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ω� = ω ⋅ (� + X ⋅ ω)� ����7KH�DQKDUPRQLF�SDUDPHWHU�X LV�D�FKDUDF�WHULVWLF� RI� YLEUDWLRQ�� 7KXV�� HDFK� YLEUDWLRQVKRXOG�KDYH�WKH�SURSHU�DQKDUPRQLF�SDUDPH �WHU�� %XW� YLEUDWLRQV� WKDW� RFFXU� LQ� WKH� VDPHFRQGLWLRQV� VKRXOG�KDYH� WKH� VDPH� SDUDPHWHU

)LJ�� ��� &RRUGLQDWH� V\VWHP� RI� PROHFXOH� DQGDWRPV�VHTXHQFH�
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X�� ,Q� DSSUR[LPDWLRQ� WKDW� DOO� VWUHWFKLQJ� YL �EUDWLRQV�KDYH�WKH�VDPH�SRWHQWLDO�HQHUJ\�DQGWKHLU�IUHTXHQFLHV�DUH�FORVH�WR�HDFK�RWKHU��DOOWKH� VWUHWFKLQJ� YLEUDWLRQV� DUH� EHOLHYHG� WRKDYH� WKH� VDPH� DQKDUPRQLF� SDUDPHWHU� X��7KH� EHQGLQJ� YLEUDWLRQV� KDYH� X� SDUDPHWHU�E\�WKH�VDPH�UHDVRQV�
ω�� = ω� ⋅ (� + X� ⋅ ω�)�
ω�� = ω� ⋅ (� + X� ⋅ ω�)�
ω�� = ω� ⋅ (� + X� ⋅ ω�)�
ω�� = ω� ⋅ (� + X� ⋅ ω�)�

����

7KH�SDUDPHWHUV�X� DQG�X� DUH�HQWHUHG�DVPDWKHPDWLFDO� SDUDPHWHUV� RI� PHWKRG� WRDYRLG� WKH� GHSHQGHQFH� IURP� IRUFH� ILHOGPRGHO�� 7KHUHE\�� WKH� IRUFH� PDWUL[� ���� LV� DIRXU�SDUDPHWULF�VHW�9 = 9(ψ���ψ���X��X�)�� ����'HWHUPLQDWLRQ� RI� WKHVH� SDUDPHWHUV� UH �TXLUHV�DGGLWLRQDO�LQIRUPDWLRQ��,Q�WKLV�ZRUN�VXFK�LQIRUPDWLRQ�RQ�YLEUDWLRQDO�IUHTXHQFLHVRI�LVRWRSLF�PRGLILFDWLRQV�RI�WKH�LQYHVWLJDWHGPROHFXOHV� LV� XVHG�� 7KH� IUHTXHQFLHV� RI� WKH;'� PROHFXOH� YLEUDWLRQV� DUH� FDOFXODWHG�PDN �LQJ�XVH�RI�WKH�REWDLQHG�IRUFH�PDWUL[�9 �������IRU� WKH� ;+� PROHFXOH�� 7KH� IUHTXHQFLHV� DUHFRPSDUHG� ZLWK� WKHLU� H[SHULPHQWDO� YDOXHV�+DUPRQLF� IUHTXHQFLHV� RI� WKH� ;'� PROHFXOHDUH�FDOFXODWHG�XVLQJ



ω��




WKHRU
= HLJHQYDOXHV(0LVRW−� 9)� ����

+HUH� 0LVRW LV� D� GLDJRQDO� PDWUL[� RIPDVVHV� RI� WKH� ;'� PROHFXOH�� 7KH� KDUPRQLFIUHTXHQFLHV�ω�H[SHU DUH�FDOFXODWHG�IURP�����XVLQJ� WKH� H[SHULPHQWDO� IUHTXHQFLHV� RI� WKH;'� PROHFXOH��$V�D�FKDUDFWHULVWLF�RI�GLIIHU �HQFH�EHWZHHQ�ωLWKHRU DQG�� ωLH[SHU WKH�SDUDPH�WHU�δ LV�XVHG�
δ = ∑L




� −

ωLWKHRU
ωLH[SHU





�� ����
,W� LV� REYLRXV� WKDW� δ�� OLNH� 9�� LV� D� IRXU�SDUDPHWULFDO� VHW� δ  �δ�ψ���ψ���X��X���� 7KHYDOXHV� RI� WKHVH� SDUDPHWHUV� FDQ�EH� REWDLQHGIURP�WKH�FRQGLWLRQ�RI�PLQLPXP� δ�)URP� WKH� REWDLQHG� SDUDPHWHUV� DQG� IRUFHPDWUL[�� WKH� ;±+ FKHPLFDO� ERQG� GHYLDWLRQDQJOH� LV� FRPSXWHG�� :KHQ� RQH� + DWRP� LVVKLIWHG�RXW�RI�WKH�HTXLOLEULXP�SRVLWLRQ��WKHPROHFXOH� REWDLQV� DQ� H[FHVV� HQHUJ\��7R� ILQGRXW�WKH�GHYLDWLRQ�IRU�;±+ ERQG��ZH�FDQ�FRQ�VLGHU� WKH� VKLIW� RI� WKH�+� IRU� WKH�GLVWDQFH� U

