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$�FXELF�IHUURPDJQHWLF�ZLWK�XQLD[LDO�DQLVRWURS\�LQGXFHG�DORQJ�WKH�>���@�D[LV�LV�FRQVLG�

HUHG�WKDW�FRQWDLQV�D�GHIHFW�DV�D�VODE�OLNH�PDJQHWLF�LQFOXVLRQ��,W�LV�DVVXPHG�WKDW�D�PDJQHWLF
LQKRPRJHQHLW\� LV� ORFDOL]HG� RQ� WKDW� LQFOXVLRQ�� WKH� PRGHO� UHSUHVHQWDWLRQ� RI� WKH� LQKRPR�
JHQHLW\�FRUUHVSRQGLQJ�WR�WKH�PDJQHWL]DWLRQ�GLVWULEXWLRQ�LQ�D�]HUR�GHJUHH�GRPDLQ�ZDOO��7KH
PLFURZDYH�H[FLWDWLRQV�RI�WKH���GHJUHH�GRPDLQ�ZDOO�KDYH�EHHQ�LQYHVWLJDWHG�QXPHULFDOO\�DQG
WKH� IHDWXUHV� RI� WKHLU� VSHFWUD� KDYH� EHHQ� FRQVLGHUHG� GHSHQGLQJ� RQ� WKH� VDPSOH� PDWHULDO
SDUDPHWHUV�DQG�WKH�GHIHFW�FKDUDFWHULVWLFV�

cÈ°°äÈ�¯ÒmÈË�°«�}�­Ò�Ë°}Ò®�ÁË¯¯ºäÈ�ÓË�Ò}�°�ÓÈmË�ËÓÓº®�m�ºã	�º°Ò�>���@�º�Óºº°Óº®
ÈÓÒÏº�¯º¹ÒË®��°º�Ë¯ÎÈ�Ò®��ËÁË}��m�mÒ�Ë�¹ãÈ°�ÒÓ�È�º�º�äÈ�ÓÒ�Óº�º�m}ã
�ËÓÒ«���¯Ë��
¹ºãÈ�ÈË�°«����º�ÓÈ�ÓËä�ãº}ÈãÒÏºmÈÓÈ�äÈ�ÓÒ�ÓÈ«�ÓËº�Óº¯º�Óº°�	��äº�Ëã	ÓºË�¹¯Ë�°�ÈmãË�
ÓÒË� }º�º¯º®� °ºº�mË�°�m�Ë�� ¯È°¹¯Ë�ËãËÓÒ
� ÓÈäÈ�ÓÒ�ËÓÓº°�Ò� m� ���¯È��°Óº®� �ºäËÓÓº®
�¯ÈÓÒ�Ë��  Ò°ãËÓÓº� Ò°°ãË�ºmÈÓ©� äÒ}¯ºmºãÓºm©Ë� mºÏ­�Î�ËÓÒ«� ���¯È��°Óº®� �ºäËÓÓº®
�¯ÈÓÒ�©��¯È°°äº�¯ËÓ©�º°º­ËÓÓº°�Ò�Ò²�°¹Ë}�¯ºm�m�ÏÈmÒ°Òäº°�Ò�º��äÈ�Ë¯ÒÈã	Ó©²�¹È¯È�
äË�¯ºm�º­¯ÈÏ�È�Ò�²È¯È}�Ë¯Ò°�Ò}��ËÁË}�È�

