process, the problem on the im -
purity diffusion in the melt, which crystal -
lizes at V(¢) rate has to be solved and the
law of V(t) alteration has to follow from
this solution.

Let us use for the calculation the moving
coordinate system with x starting from the
position of crystallization front and pass to
non-dimensional variables by formulas:

Dx Dt w
X - W, t - W, V(t) - WV(t), W - ——
_ w, (2)
Clart) - coé " 1—ka(x,t)§ 5=—L
and introduce a parameter

B -_ HKGD 3)
w7 (k - )mCyW

Then the impurity concentration in the
melt C(x, t) will be the solution of the
following equation:
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Coplx, 1) + V(#)Cp(x, t) = Cx, t), (4)

C.(0, t) + V((1 — R)C(O, t) + k] = 0, (5)

C(w,t) =0, C(x,0) =0, (6)
where
. C,(0,%) (7
V(t) =1 + dsinwt — B
w

Here, index designations of partial deriva-
tives of C with respect of x and ¢ are used.
Eq. (4) describes the impurity diffusion in
the medium, which covers interphase sur-
face x = 0 with V(¢) rate. Eq (5) is the con-
dition of impurity conservation on this sur -
face. Eq (7) describes the dependence of the
crystallization rate of binary melt on the
crystal pulling rate (or in a general case, on
the rate of temperature field movement
along the growth axis) and impurity concen -
tration degree rate on the phase bound-
ary[8].

System of Eq (4)-(7) consists of four
input parameters: §, w, k and B,,. The latter
indicates the presence or absence of the
overcooling zone (OZ) in the melt. OZ is
absent at B,, 1 (OZ criteria [9]). If B, <1,
the difference 1- B, indicates the degree of
such overcooling [10].

3. Results and discussion

The problem formulated is non-linear,
but it can be made linear one, assuming the
disturbance amplitude of pulling rate is
small and the impurity distribution in the
melt is almost stationary after a rather long
period after crystallization start. Then the
solution in the second approximation can be
presented as follows:

C(x,t) = e* + Cy(x,t) + Co(x,t), (8)

Cp xx(X5t) + Cpy ((x,8) + 9)
—X
+ eB—w Cpl(0,8) + Fo(o,t) = C, (0,1),
where the index at C means the order of
correction to a stationary solution.

It is worth noting that practically a solu-
tion at a steady crystallization is of inter-
est. Thus, we shall try a solution which at
t — o does not depend on the initial condi-
tion.

Substituting (8) into (4)-(7) and grouping
the values of same infinitesimal order, we
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get two systems of equations for required
corrections. The systems are of the same
type; therefore they can be presented as fol -
lows:

C,.x(0,t) + (1 - k)C,(0,¢) - (10)
- (1/By)C, (0,t) + g,(t) = 0,

C (0,)=0, n=1,2. (11)

here

fi(x,t) = — e*dsinwt, g;(t) = dsinwt, (12)

falx,t) = Cy (x,)[Bsinwt - Cy 4(0,1)], 13)

Go(®) = (1 - B)C,(0,1)[Bsinet — Cy (0,8)]. (14)

The problems, which solutions do not de-
pend on the initial condition, are usually
solved by the method of undetermined coef -
ficients [11]. As the solution being unknown
a priori, we determine it by Laplace trans-
formation method. Let use the initial condi -
tion Cy(x,0) = —e™* and put B, = 1. The
latter limitation is not expected to influence
the general structure of solution, but it will
considerably facilitate the calculation [12].
Laplace-image solution of the problem (9)-
(11) at n=1 for the given case can be pre-
sented as follows:

e, (15)
ptk
4 2(p + K)e TR ) + (1~ 2p—VT+4)e™

2p(p + B)(p? + w?) ’

where p — Laplace transformation parame-
ter. The first fraction in (15) is no other
than an image of function exp(—xkt), disap-
pearing at ¢ - oo,

Asymptomatic behavior of the pre-image
of the second fraction in the right part of
(15) at t—o (that is exactly we are inter-
ested in) can be studied by a theorem on
mutual correspondence of asymptotic de-
composition of image and pre-image [13]. It
is easy to check that in a point p = 0 this
feature is eliminable. Then decomposing the
given expression in the points p = iw and
p = —iw neighborhood into power series,
adding the first terms of these series and
passing to the pre-image, we get the re-
quired view of solution:

Cix,p) = -

C1(x,t) = Jy;(x)sinwt + z;(x)coswt], (16)
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Fig. 1. The dependence of amplitude @ (in
relative units) of oscillating component of
pulling rate (1), addition of the first order to
the impurity concentration on the phase
boundary (2), addition to the crystallization
rate (3) and oscillating addition of the second
order to the impurity concentration on the
phase boundary (4) on dimensionless time
time ¢ for the distribution coefficient & =
0.5, non-dimensional frequency w = 2 and
B,=1 parameter. The amplitude of curve 4 is
20 times enlarged.

where yq(x) and z;(x) (for any value of B,)
are not determined yet.