DW�WKH�DQJOH�ϕ WR�< D[LV�LQ��=<��SODQH��7KHYHFWRU�RI�VXFK�GLVSODFHPHQW�LV�[(ϕ) = (� � � � U FRVϕ U VLQϕ � � � � � �)� ����7KH� H[FHVV� HQHUJ\� RI� PROHFXOH� ZLWKVKLIWHG�DWRP�LV�GHVFULEHG�DV
8(ϕ) = [(ϕ) ⋅ 9 ⋅ [a(ϕ)� �� ����

8�ϕ��IRU�6E+� LV�SORWWHG�LQ�SRODU�VFDOH�LQ)LJ���� DV� ��OLNH� FXUYH�� 6WUDLJKW� OLQH� FRUUH �VSRQGV� WR� WKH� GHSHQGHQFH� ϕ  �α�� ,W� VKRZVWKH� GLUHFWLRQ� RI� WKH� OLQH� WKDW� FRQQHFWV� 6EDQG� + QXFOHL� LQ� �=<�� SODQH�� 7KH� DQJOH� ϕ�WKDW� PD[LPL]HV� 8�ϕ�� GHILQHV� WKH� FKHPLFDOERQG� DQJOH�� ,W� LV� VHHQ� IURP� )LJ���� WKDWPD[LPXP�RI�8�ϕ��GRHV�QRW� OLH� LQ�WKH� ϕ  �αOLQH��7KLV�SKHQRPHQRQ�LV�FDOOHG��WKH�FKHPL �FDO�ERQG�GHYLDWLRQ��>����@��7KH�GLIIHUHQFH� ∆EHWZHHQ� ϕ�� DQG� α �∆  �ϕ� Ü�α�� LV� FDOOHG�WKH�FKHPLFDO�ERQG�GHYLDWLRQ�DQJOH��,Q� FDOFXODWLRQV�� WKH� SDUDPHWHUV� RI� ;+�DQG� ;'� PROHFXOHV� �; PHDQV� 3�� $V�� 6E�IURP� 7DEOH��� ZHUH� XVHG� >�Ü�@�� 7KH� FDOFX �ODWHG� UHVXOWV� DUH� VXPPDUL]HG� LQ� 7DEOHV��DQG� ��� 0ROHFXOH� 1+� DQG�1±+ ERQG� GHYLD�WLRQ�ZHUH� H[DPLQHG�EHIRUH� >�@�� DQG�PDLQ� UH �VXOWV� DUH� SUHVHQWHG� LQ� 7DEOH���� 7KH� PHWKRGIRU� WKH� 1+� PROHFXOH� ZDV� SURYLGHG� ZLWK� �IRUP� SDUDPHWHUV� IRU� RWKHU� EDVLV� /��� WKDW� LVZK\� LQ� 7DEOH��� RQO\� WKH� ψ�� YDOXH� LV� VKRZQZKLFK�LV�WKH�VDPH�LQ�ERWK�PHWKRGV�IRU�1+��&KHPLFDO�ERQG�GHYLDWLRQ�UHVXOWV�IURP�H[ �LVWHQFH� RI� FHQWUDO� IRUFH� ILHOG�� ,Q� YDOHQFHIRUFH�DSSUR[LPDWLRQ��WKH�GHYLDWLRQ�LV�SULQFL �SDOO\� LPSRVVLEOH�� WKH� H[WUD� HQHUJ\� 8����UHDFKHV� PD[LPXP� ZKHQ� + DWRP� LV� VKLIWHGDORQJ� WKH� VWUDLJKW� OLQH� FRQQHFWLQJ� ; DQG�+QXFOHL�� 6R� WKH� GHYLDWLRQ� DQJOH� FDQ� EH� D

