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5HFHLYHG�0DUFK��������
,W�LV�VKRZQ�WKDW�WKH�GLIIHUHQWLDO�SUREOHP�RI�ELGLPHQWLRQDO�GLIIXVLRQ�RI�LPSXULW\�SDUWL�

FOHV�LQ�D�PHOW�EHLQJ�FU\VWDOOL]HG�DW�D�FRQVWDQW�VSHHG�FRXOG�EH�UHGXFHG�WR�YDULDWLRQ�RQH�E\
VHOHFWLQJ�DQ�DSSURSULDWH�LQWHJUDO�IXQFWLRQDO��7KH�XVH�RI�IXQFWLRQDO�VR�REWDLQHG�IRU�VWDELOLW\
DQDO\VLV�RI�WKH�IODW�FU\VWDOOL]DWLRQ�IURQW�LV�H[HPSOLILHG�
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7KH� VROLG�OLTXLG� SKDVH� �LQWHUSKDVH�
ERXQGDU\�LV�NQRZQ�WR�DFTXLUH�FHOOXODU�VWUXF�
WXUH� XQGHU� VRPH� FU\VWDOOL]DWLRQ� FRQGLWLRQV
>��� �@�� ,Q� VFLHQWLILF� UHVSHFW�� WKH� HIIHFW� RI
FHOO� IRUPDWLRQ� LQ� LQWHUSKDVH�ERXQGDU\� LV�RI
QRW� OHVV� LQWHUHVW� WKDQ�PDQ\� RWKHU� SKHQRP�
HQD� RI� VHOI�RUJDQL]DWLRQ� LQ� QRQHTXLOLEULXP
V\VWHPV�>�@��%XW�XQOLNH�LWV�DQDORJ�LQ�K\GUR�
G\QDPLFV�� QDPHO\�� WKH� %HUQDU�V� FHOOXODU
FRQYHFWLRQ�� WKH� LQWHQW� DWWHQWLRQ� RI� LQYHVWL�
JDWRUV�WR�WKH�DERYH�PHQWLRQHG�HIIHFW�LV�GLF�
WDWHG� ILUVW� RI� DOO� E\� SUDFWLFDO� QHHGV�� ,W� LV
DVVRFLDWHG� DOVR� ZLWK� WKH� SUHVHQFH� RI� VRPH
LPSXULWLHV� LQ� UHDO� PHOWV� DV� ZHOO� DV� LQWHQ�
WLRQDOO\�DGGHG�DGGLWLYHV��$V�FHOOXODU�JURZWK
RI� FU\VWDOV� LV� IROORZHG�E\�VKDUS�TXDOLW\�GH�
WHULRUDWLRQ� >�@�� WKH� HOXFLGDWLQJ� RI� FHOO� IRU�
PDWLRQ� FRQGLWLRQV� LQ� WKH� FU\VWDOOL]DWLRQ
IURQW� LV� DPRQJ� WKH� SULPDU\� WDVNV� LQ� WKH
ELQDU\�PHOW�VROLGLILFDWLRQ�WKHRU\��

,Q�>�@��WKH�SUREOHP�RI�ELQDU\�PHOW�VROLGL�
ILFDWLRQ�ZDV�VHHQ�IURP�WKH�SRVLWLRQ�RI�YDUL�
DWLRQ� SULQFLSOH�� 7KH� YDULDWLRQ� SUREOHP� RI
LPSXULW\�GLIIXVLRQ�LQ�D�PHOW�FU\VWDOOL]LQJ�DW
D� FRQVWDQW� VSHHG� IRUPXODWHG� LQ� WKDW� ZRUN
ZDV�UHODWHG�WR�WKH�FDVH�RI�D�FRQVWDQW�LPSX�
ULW\� FRQFHQWUDWLRQ� YDOXH� DW� WKH� FU\VWDO�
OL]DWLRQ�IURQW�RU�ERXQGDU\�FRQGLWLRQ�RI�ILUVW
W\SH��0HDQZKLOH�� WKH� FRQGLWLRQ�RI� LPSXULW\

