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It is shown that the differential problem of bidimentional diffusion of impurity parti-
cles in a melt being crystallized at a constant speed could be reduced to variation one by
selecting an appropriate integral functional. The use of functional so obtained for stability
analysis of the flat crystallization front is exemplified.

IToxkasano, utro muddepeHnuaipbHy0 3amKauy AByMepPHON nu@y3un MPUMECHBIX YACTHUIL B
3aTBEPEBAIONIEM C IOCTOSHHON CKOPOCTBHIO PACIIJIaBe MOYKHO CBECTH K BapPUAIMOHHOI, II0J0-
OpaB COOTBETCTBYIOINUII MHTErpaJbHLIN (pyHKInoHan. [IpuBemseH nmpumMep NPUMEHEHUS IIOJIY-
YeHHOTO (PYHKIIMOHAJA [IJIs aHAJIMU3a YCTONUMBOCTH IIJIOCKOI'O (DPOHTA KPUCTAJINSAIUU.

The solid/liquid phase (interphase)
boundary is known to acquire cellular struc-
ture under some crystallization conditions
[1, 2]. In scientific respect, the effect of
cell formation in interphase boundary is of
not less interest than many other phenom-
ena of self-organization in nonequilibrium
systems [3]. But unlike its analog in hydro-
dynamics, namely, the Bernar’s cellular
convection, the intent attention of investi-
gators to the above-mentioned effect is dic-
tated first of all by practical needs. It is
associated also with the presence of some
impurities in real melts as well as inten-
tionally added additives. As cellular growth
of crystals is followed by sharp quality de-
terioration [2], the elucidating of cell for-
mation conditions in the crystallization
front is among the primary tasks in the
binary melt solidification theory.

In [4], the problem of binary melt solidi-
fication was seen from the position of vari-
ation principle. The variation problem of
impurity diffusion in a melt crystallizing at
a constant speed formulated in that work
was related to the case of a constant impu-
rity concentration value at the crystal-
lization front or boundary condition of first
type. Meanwhile, the condition of impurity
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balance is to be fulfilled on mobile melt
boundary [1], that corresponds to the third
type boundary condition. In this case, a
functional different from that obtained in
[4] will correspond to the differential prob-
lem. The purpose of this study is to set the
variation problem of impurity diffusion in a
melt crystallizing at a constant speed tak-
ing into account the third type boundary
condition at the crystallization front.

Let us formulate the problem first in dif-
ferential form and then go to its wvariation
equivalent. Let us use the bidimensional
model of binary melt solidification with lim-
ited diffusion zone [2], combining the axis z
with crystallization direction. Let the coordi-
nate z be measured in D/v units, D being the
impurity diffusion coefficient in the melt,
and v being the crystallization speed and
measured starting from the position that crys-
tallization front would occupy if it would be
flat. Let the impurity concentration C(z,x)
within the diffusion zone of melt @(x)<z<h be
measured in Cy(l - k)[k + (1 — k)e"]1 units
starting from the level Cyk[k +( 1 - ke 1,

where 2z = @(x) is the interphase boundary
equation, Cy being the impurity concentration
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value that is maintained in the melt at z<h,
and % being the impurity distribution coef-
ficient. Let the interphase boundary be peri-
odic in x direction and symmetric with re-
gard to the middle of period. Let x coordi-
nate be measured in half-period [ units (cell
half-width). The diffusion in solid phase
and surface energy of interphase boundary
is supposed to be negligible.

Let dimensionless coefficients be intro-
duced:

p-L. 1)
vl

g_[(_k _ ,n _GD (2)
E-1 mvCy’

where G is the temperature gradient, m is
the slope of liquidus line in the phase dia-
gram of the binary system.

Then the impurity diffusion problem in
the melt crystallizing at a constant speed in
region S pre-defined by inequalities
o(x)<z<h, 0<x<1 can be formulated in the
form:

C,,+C,+x2C,, =0, (3)

Cp) - k%20,C (@) + 1 — BC(p) + £ =0, (4)

C(h,x) = e ", (5)
C(2,0) = Cy(2,1) = 0, (6)
C(p) = 1 - Bo. "N

Note that the condition at the interphase
boundary is presented by equations (4) and
(7) corresponding to boundary condition of
third and first types, respectively. Eq. (4)
as mentioned before is equivalent to condi-
tion of impurity balance at the crystal-
lization front. Eq. (7) follows from the
phase diagram and from the assumption
that temperature field is flat and depends
linearily on z [4].

Now let us abstract from condition (7)
and construct the functional to which the
solution of the problem (8)-(6) imparts a
stationary value. The Eq. (3) could be easily
checked to be Euler equation for functional

1 h (8)
IIC(z,x), = I dxj e?(C2 + x2C2)dz.
0 0
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Varying this functional taking into account
that the values of impurity concentration at
interphase boundary (of pre-specified shape)
are not fixed, we obtain

1 h (9)
o1 = -2 [ dx [ e*(C,, + C, + k2C,)5Cdz ~

- 2IeZ(CZ - x20,C,)3Cdx,
()

where (¢) means the line 2z = ¢@(x) along
which the line integral is taken. Note that
the contour of integrating region S, having
the line (¢) as a part, is traced in positive
direction and that in all regions except (¢),
the line integral is equal to zero.