)LJ�� ��� 3RODU� GLDJUDP� RI� PROHFXODU� H[WUDHQHUJ\�8(ϕ)�
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PHDVXUH� RI� +±+ LQWHUDFWLRQ�� ,W� LV� REYLRXVWKDW�+±+ LQWHUDFWLRQ� LV� VWURQJHU� DV� +±;±+DQJOH�LV�VPDOOHU�7KXV��WKH�VPDOOHU�+±;±+ DQJOH�α LV�� WKHODUJHU� LV� WKH� ;±+ ERQG� GHYLDWLRQ� DQJOH� ∆�1HJDWLYH� YDOXHV� RI� DQKDUPRQLF� SDUDPHWHUVDUH� REWDLQHG� LQ� VRPH� FDVHV�� ,Q� FXUUHQW� FDO �FXODWLRQV�� DQKDUPRQLF� SDUDPHWHUV� DUH� UH �VSRQVLEOH� IRU� FKDQJLQJ� DWRPLF� PDVVHV� LQ������ 8VXDOO\�� WKH\� DUH� UHVSRQVLEOH� IRU� GH �FUHDVLQJ� RYHUWRQH� IUHTXHQFLHV�� 7KLV� PHDQVWKDW�FODVVLFDO�PHDQLQJ�RI�DQKDUPRQLF�SDUDPH �WHU� LV� FRQQHFWHG� ZLWK� WKH� IRUP� RI� SRWHQWLDOHQHUJ\� FXUYH� DW� KLJK� YLEUDWLRQDO� OHYHOV�� 7KHSDUDPHWHUV� X��� LQ� SUHVHQW� FDOFXODWLRQV� DUHUHVSRQVLEOH�IRU�LWV�IRUP�DW�JURXQG�YLEUDWLRQDOOHYHO��6LPSOH�PRGHOLQJ�VKRZV� WKDW�IRU�UHFWDQ�JXODU� SRWHQWLDO�ZHOO�� WKH� DQKDUPRQLF� SDUDPH �WHU� HQWHUHG� IURP� ����� LV� QHJDWLYH�� ZKLOH� IRUSDUDEROLF� ZHOO�� �8�[��a�[��� X  ���� ,Q� JHQHUDO�IRU� WKH� GHSHQGHQFH� 8�[��a�[β� RQH� FDQ� REWDLQWKDW�ZKHQ�β �����X !��� IRU�β !����X �����IRU

β  ���� X  ���� )RU� 3+� DQG�$V+� PROHFXOHV�WKH� SRWHQWLDO� HQHUJ\� FXUYH� DW� WKH� JURXQGOHYHO� RI� WKH� EHQGLQJ� YLEUDWLRQ� KDV� D� IRUPVWHHSHU�WKDQ�SDUDEROD�5HIHUHQFHV���0�8�%LO\��%�$�2NKULPHQNR��8NU��)L]��=K���������������������%�$�2NKULPHQNR�� '�0�6DPRLOHQNR�� 9LVQ\N.\LY��1DWV��8QLY��������������������0�8�%HO\�� %�$�2NKULPHQNR�� 6�0�<DEORFKNRY�,]Y��9X]���)L]LND������������������.�6�.UDVQRY�� 1�9�)LOOLSHQNR�� 9�$�%RENRYD�0ROHFXODU�&RQVWDQWV�RI�,QRUJDQLF�&RPSRXQGV�.KLPLD��/HQLQJUDG��������>LQ�5XVVLDQ@����.�5DPDVZDP\�� 6�6ZDPLQDWKDQ�� $XVW��-�&KHP���������������������/�0�6YHUGORY��l�k�.RYQHU��p�3�.UD\QRY��9L�EUDWLRQDO� 6SHFWUD� RI� 0XOWLDWRPLF� 0ROHFXOHV�1DXND��lRVFRZ��������>LQ�5XVVLDQ@����.�6DUND�� '�3DSRXVHN�� .�5DR�� -��0RO��6SHFW������������������3�<LQ��.�5DR��-��0RO��6SHFW������������������

7DEOH����3DUDPHWHUV� RI�PROHFXOHV�� IRUP�SDUDPHWHUV� ψ�� DQKDUPRQLF�SDUDPHWHUV� X⋅�����;±+ ERQGGHYLDWLRQ�DQJOH�∆
0ROHFXOH ψ�� ψ�� X� X� ∆��� α���1+�� ���� Ü ��� ��� � �����3+� ���� ���� ��� Ü��� ��� ����$V+� ���� ���� ���� Ü��� ��� ����6E+� ���� ���� ���� ��� ��� ����

7DEOH����9LEUDWLRQ�IUHTXHQFLHV���ω���FPÜ���DQG�+±;±+�DQJOHV��α��RI�PROHFXOHV
0ROHFXOH ω� ω� ω� ω� α��� 5HI�3+� ���� ���� ���� ���� ���� �3'� ���� ��� ���� ����$V+� ���� ��� ���� ���� ���� �$V'� ���� ��� ���� ���6E+� ������ ����� ������ ����� ���� �6E'� ������ ����� ������ �����

7DEOH����+DUPRQLF�YLEUDWLRQ�IUHTXHQFLHV��ω���FPÜ���RI�PROHFXOHV��
0ROHFXOH ω�� ω�� ω�� ω��3+� ������� ������� ������� �������3'� ������� ������ ������� ������$V+� ������� ������ ������� �������$V'� ������� ������ ������� ������6E+� ������� ������ ������� ������6E'� ������� ������ ������� ������
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