$� WKHRUHWLFDO� H[DPLQDWLRQ� RI� PLFUR�
ZDYH� H[FLWDWLRQV� RI� WKH� GRPDLQ� ZDOO
�':��ZLWK�DGHTXDWHO\�DFFRXQWLQJ�IRU�WKH
ILHOG� FUHDWHG� E\� PDJQHWLF� PRPHQWV� LV
TXLWH�D�QRQWULYLDO�SUREOHP�WKDW�LV�PDLQO\
VROYHG� E\� QXPHULFDO� PHWKRGV�� 6XFK� DQ
DQDO\VLV� SHUIRUPHG� LQ� >�Ü�@� IRU� WKH�����
GHJUHH� ':V� RI� WKH� %ORFK� W\SH� KDV� GHP�
RQVWUDWHG� WKDW� WKH� VSHFWUXP� RI� WKHLU� H[�
FLWDWLRQV�� LQ�DGGLWLRQ� WR� WKH� WZR� ORZ�IUH�
TXHQF\� WUDQVODWLRQV� PRGHV� DQG� RQH
XQLGLUHFWLRQDO� *LOLQVNL� EUDQFK� >�@�� IHD�
WXUHV� D� QXPEHU� RI� RWKHU� SHFXOLDULWLHV
�WKH� DYDLODELOLW\� RI� DGGLWLRQDO� KLJK�IUH�
TXHQF\� EUDQFKHV�� WKH� URRW� SHFXOLDULW\� RI
WKH� WUDQVODWLRQDO� PRGH�� HWF���� ZKLFK� DUH
ODUJHO\�GHSHQGHQW�RQ�ERWK�WKH�':�WRSRO�
RJ\�DQG�WKH�DQLVRWURS\�W\SH��$W�WKH�VDPH
WLPH�� WKH� DQDO\VLV� RI� WKH� GRPDLQ� VWUXF�
WXUH� RI� FXELF� IHUURPDJQHWV�ZLWK� LQGXFHG
XQLD[LDO� DQLVRWURS\� KDV� VKRZQ� WKDW� LQ
QHDU� WKH� VSLQ�UHRULHQWDWLRQDO� SKDVH� WUDQ�
VLWLRQ��WKHUH�DSSHDU�VROXWLRQV�RI�WKH�/DQ�
GDX�/LIVKLWV� HTXDWLRQV� WR�ZKLFK� ��GHJUHH

':V�FRUUHVSRQG�>�@��7KRVH�UHSUHVHQW�PDJ�
QHWLF�LQKRPRJHQHLWLHV��ZKLFK�VHSDUDWH�WKH
DUHDV�RI�WKH�IHUURPDJQHW�ZLWK�WKH�VDPH�GL�
UHFWLRQ� RI� WKH� PDJQHWL]DWLRQ� YHFWRU� l� LQ
GRPDLQV�� ,W� IROORZV� IURP� WKH� FDOFXODWLRQV
>�@� �ZKLFK� TXDOLWDWLYHO\� DJUHH� ZLWK� WKH� H[�
SHULPHQWDO� GDWD� >�@�� WKDW� WKRVH� DUHDV� DUH
ORFDOL]HG� LQ� WKH� GHIHFW� DUHDV� DQG� DFW� DV� D
QHZ� SKDVH� QXFOHL� LQ� WKH� SURFHVVHV� RI� WKH
PDJQHWLF� VSLQ� UHRULHQWDWLRQ� IURP� RQH� VWDWH
WR� DQRWKHU�� 7KHLU� G\QDPLF� SURSHUWLHV� UH�
PDLQ�SUDFWLFDOO\�XQLQYHVWLJDWHG��LQ�WKLV�FRQ�
QHFWLRQ��LW�LV�RI�LQWHUHVW�WR�H[DPLQH�WKH�PL�
FURZDYH�H[FLWDWLRQ�VSHFWUXP�RI�WKH���GHJUHH
':� LQ� D� FXELF� IHUURPDJQHW� ZLWK� XQLD[LDO
DQLVRWURS\� LQGXFHG� DORQJ� WKH� >���@� D[LV� �D
������VODE��ZLWK�GHIHFWV�SUHVHQW�WKHUHLQ��

7KH� WRWDO� HQHUJ\�RI� VXFK�D�PDJQHW� VKDOO
EH� FRQVLGHUHG� XQGHU� DFFRXQW� IRU� WKH� H[�
FKDQJH� LQWHUDFWLRQ�� WKH� GLSROH�GLSROH� LQWHU�
DFWLRQ�� WKH� SUHVHQFH� RI� D� FRPELQHG� DQLVRW�
URS\�� DV�ZHOO� DV� RI� WKH� GHIHFW�� ,W�ZLOO� KDYH
WKH�IRUP�
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ZKHUH� T� DQG� M� DUH� WKH� SRODU� DQG� WKH� D]�
LPXWKDO� DQJOHV� RI� WKH�PDJQHWL]DWLRQ� YHFWRU
l��$��.X��.�� DUH� WKH� FRQVWDQWV� RI� WKH� H[�FKDQJH� LQWHUDFWLRQ�� RI� WKH� XQLD[LDO� DQLVRW�
URS\�DQG�WKH�FXELF�DQLVRWURS\��UHVSHFWLYHO\�
0V� LV� VDWXUDWLRQ� PDJQHWL]DWLRQ��P�� D� XQLWPDJQHWL]DWLRQ� YHFWRU� �P� �0�0V��� 9�� WKHPDJQHW�YROXPH��+G��WKH�GHPDJQHWL]LQJ�ILHOG
ZKLFK�FDQ�EH�REWDLQHG�IURP�WKH�HTXDWLRQV�RI
PDJQHWRVWDWLFV

GLY��+G����S0��� ����URW�+G� ��� ���
+HUH�� WKH� FRRUGLQDWH� V\VWHP� LV� VHOHFWHG� LQ

VXFK�D�ZD\�WKDW�R[��>���
BB
@��R\��>�

BB
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$�VODE�OLNH�PDJQHWLF�LQFOXVLRQ�>�@�LV�FRQ�
VLGHUHG�DV�D�GHIHFW�WKDW�VWDELOL]HV�WKH�VWUXF�
WXUH� RI� WKH� ��GHJUHH� GRPDLQ� ZDOO�� 7KLV� LQ�
FOXVLRQ�LV�WKH�DUHD�RI�WKH�PDJQHW�ZKHUH�WKH
PDWHULDO� SDUDPHWHUV�5� KDYH� WKH� YDOXHV� GLI�
IHUHQW� IURP� WKRVH� LQ� WKH� PDWUL[�� L�H�� WKH\
GHSHQG�RQ�WKH�FRRUGLQDWH�\�DV
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ZKHUH� O� LV� WKH�GHIHFW� VL]H��5� �^$��.X��.�`�
'5� �^'$�� '.X�� '.�`� DUH� WKH� YDOXHV� RI� WKHSDUDPHWHU�5�OHDS�LQ�WKH�GHIHFW�DUHD�

7KH� VSLQ�ZDYH� H[FLWDWLRQ� RI� D� ':� LQ� D
IHUURPDJQHW� DUH� GHVFULEHG� E\� /DQGDX�/LI�
VKLWV�HTXDWLRQV�RI�PDJQHWRG\QDPLFV�IRU�WKH
PDJQHWL]DWLRQ�YHFWRU�
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DQG�PDJQHWRVWDWLFV�RQHV�RI�WKH�IRUP�����
7R� LQYHVWLJDWH� VPDOO� GHYLDWLRQV� RI� PDJ�

QHWLF�PRPHQWV� LQ� WKH�':� IURP� WKHLU� HTXL�
OLEULXP�YDOXHV�GHILQHG�E\�WKH�H[DFW�VROXWLRQ
RI� WKH� /DQGDX�/LIVKLWV� HTXDWLRQV� IRU� WKH
VWDWLF� FDVH�� ZH� VKDOO� OLQHDUL]HG� WKH� V\VWHP
����ZLWK�GXH�DFFRXQW�WDNHQ�RI������VXEVWLWXW�
LQJ�+G�DV��+G� �0V�\��ZKHUH�\�LV�WKH�PDJ�QHWRVWDWLF�SRWHQWLDO��7KH�PDJQHWL]DWLRQ�GLV�
WULEXWLRQ�LQ�WKH���GHJUHH�':�LQ�WKH�DEVHQFH