By virtue of stationarity condition and
since 6C is varied in an arbitrary fashion,
the integrands of both integrals in (9)
should be equal to zero [5]. The equality to
zero of the first one gives the equation (3).
But the equality of the second one to zero
would mean that the impurity concentration
values at interphase boundary are fixed or
the first type boundary condition is met.
Comparing the integrand of second integral
in (9) with third type boundary condition
(4), it is easy to write first the variation
result from which this condition follows:

1 h (10)
o1 = -2 [ dx [ e#(C,, + C, + k2C,)5Cdz —

- 2fef[C, - k20,0, + (1 - K)C + E]3Cdx,
()

and then the expression for primary funec-
tional (to be sought):

1 & (11)
IIC(z,x)| = _[ dxj €*(C2 + k2C%)dz -
0 o

- [ ef12k + 1 - BCICd.
(ol

From the expression for the second vari-
ation of functional (11)

1 h (12)
821 = 2 _[ dx J. eZ(SCE + KZSCJZC)dZ -
0 o
— 2 e(1 - k)3C2dx
(o}

is clear that, at least at k>1, the solution of
the problem (3)-(6) imparts to this func-
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Table. Dependence of impurity concentration C on the distance z to the crystallization front calculated
in two approximations and using the accurate formula. I{C} is the corresponding value of functional.

2 0.0 0.2 0.4 0.6 0.8 1.0 1{c}
h=1, | Cjapprox | 1.0226 | 0.8346 | 0.6751 | 0.5442 | 0.4418 | 0.3679 | —0.86524
k=0-5 1 C}; soprox | 1-0009 | 0.8190 | 0.6699 | 0.5484 | 0.4495 | 0.3679 |—0.86787

Coract 1.0000 | 0.8187 | 0.6703 | 0.5488 | 0.4493 | 0.3667 | —0.86788
h=1, | Cjapprox | 1.0155 | 0.8321 | 0.6756 | 0.5461 | 0.4435 | 0.3679 | —2.36590
k=2 | Cyf approx | 1-0008 | 0.8190 | 0.6699 | 0.5485 | 0.4495 | 0.3679 |—2.36787
exact 1.0000 | 0.8187 | 0.6703 | 0.5488 | 0.4493 | 0.3667 |-2.36787

z 0.0 0.6 1.2 1.8 2.4 3.0
h=3, | Cj.pprox | 1-4683 | 0.8191 | 0.3527 | 0.0690 | -0.0319 | 0.0498 | 0.30057
k=0-5 1 )} soprox | 1-0659 | 0.5723 | 0.2881 | 0.1491 | 0.0910 | 0.0498 | —0.53378
Coract 1.0000 | 0.5488 | 0.3012 | 0.1653 | 0.0907 | 0.0498 | —0.54979

tional not only stationary value but minimal although in the first case, the existence of

one. The question if the latter is correct for
any k needs a special consideration and is
out of this investigation. In this connection,
it is of interest to calculate directly the
stationary value of the functional

h (13)
1) = | e2C2dz — [2kC + (1 - BC?],_,
0

being the one-dimensional analog of when
¢(x) = 0. For that functional, the accurate
solution of the corresponding boundary
problem is rather easy to find:

Cexact(z) = e_z.

Calculations were made by Ritz method for
different 2 and %k values. The solution in N-th
approximation is presented as a series [5]:

(14)

N+1 (15)
Cn = Bp2"

n=0

where [ coefficients were found from
boundary conditions and the condition of
functional stationarity (13). The calculated
results for some A and &k values are pre-
sented in the Table.

The calculation has shown that the ap-
proximated solution tends to accurate one
and in all cases mentioned (0<k<2 and
1<h<3), the inequality I{C,,,.(2)}<I{Cn(2)}
is observed. These results allow to suppose
that the stationary value of functional (11)
is equivalent to its minimum in the whole
interval of k values. Further (for the sim-
plicity sake) we will not take into account
the difference between cases k<1 or k>1,
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funetion minimizing the functional (11) is
only supposed. Thus, the line z = ¢(x) being
preset, the problem (3)-(6)
minimization of the functional (11) under

conditions (5) and (6).
Let us consider an example of the func-

is reduced to

tional (11) application to the stability prob-
lem of flat crystallization front of a binary
melt. To simplify the problem (3)-(7), let us
take the diffusion zone to be half-unlimited
(h—>x). If now we take only small ampli-
tudes of the cell ledges &, the solution of
this problem in second approximation by &
can be presented as [6]:

C(z,x) = e ? + Aj€exp(—q 2)cosnx + (16)
+ EZ[Age ? + Agexp(—gy2)cos2nx],

@(x) = Ecosnx + E2(ag + ascos2nx), (17)

where

(18)

Let the solution (16), (17) be substituted
into each of the conditions at the interphase
boundary, decompose the exponents in Tey-
lor’s row and assume sums of common fac-
tors at Ecosmx, £2 and £2cos2nx to be equal
to zero. Thus, let us make the system of six

equations using which we shall get:

-1 (19)
g +k-1
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The solution obtained shows that in the
problem (3)-(7), the amplitude of the cell
ledges is an independent parameter while
the coefficient x is dependent one, and it
can be found from the equation (19) by set-
ting £ and B. According to Eqgs. (1) and
(18), the same equation relates the half-
width of cells I with the input parameter B
of the problem:

_ nD(1 - B) (21)
vVEB[1 - B(1 - k)]

As [ cannot be negative, the problem can
have a non-planar solution only under con-
dition B<1. This is none other than the con-
dition of concentration overcooling (CO) of
the melt [1], that is the base for classical
stability criterion of the flat crystallization
front, namely, the CO criterion. We get
that while the parameter B>1, the inter-
phase boundary cannot form cellular struc-
ture simply because the condition of impu-
rity balance is not satisfied. It is important,
however, that it follows not from the solu-
tion of the problem (3)-(7) that at B<1, the
crystallization front would bend obligatory.

Let us trace now how the value of func-
tional (11) will alter when passing from the
flat interphase boundary (£ = 0) to bent one
(¢ # 0). Substituting the expression (16) and
(17) into functional (11) and using Eqgs. (19)
and (20) we get to within second order of
smallness in &:

I=—h+gk (B _ %j (22)

It is seen that decrease of the I value due to
the interphase boundary bending is possible
only under B<1/2. Thus, if the CO criterion
predicts the formation of growth cells, for
example, at crystallization speed values
v>v;, then, according to the variation
method (VM criterion), this should happen
at v>v9=20;.
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It seems that VM criterion is in contra-
diction to experimental data, which agree
well with equation B =1 correlating the
critical values of growth parameters [7].
However, if we present this equation in the
generally accepted form:

G_(k-Dm, (23)
v kD 0

and change, for example, 2D’ for D, where
D’ is "almost the same” diffusion coeffi-
cient, then it becomes clear that the propor-
tional dependence between G/v and Cq val-
ues obtained in experiment does not by no
means defy the equation B=1/2. So the
value of the coefficient at Cy in (23) can be
only estimated in most cases.

Thus, taking into account the third type
boundary condition, the variation problem
equivalent to differential problem of bidi-
mentional impurity diffusion in a melt so-
lidifying at a constant speed has formu-
lated. The application of the functional ob-
tained to problem of flat crystallization
front stability results in a critical value of
growth speed that is twice higher than crys-
tallization speed at which the concentration
overcooling of the melt is observed.

In conclusion, we can note the prospect
of the variation approach to the solidifica-
tion problem. For example, the interphase
boundary shape in the problem formulated
was preset, while it could be determined by
minimizing the functional with indefinite
integration region [5]. Although this prob-
lem is difficult but it is certainly soluble by
means of the same variation methods.

Literature:

1. W. A. Tiller, Crystal Growth from a Melt, in:
The Art and Science of Growing Crystals,
John Wiley & Sons, Inc., New York - London
(1963).

2. B. Chalmers. Principles of Solidification,
Wiley, New York, (1964).

3. G. Nicolis, I. Prigogine. Self-Organization in
Nonequilibrium Systems.- N.Y.: John Wiley &
Sons, 1977.

4. V. N. Kanischev, Functional Materials, 8,
450 (2001).

5. A. D. Myshkis. Mathematics for Technical
High Schools: Special Courses, Nauka, Mos-
cow (1974) [in Russian].

6. V. N. Kanischev, Functional Materials, 9,
402 (2002).

7. W. A. Tiller, J. W. Rutter, Can. J. Phys., 34,
96 (1956).

561



V.N.Kanischev, S.V.Barannik / On the variation method ...

IIpo BapiamiiiHMii MeTOXx Y Teopii 3aTBepAiHHA
po30aBJeHOr0 0iHAPHOTO PO3IJIaBy

B.M.Kaniwes, C.B.Bapannik

IToxkasano, mio audepenmiiiny sagauy 3 ABoBUMipHOI nudysii momimiok y posmiasi, mio
TBepAie 3 IOCTifHOI0 IIBUAKICTIO, MOKHa 3BECTH [0 Bapialliiinoi, moOpaBIIM HaJEXKHUMI
iaTerpanbHuil pyHKIionan. HaBegeHo nmpuKJag 3acTOCyBaHHA OTPUMAaHOTO (PYHKITIOHATY IJIA
aHaJi8y cTifikocTi myockoro (GpoHTY KpHUcTasisaliii.
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