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6FLHQWLILFDO�DQG�7HFKQRORJLFDO�&RUSRUDWLRQ��,QVWLWXWH�IRU�6LQJOH�&U\VWDOV��1DWLRQDO�$FDGHP\�RI�6FLHQFHV�RI�8NUDLQH����/HQLQ�$YH���������.KDUN�Y��8NUDLQH
$V� PDUNHW� SURSRVDO� RI� YDULRXV� VFLQWLOODWRUV� ZLWK� GLIIHUHQW� FKDUDFWHULVWLFV� LV� UDSLGO\LQFUHDVLQJ�� LW�EHFRPHV�PRUH�DQG�PRUH�GLIILFXOW�WR�DVVHVV�WKHP�IURP�WKH�YLHZSRLQW�RI�WKHHIIHFWV�RI�WKLV�RU�WKDW�VFLQWLOODWRU�SURSHUW\�XSRQ�SDUDPHWHUV�RI�GLJLWDO�;�UD\�UDGLRJUDS K\V\VWHPV�� 7KHUHIRUH�� RSWLPXP� FKRLFH� RI� VFLQWLOODWRUV� IRU� �VFLQWLOODWRU�SKRWRGLRGH�� �6�3'�W\SH� GHWHFWRUV� LV� D� YHU\� LPSRUWDQW� DVSHFW� LQ� WKH� GHYHORSPHQW� DQG� GHVLJQ� RI� QHZ� UDGLR �JUDSKLF�V\VWHPV��:H�SURSRVH�D�VLPSOH�SURFHGXUH�IRU�PDNLQJ�WKLV�FKRLFH��ZKLFK�XVHV�OLQHDUPDWULFHV�RI�6�3'�GHWHFWRUV��,W�DOORZV�HYDOXDWLRQ�RI�FKDQJHV�LQ�WKH�UHODWLYH�VHQVLWLYLW\�RI �DUDGLRJUDSKLF�V\VWHP�ZLWK�YDULDWLRQ�RI�WKH�PRYHPHQW�VSHHG�RI�WKH�LQVSHFWHG�REMHFW�DQG�WKHUDGLDWLRQ�HQHUJ\�RQ�WKH�EDVLV�RI�DPSOLWXGH�WLPH�FKDUDFWHULVWLFV�RI�VFLQWLOODWRUV��GHFD\�WLPHDQG�DIWHUJORZ��OLJKW�RXWSXW���$PSOLWXGH�WLPH�FKDUDFWHULVWLFV�DUH�SUHVHQWHG�IRU�VFLQWLOODW RUV=Q6H�7H���&V,�7O���&G:2���2Q�WKH�EDVLV�RI�WKHVH�GDWD��LW�LV�SURSRVHG�WR�XVH�=Q6H�7H� LQ�WKH��Ü����NH9�UDQJH�DW�REMHFW�PRYHPHQW�VSHHG�XS�WR����FP�V��&V,�7O� Û���Û����NH9�XS�WR���FP�V��&G:2� → ����NH9�DW�WKH�VSHHGV�XS�WR�����FP�V�
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��Ë�º� ÒÏã��ËÓÒ«�� �¯Òmº�«�°«� Èä¹ãÒ���Óº�m¯ËäËÓÓ©Ë� ²È¯È}�Ë¯Ò°�Ò}Ò� °�ÒÓ�Òãã«�º¯ºm=Q6H�7H��� &V,�7O��� &G:2��� sÈ� º°ÓºmÈÓÒÒ� ª�Ò²� �ÈÓÓ©²� ¹¯Ë�ãÈ�ÈË�°«� Ò°¹ºã	ÏºmÈ�	=Q6H�7H� m� �ÒÈ¹ÈÏºÓË� ��Ü���� }ª{� ¹¯Ò� °}º¯º°�Ò� º�Ë}�È� ÓË� ºãËË� ��� °ä�°�� &V,�7O� Û��Ü����}ª{��º����°ä�°��&G:2� → ����}ª{�¹¯Ò�°}º¯º°�Ò��º�����°ä�°�

&KRRVLQJ� WKH� EHVW� VFLQWLOODWRU� IRU� HDFKVSHFLILF�FDVH�LV�RQH�RI�WKH�PDLQ�SUREOHPV�WREH�VROYHG�LQ�WKH�GHYHORSPHQW�RI�LQVWUXPHQWVDQG� HTXLSPHQW�EDVHG�RQ� VFLQWLOODWLRQ�GHWHF �WRUV�� )URP� WKH� RWKHU� VLGH�� UHTXLUHPHQWV� WRVFLQWLOODWRU� FKDUDFWHULVWLFV�� ZKLFK� YHU\RIWHQ�FDQQRW�EH�DGHTXDWHO\�PHW�E\�VFLQWLOOD �WRU� SURGXFHUV�� FRQVWLWXWH� WKH� �LQYHUVH�SUREOHP��7KHVH�UHTXLUHPHQWV�DUH�RIWHQ�FRQ �WUDGLFWRU\�DQG�DPELJXRXV�� ,Q�SULQFLSOH�� WKHLGHDO� VFLQWLOODWRU� VKRXOG� SRVVHVV� WKH� IROORZ �

LQJ� SURSHUWLHV�� KLJK� GHQVLW\�� KLJK� DWRPLFQXPEHU�� KLJK� VFLQWLOODWLRQ� HIILFLHQF\�� VKRUWHPLVVLRQ� GHFD\� WLPH�� ORZ� DIWHUJORZ�� JRRGVSHFWUDO�PDWFKLQJ�ZLWK�D�SKRWRUHFHLYHU��DQGORZ� SULFH�� +RZHYHU�� VXFK� �LGHDO�� VFLQWLOOD �WRUV�GR�QRW�H[LVW�� DQG� LQ�HDFK�VSHFLILF� FDVHD� FRPSURPLVH� VKRXOG� EH� ORRNHG� IRU�� FKRRV �LQJ� WKH� EHVW� VXLWDEOH� PDWHULDO� DPRQJ� WKHDYDLODEOH� VFLQWLOODWRUV�� ,Q� XVLQJ� WKH� OLQHDUPDWUL[� IRU� GHWHFWRUV� DQG� WKH� UDGLDWLRQVRXUFH�� WKH� UHOHYDQW� FKDUDFWHULVWLFV� FDQ� EH
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OLVWHG� LQ� WKH� IROORZLQJ� RUGHU� DFFRUGLQJ� WRWKHLU�UHODWLYH�LPSRUWDQFH�Û�ORZ�DIWHUJORZ�OHVV�WKDQ�����DIWHU���PV�Û�KLJK�FKHPLFDO��WHPSHUDWXUH�DQG�UDGLDWLRQVWDELOLW\�Û�KLJK�GHQVLW\��!��J�FP���Û�OXPLQHVFHQFH�UDQJH����Ü�����QP�Û�KLJK�VFLQWLOODWLRQ�HIILFLHQF\�!�������SK�0H9>����@�:H�HQGHDYRUHG�WR�VROYH�WKLV�SUREOHP�IRUGLJLWDO� UDGLRJUDSK\� WKDW� XVHV� D� OLQHDU� PD �WUL[�RI��VFLQWLOODWRU�SKRWRGLRGH���6�3'��W\SHGHWHFWRUV�� $V� WKH� SULQFLSDO� FKDUDFWHULVWLFVRI�D�UDGLRJUDSKLF�V\VWHP�DUH�VHQVLWLYLW\��GH �WHFWLQJ� DELOLW\�� DQG� VSDWLDO� UHVROXWLRQ�� ZHSURSRVH� WKH� IROORZLQJ� H[SUHVVLRQ� IRU� UHOD �WLYH�VHQVLWLYLW\�DV�FULWHULRQ�IRU�HIILFLHQF\�RIWKH�VFLQWLOODWRU�XVHG�
(δ ⁄ G)9 ≈ �

� − ∑$LL=�
Q

⋅ H− δ9 ⋅ (4L + τ)

⋅ ∆66 ×

×
∫�

KνPD[
α(Kν) ⋅ H−µHT(Kν) ⋅ GHT ⋅ %(Kν)G(Kν)

∫�
KνPD[

α(Kν) ⋅ H−µHT(Kν) ⋅ GHT ⋅ µ(Kν)G(Kν)