RI�GHIHFWV�DQG�VPDOO�SHUWXUEDWLRQV� LV�GHWHU�
PLQHG�E\�WKH�H[SUHVVLRQV�>����@�
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ZKHUH� [� �E\�'��� '�� ��CCCCCC$�e�.X�� D�� E�� F� DUH
YDULDWLRQDO� SDUDPHWHUV�� +DUPRQLF� GHYLD�
WLRQV�RI�VSLQV�IURP�WKH�HTXLOLEULXP�GLVWULEX�
WLRQ� ���� ZLOO� EH� LGHQWLILHG� LQ� WKH� IRUP� D
VPDOO�DGGLWLRQ�WR�WKH�SULQFLSDO�VROXWLRQ�
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,Q� WKLV� FDVH�� WKH� OLQHDUL]HG� V\VWHP� RI
HTXDWLRQV����������ZLOO�EH�UHGXFHG�WR�WKH�IRO�
ORZLQJ�IRUP�
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7KH� SUREOHP� RI� ILQGLQJ� WKH� ':� RVFLOOD�

WLRQ�VSHFWUXP�FDQ�EH�IRUPXODWHG�DV�IROORZV�
LQ� WKH� WKUHH�GLPHQVLRQDO� VSDFH�ZLWK� FRRUGL�
QDWHV� �N[��N]��Z���ZKHUH�N� LV� WKH�ZDYH�YHF�WRU��ZKLFK�GHILQHV�WKH�SURSDJDWLRQ�GLUHFWLRQ
RI� WKH� RVFLOODWLRQV��ZKHUHDV�Z� GHILQHV� WKHLU
IUHTXHQF\�� LW� LV� QHFHVVDU\� WR� ILQG� D� VHW� RI
SRLQWV� ZKHUH� WKH� V\VWHP� RI� HTXDWLRQV� ���
DQG� ���� KDV� D� VROXWLRQ� ZKLFK� GHFUHDVHV� DV
RQH�PRYHV�IURP�WKH�':�SODQH�

7KH� SUREOHP� ZDV� QXPHULFDOO\� LQYHVWL�
JDWHG��WKH�FDOFXODWLRQV� LQYROYLQJ�WZR�VWHSV�
)LUVW� RI� DOO�� WKH� HTXLOLEULXP� YDOXHV� RI� WKH
��GHJUHH� ':� SDUDPHWHUV� ZHUH� GHWHUPLQHG
E\�VROYLQJ�WKH�YDULDWLRQDO�SUREOHP�IRU�PLQL�
PL]LQJ� WKH� IXOO� HQHUJ\�p�ZLWK� GXH� DFFRXQW
WDNHQ� RI� ����� ZKHUH� WKH� ODZ� RI� FKDQJLQJ
PDJQHWL]DWLRQ� LQ� WKH� ��GHJUHH� ':� LQ� WKH
IRUP� RI� ���� ZDV� WDNHQ� DV� D� WULDO� IXQFWLRQ�
7KH�VHFRQG�VWHS�LQYROYHG�WKH�VROXWLRQ�RI�WKH
V\VWHP� ���� ZLWK� GXH� DFFRXQW� WDNHQ� RI� WKH
REWDLQHG� YDOXHV� RI� WKH� YDULDWLRQDO� SDUDPH�
WHUV�D��E��F�

7KH� QXPHULFDO� DQDO\VLV� UHVXOWV� RI� WKH
VSHFWUD� RI� ��GHJUHH� ':V� DUH� VXEVWDQWLDOO\
GLIIHUHQW� IURP� WKH� SURSHUWLHV� RI� D� ':� RI
RWKHU� WRSRORJLHV� GHVFULEHG� LQ� VHYHUDO�ZRUNV
>�Ü�@��7KLV� LV�UHODWHG�WR�D�VSHFLDO�VWUXFWXUH
RI� WKH� ��GHJUHH� ':�� VLQFH� D� V\PPHWULFDO
IXQFWLRQ� RI� PDJQHWLF� PRPHQWV� GLVWULEXWLRQ
LQ� WKH� WUDQVLWLRQ� OD\HU�FRUUHVSRQGV� WKHUHWR�
P��Ü\�� �P��\��� ,W� LV� HYLGHQW� IURP� WKH� UH�VXOWV�REWDLQHG�WKDW�WKH�H[FLWDWLRQ�VSHFWUD�RI
WKH� ��GHJUHH� ':�� LQFOXGLQJ� WKH� *LOLQVNL
EUDQFK��DUH�V\PPHWULFDO�ZLWK�UHVSHFW�WR�WKH
IUHTXHQF\� D[LV�� ZKHUHDV� LQ� WKH� FDVH� RI� WKH