Substituting (16) into (9)-(11) at n=1 and
grouping summands with multiplier sinw¢
and coswt, we come to a boundary problem
for y;(x) and z;(x) as an inhomogeneous
system of two common differential equa-
tions. It is obvious that these function fit
the system:

_Yo _ 1 an
y1(x) = B *+ E{/O% - B—%osbx +
1 O [{ wh
O
+ort - 30" © inbx %,
oo vg g O
(2o 10 (18)

zl(x) = % + ag_x +
+%0% "B E_ l%Obe B
o 0

w W
] - B
O O O

w

|~

where

Yo = y1(0) = (B,/s)lay(a = 1) = by (b - w)], (19)
20=2,(0) = (B,,/ $)[ay (b - @) + by(a — 1)], (20)

a; =w+b(B, - 1), (21)
by =kB,, + (a — 1)(By, - 1), s = w(af + b
a=0+[1/2+ (1/4 + 40?1/ 21723/ 2,
b=w/(2a - 1).
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1 2 3
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Fig. 2. The dependence of shift value between
the oscillating phases of pulling rate and
crystallization rate ¢, on dimensionless time
frequency w for the distribution coefficient
k = 0.5 and different values of B, parame-
ter: 1 - B, =15, 2- B, =1, 3- B, = 0.5.

Here a and b parameters appear as material
and imaginary parts of the roots of the
characteristic equation for homogeneous
system: r2(r+1)2+w?=0 This equation has
four roots, but only two of them
ry.9 = —a % bi obey (11). The first correction

to the impurity concentration on the phase
boundary can be presented as:

C1(0,t) = 8(y3 + 231/ 2sin(wt +9,), (22)

where ¢, = arctgzy/yy). Using (7) and (22)

we obtain the correction to the crystal-
lization rate;

Vi) = (23)

= (3/ Bl(wPyg + (wzq + BZJ/ Zsin[w(t + t,)],
where

t, = —(1/ w)arctgwyy/ (wzq + B,)], (24)

Thus, in the first approximation by & the
impurity concentration on the phase bound -
ary (curve 2, Fig.1) oscillates with the same
frequency as the pulling rate w(¢) (curve 1,
Fig. 1), but shifted by phase. The same
behavior has the component of the concen -
tration gradient on the phase boundary
Cy1,,(0, t) and the component of the crystal-
lization rate V;(t) (curve 3, Fig. 1).

Therefore in the first approximation, on
average, neither the impurity concentration
on the phase boundary nor its coordinate
derivative differs from their values at con-
stant crystallization rate. It would seem
that the oscillation of crystal growth ought
to deteriorate the situation because at B, =1
every half-period of the melt will be in the
state of the concentration overcooling
which, according to numerous experimental
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Fig. 3 Dependence of the value of stationary
addition to the impurity concentration on the
phase boundary U (in units 82) on dimension-
less pulling rate oscillation frequency w for
B,~=1 and different values of distribution coef-

ficient .2 1 —k=0.5, 2-k=0.8, 3—-Fk=2.

data, gives rise to bumps on the initially
smooth phase surface [9]. However the
analysis of the data shows that they have
been obtained disregarding time factor [10].
And since this factor can be decisive in non-
stationary conditions, one cannot predict
the behavior of crystal-melt system at cer-
tain periods of time.

According to formula (24) we can deter-
mine important characteristics such as: im -
purity distribution coefficient k, impurity
diffusion in the melt coefficient D and B,
parameter by the time shift between the
maxima of crystallization and pulling rates.
In fact, according to (2), (19)-(21) and (24)
the value of ¢, depends only on the parame-
ters: W, w, k, D and B,. It is possible to
calculate the values of k, D and B, by
measuring a period of time between the
maxima of w(¢) and V(¢) at given values of
W and  during the steady crystallization.
Fig. 2 shows that the amplitude of ¢,(w)
curves is rather sensitive to the value of
B,,. Therefore, the stationary oscillation at
various pulling rate can be used for study -
ing the concentration overcooling during
crystal growth along with the decaying os-
cillation of the binary melt crystallization
rate in the initial transitory process [6].

It is worth noting that CCD camera (sen -
sicam qge) can be used for realization of the
method of the shift between the oscillation
phases of the pulling and crystallization
rates. The characteristic breaks on the
curves of dependences of the front crystal-
lization on time x¢(¢) clearly determine the
transition moments from a smooth phase
surface to a cellular one [6]. It is obvious
that when measuring ¢, the the breaks on
the curves x(¢) have to be prevented, as the
theory given here is only applicable to a
smooth boundary surface.
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Substituting (17), (18) into (13), (14) and
canceling the product of the first harmon -
ics, we obtain expressions which contain a
time-independent summand along with the
second harmonics. Therefore, the second
correction can be presented as follows:

Cy(x,t) = (25)
= 82ug(x) + yy(x)sin2wt + zo(x)cos2wi],

where uy(x), ys(x) and z5(x) — still unknown
functions. Substituting (24) into (9)-(11) at
n=2 and grouping summands with multipli-
ers 1, cos2wt and sin2wt, we come to two
boundary problems for function uy(x) and
pair of function yy(x), z9(x). The latter two
as well as y;(x), z;(x) are solved within the
system of equations. The appearance of the
second harmonic in the solution of crystal-
lization problem (curve 4, Fig.l) can serve
as another illustration for non-linear system
response to some influence (for example,
frequency doubling in non-linear optics). It
is obvious that all mentioned about the time
factor with regard to the first harmonic is
applicable to the second one.