�� ���
ZKHUH�$L LV�WKH�FRQWULEXWLRQ�RI�WKH� L�WK�FRP�SRQHQW� RI� WKH� VFLQWLOODWRU� ;�UD\� OXPLQHV �FHQFH��δ LV�GLDPHWHU�RI�WKH�ZLUH��FP��4L DUHH[SRQHQWLDO� FRPSRQHQWV� RI� WKH� VFLQWLOODWRU;�UD\� OXPLQHVFHQFH�� V�� τ LV� WKH� WLPH� FRQ�VWDQW�RI�WKH�DPSOLI\LQJ�FLUFXLW�� V��GHT LV�WKHREMHFW� WKLFNQHVV�� FP�� 9 LV� WKH� REMHFW�PRYH�PHQW�VSHHG��FP�V��α�(��LV�WKH�GRVH�FRQWULEX�WLRQ� RI� D� VSHFLILHG� HQHUJ\� LQ� WKH�;�UD\� UD �GLDWLRQ�VSHFWUXP��µHT�(���µ�(��DUH�OLQHDU�DW�WHQXDWLRQ� FRHIILFLHQWV� RI� WKH� REMHFW� DQGEDFNJURXQG�REMHFW��%�(��LV�DEVRUSWLRQ�IDFWRURI� WKH� VFDWWHUHG� UDGLDWLRQ� IURP� WKH� REMHFW�
∆6�6 LV�WKH�WKUHVKROG�FRQWUDVW�RI�WKH�V\VWHP�VLJQDO� WR� QRLVH� UDWLR� IRU� WKH� GHWHFWRU�ZLWKWKH�DPSOLI\LQJ�FLUFXLW��>�@�7KH�H[SUHVVLRQ�ZDV�REWDLQHG�XQGHU�FRQGL �WLRQV� WKDW� WKH� GHIHFW� LV�PXFK� VPDOOHU� WKDQWKH� LQVSHFWHG� REMHFW�� ZKLFK� LV� WKH� PDLQSRLQW� RI� UDGLRJUDSK\�� 7KLV� H[SUHVVLRQ� FDQEH� GLYLGHG� LQWR� WKUHH� SDUWV�� 7KH� ILUVW� SDUWGHVFULEHV� WKH� DPSOLWXGH�WLPH� FKDUDFWHULVWLFRI� WKH� V\VWHP�� ,W� LV� GHWHUPLQHG� E\� NLQHWLF

FKDUDFWHULVWLFV� RI� WKH� VFLQWLOODWRU� DQG� WKHDPSOLI\LQJ�FLUFXLW��$V� WKH� WLPH�FRQVWDQW�RIWKH� DPSOLI\LQJ� FLUFXLW� FDQ� EH� YDULHG�� WKHOLPLWLQJ� IDFWRU� LV� WKH� VFLQWLOODWRU� FKDUDF �WHULVWLFV�� 7KH� VHFRQG� SDUW� LV� GHVFULEHG� E\DPSOLWXGH�QRLVH� FKDUDFWHULVWLFV�� L�H��� WKHVLJQDO� WR� QRLVH� UDWLR� RI� WKH� V\VWHP�� $VQRLVHV�FRPLQJ�IURP�WKH�VFLQWLOODWRU�DQG�SKR �WRGLRGH�SUHDPSOLILHU�FRQQHFWLRQ�DUH�VWDWLVWL �FDOO\� LQGHSHQGHQW��ZH�FDQ�GHGXFH�IURP�WKLVH[SUHVVLRQ�WKH�UDWLR�RI�WKH�GHWHFWRU�VHQVLWLY �LW\�WR�WKH�VFLQWLOODWRU�QRLVH�
∆66 a�1QRLVH6−3'66−3' =