����GHJUHH� ':�� WKH� ODWWHU� LV� DV\PPHWULFDO
>�Ü�@�� 7KH� LQYHVWLJDWLRQ� RI� WKH� VSHFWUXP
W\SH� GHSHQGHQFH� RQ� WKH� YDOXHV� RI� WKH� SD�
UDPHWHU� N� KDV� VKRZQ� WKH� H[LVWHQFH� RI� DQ
DUHD� RI� WKH�ZDYH�QXPEHU�YDOXHV��ZKHUH� RV�
FLOODWLRQV� RI� WKH� ��GHJUHH� ':� ORFDOL]HG� RQ
LWV� VXUIDFH� DUH� IRUELGGHQ� �)LJV�������� $V
VHHQ� IURP� WKH� )LJXUHV�� DV� WKH� SDUDPHWHU� N
LQFUHDVHV��DW�LWV�FHUWDLQ�WKUHVKROG�YDOXH��WKH
VSHFWUXP�EUDQFKHV�FRUHVSRQGLQJ�WR�WKH�':
RVFLOODWLRQV� ORFDOL]HG�RQ� LWV�VXUIDFH� VWDUW�WR
�PRYH� DSDUW���$V� WKH\� GR� VR�� RQO\� YROXPL�
QRXV� VSLQ�ZDYHV� FDQ�EH� H[FLWHG� LQ� WKH�DUHD
RI� WKH� VPDOOHU� YDOXHV� RI� WKH�ZDYH� QXPEHU�
$V�æ�LQFUHDVHV��WKHUH�WDNHV�SODFH�DQ�H[SDQ�
VLRQ� RI� WKH� ]RQH� IRUELGGHQ� IRU� RWKHU� W\SH
H[FLWDWLRQV� H[FHSW� IRU� YROXPLQRXV� VSLQ
ZDYHV��DV�ZHOO�DV�D�PRYHPHQW�RI�LWV�ERXQG�
DU\� WRZDUGV� ORZHU� IUHTXHQFLHV��7KLV�FKDQJH
LQ�WKH�VSHFWUD�VKDSH�FDQ�EH�UHODWHG�WR�D�ORVV
RI�WKH���GHJUHH�':�VWDELOLW\�ZLWK�UHVSHFW�WR
PLFURZDYH�RVFLOODWLRQV�ZLWK�D�VPDOO�YDOXH�RI
WKH�ZDYH�QXPEHU�DV�N�LQFUHDVHV��)LJV����DQG
��VKRZ�WKH�NLQG�RI�WKH�VSHFWUXP�IUHTXHQFLHV
DV� D� IXQFWLRQ� RI� WKH� GHIHFW� OLQHDU� GLPHQ�
VLRQV��:KHQ� DQDO\]LQJ� WKH� UHVXOWV� WKXV� RE�
WDLQHG��RQH�FDQ�HDVLO\�LGHQWLI\�D�WHQGHQF\�WR
WKH� H[SDQVLRQ� RI� WKH� ]RQH� IRUELGGHQ� IRU
VSLQ�ZDYH� H[FLWDWLRQV� ORFDOL]HG� RQ� WKH� ':
VXUIDFH��DV�WKH�GHIHFWV�OLQHDU�GLPHQVLRQV�LQ�
FUHDVH��$V�WKLV�WDNHV�SODFH��WKH�FRUUHVSRQG�
LQJ� EUDQFKHV� WHQG� WR� VKLIW� WRZDUGV� ODUJHU
ZDYH�QXPEHU�YDOXHV�

7KXV��WKH�VSLQ�ZDYHV�KDYH�EHHQ�DQDO\]HG
WKDW�DUH� ORFDOL]HG�RQ� WKH���GHJUHH�':�LQ�D
FXELF�IHUURPDJQHW�ZLWK�WKH�XQLD[LDO�DQLVRW�
URS\� LQGXFHG� DORQJ� WKH� >���@� D[LV� ZKLFK
SRVVHVVHV�D�GHIHFW�LQ�WKH�IRUP�RI�D�VODE�OLNH
PDJQHWLF�LQFOXVLRQ��7KH�DQDO\VLV�KDV�VKRZQ
WKDW� LQ� DGGLWLRQ� WR� WKH� SURSHUWLHV� LQ� FRP�

)LJ����� 7KH� VSHFWUXP� RI� PLFURZDYH� RVFLOOD�
WLRQV� RI� WKH� ��GHJ�� ':�� KHUH�� '$� �����$�
'.�� ����.��� '.X� �Ü.X�� O� ���� 4� ���� N� ����� &XUYH� �� LV� WKH� ERXQGDU\� RI� WKH� VROLG
VSHFWUXP�]RQH�����WKH�*LOLQVNL�EUDQFK�����WKH
WUDQVODWLRQDO�PRGH��æ� �æ]�

)LJ����� 7KH� VSHFWUXP� RI� PLFURZDYH� RVFLOOD�
WLRQV�RI�WKH���GHJ��':��WKH�PDWHULDO�SDUDPH�
WHUV� DQG� QRWDWLRQV� DUH� WKH� VDPH�DV� LQ� )LJ���
�H[FHSW�IRU�æ��æ� �����æ� �æ]�
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PRQ� ZLWK� WKH� ':� RI� RWKHU� WRSRORJ\� �WKH
SUHVHQFH� RI� WKH� VDPH� VHW� RI� EUDQFKHV��� WKH
VSHFWUD�ZKLFK�DUH�FKDUDFWHULVWLF�RI�WKH���GH�
JUHH� ':� SRVVHVV� D� QXPEHU� RI� GLIIHUHQFHV�
WKHVH� EHLQJ� FRQQHFWHG�ZLWK� D� SHFXOLDULW\� RI
GLVWULEXWLRQ� WKHUHLQ� RI� PDJQHWLF� PRPHQWV�
7KLV�UHVXOWV��ILUVW�RI�DOO��LQ�WKH�V\PPHWU\�RI
DOO�EUDQFKHV�RI� WKH� VSHFWUXP��LQFOXGLQJ�WKH
*LOLQVNL�EUDQFKHV�ZKLFK�UHPDLQ�DV\PPHWULF
LQ� RWKHU� FDVHV���%HVLGHV�� D�SKHQRPHQRQ�KDV
EHHQ� GLVFRYHUHG� RI� WKH� DSSHDUDQFH� RI� WKH
��GHJUHH�':�LQVWDELOLW\�]RQH�ZLWK�UHVSHFW�WR
WKH� RVFLOODWLRQV� ZLWK� VPDOO� ZDYH� QXPEHUV�
WKLV�]RQH�H[SDQGLQJ�ZLWK�WKH� LQFUHDVH�RI�WKH
SDUDPHWHU� æ� DQG� GHSHQGLQJ� RQ� WKH� HQHUJ\
YDOXH�RI�WKH�GHIHFW�DQG�LWV�OLQHDU�GLPHQVLRQV�

7KH�SDSHU�ZDV�VXSSRUWHG�E\�*UDQW�RI�WKH
0LQLVWU\� RI� (GXFDWLRQ� DQG� 6FLHQFH� RI� WKH
5XVVLDQ�)HGHUDWLRQ�1R�������

5HIHUHQFHV
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