It is especially worth noting a time-inde-
pendent addition to impurity concentration
in the melt uy(x), having a very simple
form under x = O:

Fig. 3 shows U on w dependences, plotted
for various k. All of them lie below x axes
with the minimum shifting towards low fre-
quencies when £ decreases. Thus, for B, =1
and typical £=0.5 (curve 1, Fig. 3) the mini-
mum is reached at w,=0.56. In dimensional
quantities at D = 1072 sm2[Eec’! and
W = 1073 smlSec!l it corresponds to fre-
quency 0.056 sec™1 or period 112 sec.

However, passing to dimensional quanti-
ties according to formula (2) needs U value
to be multiplied by Cy(1-k)/k. As the re-
sult, at £ > 1 stationary addition to the im-
purity concentration on the interphase
boundary is positive, that means that irre-
spective of 1-%k sign the difference between
C(0, t) and C decreases. Therefore, in order
to preserve generality, let us focus on k<1
case, when the sings of dimensional and
non-dimensional U coincide.

4. Conclusions

Thus, at oscillating regime of crystal
pulling the average by time impurity con-
centration on the interphase boundary C(0)
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is lower, than in the case of stationary
growth. That is more impurity is pushed in
the melt, as it is observed at its partial
mixing [9]. It is clear that under big ampli-
tudes of oscillations (for example, at &-1)
the effect of C(0) reduction favorable for
crystal growth can be rather tangible. By
other side, under large oscillation ampli-
tudes of crystallization rate the probability
of defects appearance on the interphase
boundary in certain half-periods also in-
creases. And again we come to the above
mentioned time factor, which still remains
uninvestigated neither experimentally nor
theoretically.

The result of this paper has practical sig -
nificance even with the assumptions
adopted in this work. It is evident that the
experiments needed for checking of our re-
sult will illuminate the problem of keeping
smooth phase surface at the concentration
overcooling of the melt.
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Oco6auBocCTi 3aTBEepAiHHA OiHAPHOTO PO3MJIABY
NIPH BUTATYBAaHHI KPHCTAJY 3i 3MiHHOI0O IIBHIKiCTIO

B.M.Kaniwee, C.B.Bapannik

YV Mesxax OJHOMIpHOI HecTaIioOHApol MOJesi 3aTBEePAIHHS y APYromMy HPHUOJMMKEHHI II0
aMITUTYAI KOJMBAJbHOI CKJIAMOBOI IMBUAKOCTI BUTATYBaHHS pO3B’sgHA 3amada o aumdysdii
IOMIINIKM y pO3maaBi, 3 SKOr0 KpPHUCTAJ BUTATYIOTH y XOJOAHY 30HY. Ilokaszamo, 1o y
mepiioMy HaOGJMMKEeHHI IIBUAKICTh KpucTasaisalii KoMuBaeThCs 3 Ti€l0 K UYACTOTOIO, IO i
MIBUAKICTh BUTATYBaHHS, ajie 3i 3ABMIKKOI 1o Gasi (I)U. OTpuMaHoO B3aJeKHiCTh d)v Bix
YacTOTU KOJMBaHb, IO AKOI MapaMeTpPUUHO BXOAUTh Koedimientr audysii momimkum y pas-
miaBi, Koe(iIlieHT posmMoAiJieHHs MOOMIIIKU k Ta Koedilli€eHT, 3a BEJIMUYMHOIO SKOTO MOKHA
CKJIACTH BHCHOBOK IIPO IPHUCYTHICTH a00 BifiCyTHiCTH y pO3IJaBi 30HM KOHIEHTpAIlifiHOro
epeoxXoJIOKeHHA. Y APYyroMmy HaOJMMKeHHi, OoKpiM apyroi rapMoHiKu, pillleHHS MiCTHUTH
HesaJeKHUH Big uvacy momaTok. HasiBHiCTH IbOTO AOJATKY IPU3BOAUTH 1O TOTO, IO B
CPeIHbOMY 3a YacOM KOHIIEHTpAallia moMimku mexxdasHili rpanuni npu k<l 3HMIKYETHCHA, a
npu k>1 36inpmiyerbed. TakuM YMHOM, IPKM BUTATYBAHHI KpHCTaJa 3i 3MiHHOIO INBUAKiCTIO
IocATaeThes edeKT, 10 MOKHA HaOJJaTH IIPU YaCTKOBOMY IMepeMilllyBaHHI po3miaBa.
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