=

√ ∫�
(PD[&(()� ⋅ Q(()G(

√ T6& ⋅ T3+ ∫�
(PD[&(() ⋅ Q(()G(��

&(() = (� − H−µ6& ⋅ G6&) ⋅
γ6&
µ6& ⋅ 5OLJKW ⋅ .6&��

ZKHUH�T6&��T3' DUH�TXDQWXP�HIILFLHQW�RI�WKHVFLQWLOODWRU� DQG� WKH� SKRWRGLRGH�� µ6& LV� WKHOLQHDU�DWWHQXDWLRQ�FRHIILFLHQW�RI�WKH�VFLQWLO �ODWRU�� FPÜ��� γ6& LV� OLQHDU� FRHIILFLHQWV� RIHOHFWURQLF� FRQYHUVLRQ� RI� WKH� VFLQWLOODWRU�FPÜ���G6& LV�WKH�VFLQWLOODWRU�WKLFNQHVV��5OLJKWLV�WKH�OLJKW�FROOHFWLRQ�FRHIILFLHQW�LQ�WKH�VFLQ �WLOODWRU� WR� WKH� SKRWRGLRGH�� .6& LV� WKH� VSHF�WUDO�PDWFKLQJ� FRHIILFLHQW� RI� WKH� VFLQWLOODWRUOXPLQHVFHQFH� VSHFWUXP� DQG� WKH� SKRWRGLRGHVHQVLWLYLW\���
∆6�6 ZLOO� EH� ZULWWHQ� GRZQ� IRU� WKHVFKHPH� XVXDOO\� XVHG� LQ� GLJLWDO� UDGLRJUDSK\�)LJ�����DV�

)LJ�����(OHFWULF�VFKHPH�
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ZKHUH� � H LV� DPSOLILHU� QRLVH� (0)� VSHFWUDOGHQVLW\�� 9�+]����� 5) LV� DPSOLILHU� IHHGEDFNUHVLVWDQFH��2KP��5L�G� LV�3'� LQYHUVH�GDUN� UH�VLVWDQFH��2KP��N LV�%ROW]PDQQ�FRQVWDQW��∆) LVIUHTXHQF\� EDQG�� +]�� 7 LV� WHPSHUDWXUH�� .�,QRLVH  �(� ⋅ T ⋅ (,G� + L�))����� L LV� DPSOLILHUQRLVH�FXUUHQW�VSHFWUDO�GHQVLW\��$�+]�����T LVHOHFWURQ�FKDUJH��&��,G  �,L�G� ��,SK��,L�G� LV�3'LQYHUVH� GDUN� FXUUHQW�� $�� ,SK LV� 3'� SKRWRFXUUHQW��$��7KH�WKLUG�SDUW�GHVFULEHV�SURSHUWLHV�RI�WKHLQVSHFWHG�REMHFW��)RU�PRGHOOLQJ�WKH�GHWHFWRU�GHVLJQ�RQ�WKHEDVLV� RI� ����� DORQJVLGH�ZLWK� UHIHUHQFH� GDWD�VROXWLRQ�RI�WZR�SUREOHPV�LV�QHHGHG�Û�GHULY �LQJ� D�PDWKHPDWLFDO� H[SUHVVLRQ� IRU� WKH� DP �SOLWXGH�WLPH� FKDUDFWHULVWLF� RI� WKH� VFLQWLOOD �WRU�DQG�GHWHUPLQLQJ�WKH�OLJKW�FROOHFWLRQ�FR �HIILFLHQW�� ,Q� WKLV� SDSHU�� ZH� FRQVLGHU� WKHILUVW�SUREOHP��7R�REWDLQ�WKLV�FKDUDFWHULVWLF�DV�D�ODUJH�WLPH�UDQJH�LV�FRYHUHG��WZR�WHVWLQJERDUGV� ZHUH� XVHG�� RQH� IRU� PHDVXUHPHQW� RIWKH� GHFD\� WLPH� �W  �����÷ ����µV��� DQGDQRWKHU� Û� IRU� PHDVXUHPHQW� RI� DIWHU �JORZ �W  ��Ü�����PV���%ORFN�GLDJUDPV�RI�WKHWHVWLQJ�ERDUGV�DUH�SUHVHQWHG�LQ�)LJ���D�E�([SHULPHQWDO�GDWD�DUUD\V�JS DUH�DSSUR[L�PDWHG�E\�DQ�H[SRQHQWLDOO\�GHFUHDVLQJ�IXQF �WLRQ�RI�WKH�IRUP
I(W) = D� ⋅ H[S(−W ⁄ 4�) +

+ D� ⋅ H[S(−W ⁄ 4�) + ��� + DL ⋅ H[S(−W ⁄ 4L)� ���
$SSUR[LPDWLRQ� SDUDPHWHUV� ÈL DQG�4L DUHGHWHUPLQHG� E\� WKH� OHDVW� VTXDUHV� PHWKRG�L�H���E\�PLQLPL]DWLRQ�RI�WKH�IXQFWLRQDO

Φ = ∑ >I(WQ) − JQ@��� ���
7KH�V\VWHP�RI�QRUPDO� OHYHOV�REWDLQHG�E\PLQLPL]DWLRQ�RI�Φ LV�QRQ�OLQHDU�DQG�FDQ�EHVROYHG�QXPHULFDOO\�E\�LWHUDWLRQV�>�@�-RLQLQJ� WKH� VROXWLRQ� VHJPHQWV� WRJHWKHUZDV�FDUULHG�RXW�XQGHU�FRQGLWLRQV�RI�PRQRWR �QRXV�DQG�FRQWLQXRXV�DPSOLWXGH�WLPH�FKDUDF �WHULVWLF� RI� WKH� VFLQWLOODWRU�� 7KH� UHVSHFWLYHH[SUHVVLRQV� IRU� WKHVH� VFLQWLOODWRUV� FDQ� EHZULWWHQ�GRZQ�DV��IRU�=Q6H�7H��IDVW�

,(W) = ���� ⋅ H[S(−W ⁄ ����) + ���� ⋅ H[S(−W ⁄ �����) +
+ ���� ⋅ H[S(−W ⁄ ���) + � ⋅ H[S(−W ⁄ ���) +
+ ��� ⋅ H[S(−W ⁄ ����) + ����H[S(−W ⁄ ������)IRU�=Q6H�7H��VORZ,(W) = ���� ⋅ H[S(−W ⁄ ����) + � ⋅ H[S(−W ⁄ ��) +
+ ���� ⋅ H[S(−W ⁄ �����) + ����⋅ H[S(−W ⁄ ����)IRU�&V,�7O�,(W) = ����� ⋅ H[S(−W ⁄ ����) + ��� ⋅ H[S(−W ⁄ ���) +

+ ��� ⋅ H[S(−W ⁄ ����) + ���� ⋅ H[S(−W ⁄ �����) +
+ ���� ⋅ H[S(−W ⁄ �������)IRU�&G:2�,(W) = ������ ⋅ H[S(−W ⁄ ���) + ������ ⋅ H[S(−W ⁄ ����) +
+ ���� ⋅ H[S(−W ⁄ ����) + ����� ⋅ H[S(−W ⁄ ������)�$PSOLWXGH�WLPH�FKDUDFWHULVWLFV�KDYH�EHHQREWDLQHG�IRU�LQGXVWULDOO\�SURGXFHG�VFLQWLOOD �WRUV� XVHG� LQ� UDGLRJUDSK\� Û� &V,�7O��

)LJ����� D�� 7HVWLQJ� ERDUG� IRU�PHDVXUHPHQW� RIGHFD\�WLPH��� LV�SXOVH�;�UD\�VRXUFH�0LUD��'�� LV�;�UD\�ILOWHU��� LV�VFLQWLOODWRU��� LV�RSWLFDOFROOLPDWRU��� LV�ILEHU�RSWLFV�OLJKW�WUDQVGXFHU�� LV�RSWLFDO�DWWHQXDWRU��� LV�307��� LV�RVFLOOR�VFRSH�� � LV� 307� SRZHU� VXSSO\�� �� LV� ;�UD\VRXUFH� FRQWURO� EORFN�� �� LV� SURWHFWLRQ� FKDP�EHU��E��7HVWLQJ�ERDUG�IRU�PHDVXUHPHQW�RI�DI�WHUJORZ�� � LV� ;�UD\� VRXUFH� ZLWK� FRQWUROOHGJULG��� LV�WHVWHG�VFLQWLOODWRU��� LV�SKRWRGLRGH�� LV�UHIHUHQFH�VFLQWLOODWRU��� LV�SUHDPSOLILHUV�� LV� FRPPXWDWRU�� � LV� ���GLJLW� $'&�� � LVPHPRU\�EXIIHU��� LV�WUDQVPLWWHU���� LV�PXOWL�SOH[HU���� LV� VWDWH� UHJLVWHU� �� LV� GHFUHDVLQJVWHS�JHQHUDWRU���� LV�PHPRU\�EXIIHU�FRQWURO�OLQJ� GHYLFH�� �� LV� JHQHUDWRU�� �� LV� FRPPDQGGHFRGHU���� LV�UHFHLYHU���� LV�3&�
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=Q6H�7H��� &G:2� �)LJ������ 7KHVH� H[SUHV�VLRQV�DUH�FRQYHQLHQW�IRU�FKRRVLQJ�WKH�REMHFWPRYHPHQW� VSHHG� RU� WKH� VFLQWLOODWRU�� )LJ���VKRZV� UHODWLYH� VHQVLWLYLW\� RI� WKH� VFLQWLOOD �WRUV�VWXGLHG�DV�IXQFWLRQ�RI�WKH�REMHFW�PRYH �PHQW�VSHHG�7KH�FKRLFH�RI�VFLQWLOODWRU�IRU�D�QHFHVVDU\HQHUJ\� UDQJH� UHTXLUHV� RSWLPL]DWLRQ� RI� WKHYDOXHV�RI�GHWHFWRU�VHQVLWLYLW\�DQG�DIWHUJORZOHYHO��UHIOHFWHG�LQ�WKH�PLQLPXP�δ�G��$VVXP�LQJ� HTXDO� DEVRUSWLRQ� RI� WKH� IXOO� HQHUJ\EHDP� LQ� WKH� GHWHFWRU�� SXWWLQJ� VFLQWLOODWRUOHQJWK�WR�EH����PP�DQG�VXEVWLWXWLQJ� $L��4L�REWDLQHG� IURP� DIWHUJORZ� PHDVXUHPHQWV�� DQGWKH�NQRZQ�UHODWLYH�VHQVLWLYLW\�IRU�(  �����NH9DQG� VWHHO� WKLFNQHVV� ��� PP� �IRU� =Q6H�7H� Û�����&V,�7O� Û� �� ��� &G:2� Û� ����� ZHKDYH� FDOFXODWHG� δ�G DV� IXQFWLRQ� RI� WKH� RE�MHFW�PRYHPHQW�VSHHG�IRU�GLIIHUHQW�VFLQWLOOD �WRUV�DQG�HQHUJLHV�RI�LRQL]LQJ�UDGLDWLRQ�XVHG�)LJ������ $V� LW� LV� VHHQ� IURP� WKLV� SORW�� SUH �OLPLQDU\� VHOHFWLRQ� RI� VFLQWLOODWRUV� IRU� VSH �FLILF�LQVSHFWLRQ�V\VWHPV�LV�SRVVLEOH�7KXV�� LQ� WKLV� ZRUN�� D� PHWKRG� KDV� EHHQSURSRVHG�IRU�HIILFLHQF\�HYDOXDWLRQ�RI�VFLQWLO �ODWRUV�XVHG�LQ��VFLQWLOODWRU�SKRWRGLRGH��W\SHGHWHFWRUV� IRU� GLJLWDO� UDGLRJUDSK\�� 7KHPHWKRG� LV� EDVHG� RQ� H[SUHVVLQJ� WKH� UHODWLYHVHQVLWLYLW\� DV� IXQFWLRQ� RI� VFLQWLOODWRU� FKDU �DFWHULVWLFV�� �0DWKHPDWLFDO� H[SUHVVLRQV� KDYHEHHQ� REWDLQHG� IRU� DPSOLWXGH�WLPH� FKDUDF �WHULVWLFV� RI� VFLQWLOODWRUV� &V,�7O��� =Q6H�7H��&G:2���ZKLFK�FDQ�EH�XVHG�LQ�GHVLJQLQJ�UD �GLRJUDSKLF�V\VWHPV��%DVLQJ�RQ�WKHVH�GDWD��LWLV�SURSRVHG�WKDW�=Q6H�7H� VKRXOG�EH�XVHG�LQWKH� ��Ü���� NH9� UDQJH� DW� REMHFW� PRYHPHQWVSHHGV� XS� WR� ��� FP�V�� &V,�7O� Û� ��Ü
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