EDODQFH� LV� WR� EH� IXOILOOHG� RQ� PRELOH� PHOW
ERXQGDU\� >�@�� WKDW�FRUUHVSRQGV�WR�WKH�WKLUG
W\SH� ERXQGDU\� FRQGLWLRQ�� ,Q� WKLV� FDVH�� D
IXQFWLRQDO� GLIIHUHQW� IURP� WKDW� REWDLQHG� LQ
>�@�ZLOO�FRUUHVSRQG�WR�WKH�GLIIHUHQWLDO�SURE�
OHP��7KH�SXUSRVH�RI�WKLV�VWXG\�LV�WR�VHW�WKH
YDULDWLRQ�SUREOHP�RI�LPSXULW\�GLIIXVLRQ�LQ�D
PHOW� FU\VWDOOL]LQJ� DW� D� FRQVWDQW� VSHHG� WDN�
LQJ� LQWR� DFFRXQW� WKH� WKLUG� W\SH� ERXQGDU\
FRQGLWLRQ�DW�WKH�FU\VWDOOL]DWLRQ�IURQW�

/HW�XV�IRUPXODWH�WKH�SUREOHP�ILUVW�LQ�GLI�
IHUHQWLDO� IRUP� DQG� WKHQ� JR� WR� LWV� YDULDWLRQ
HTXLYDOHQW�� /HW� XV� XVH� WKH� ELGLPHQVLRQDO
PRGHO�RI�ELQDU\�PHOW�VROLGLILFDWLRQ�ZLWK� OLP�
LWHG�GLIIXVLRQ�]RQH� >�@��FRPELQLQJ�WKH�D[LV�]
ZLWK�FU\VWDOOL]DWLRQ�GLUHFWLRQ��/HW�WKH�FRRUGL�
QDWH�]�EH�PHDVXUHG�LQ�'�Y�XQLWV��'�EHLQJ�WKH
LPSXULW\� GLIIXVLRQ� FRHIILFLHQW� LQ� WKH� PHOW�
DQG� Y� EHLQJ� WKH� FU\VWDOOL]DWLRQ� VSHHG� DQG
PHDVXUHG�VWDUWLQJ�IURP�WKH�SRVLWLRQ�WKDW�FU\V�
WDOOL]DWLRQ� IURQW� ZRXOG� RFFXS\� LI� LW� ZRXOG� EH
IODW�� /HW� WKH� LPSXULW\� FRQFHQWUDWLRQ� v�]�²�
ZLWKLQ�WKH�GLIIXVLRQ�]RQH�RI�PHOW�M�²�d]dK��EH
PHDVXUHG� LQ� v������N�>N��������N�H�K@��� XQLWV
VWDUWLQJ� IURP� WKH� OHYHO�v�N>N��������N�H�K@���
ZKHUH� ]� �M�²�� LV� WKH� LQWHUSKDVH� ERXQGDU\
HTXDWLRQ��v��EHLQJ�WKH�LPSXULW\�FRQFHQWUDWLRQ
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YDOXH�WKDW�LV�PDLQWDLQHG�LQ�WKH�PHOW�DW�]dK�
DQG�N� EHLQJ� WKH� LPSXULW\�GLVWULEXWLRQ�FRHI�
ILFLHQW��/HW�WKH�LQWHUSKDVH�ERXQGDU\�EH�SHUL�
RGLF� LQ�²� GLUHFWLRQ� DQG� V\PPHWULF�ZLWK� UH�
JDUG� WR� WKH�PLGGOH� RI� SHULRG��/HW�[� FRRUGL�
QDWH�EH�PHDVXUHG�LQ�KDOI�SHULRG�O�XQLWV��FHOO
KDOI�ZLGWK��� 7KH� GLIIXVLRQ� LQ� VROLG� SKDVH
DQG� VXUIDFH� HQHUJ\� RI� LQWHUSKDVH� ERXQGDU\
LV�VXSSRVHG�WR�EH�QHJOLJLEOH��

/HW� GLPHQVLRQOHVV� FRHIILFLHQWV� EH� LQWUR�
GXFHG�
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ZKHUH�*� LV�WKH�WHPSHUDWXUH�JUDGLHQW�� �P� LV
WKH� VORSH� RI� OLTXLGXV� OLQH� LQ� WKH� SKDVH� GLD�
JUDP�RI�WKH�ELQDU\�V\VWHP�

7KHQ� WKH� LPSXULW\� GLIIXVLRQ� SUREOHP� LQ
WKH�PHOW�FU\VWDOOL]LQJ�DW�D�FRQVWDQW�VSHHG�LQ
UHJLRQ� 6� SUH�GHILQHG� E\� LQHTXDOLWLHV
M�²�d]dK�� �d[d�� FDQ� EH� IRUPXODWHG� LQ� WKH
IRUP�
���&]]���&]���N�&[[� ��� ���

���&]�M����N�M[&[�M���������N�&�M����N� ��� ���

���&�K�[�� �H�K� ���
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���&�M�� ������%M� ���
1RWH� WKDW� WKH� FRQGLWLRQ� DW� WKH� LQWHUSKDVH
ERXQGDU\� LV� SUHVHQWHG� E\� HTXDWLRQV� ���� DQG
���� FRUUHVSRQGLQJ� WR� ERXQGDU\� FRQGLWLRQ� RI
WKLUG� DQG� ILUVW� W\SHV�� UHVSHFWLYHO\�� (T�� ���
DV�PHQWLRQHG� EHIRUH� LV� HTXLYDOHQW� WR� FRQGL�
WLRQ� RI� LPSXULW\� EDODQFH� DW� WKH� FU\VWDO�
OL]DWLRQ� IURQW�� (T�� ���� IROORZV� IURP� WKH
SKDVH� GLDJUDP� DQG� IURP� WKH� DVVXPSWLRQ
WKDW� WHPSHUDWXUH� ILHOG� LV� IODW� DQG� GHSHQGV
OLQHDULO\�RQ�]�>�@��

1RZ� OHW� XV� DEVWUDFW� IURP� FRQGLWLRQ� ���
DQG� FRQVWUXFW� WKH� IXQFWLRQDO� WR� ZKLFK� WKH
VROXWLRQ� RI� WKH� SUREOHP� �������� LPSDUWV� D
VWDWLRQDU\�YDOXH��7KH�(T������FRXOG�EH�HDVLO\
FKHFNHG�WR�EH�(XOHU�HTXDWLRQ�IRU�IXQFWLRQDO
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9DU\LQJ�WKLV�IXQFWLRQDO�WDNLQJ�LQWR�DFFRXQW
WKDW�WKH�YDOXHV�RI�LPSXULW\�FRQFHQWUDWLRQ�DW
LQWHUSKDVH�ERXQGDU\��RI�SUH�VSHFLILHG�VKDSH�
DUH�QRW�IL[HG��ZH�REWDLQ
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ZKHUH� �M�� PHDQV� WKH� OLQH� ]� �M�[�� DORQJ
ZKLFK� WKH� OLQH� LQWHJUDO� LV� WDNHQ��1RWH� WKDW
WKH�FRQWRXU�RI�LQWHJUDWLQJ�UHJLRQ�6��KDYLQJ
WKH� OLQH� �M�� DV� D� SDUW�� LV� WUDFHG� LQ� SRVLWLYH
GLUHFWLRQ�DQG�WKDW�LQ�DOO�UHJLRQV�H[FHSW��M��
WKH�OLQH�LQWHJUDO�LV�HTXDO�WR�]HUR�

%\� YLUWXH� RI� VWDWLRQDULW\� FRQGLWLRQ� DQG
VLQFH�Gv� LV�YDULHG� LQ�DQ� �DUELWUDU\� IDVKLRQ�
WKH� LQWHJUDQGV� RI� ERWK� LQWHJUDOV� LQ� ���
VKRXOG�EH�HTXDO�WR�]HUR�>�@��7KH�HTXDOLW\�WR
]HUR�RI�WKH�ILUVW�RQH�JLYHV�WKH�HTXDWLRQ�����
%XW� WKH� HTXDOLW\� RI� WKH� VHFRQG� RQH� WR� ]HUR
ZRXOG�PHDQ�WKDW�WKH�LPSXULW\�FRQFHQWUDWLRQ
YDOXHV� DW� LQWHUSKDVH� ERXQGDU\� DUH� IL[HG� RU
WKH� ILUVW� W\SH� ERXQGDU\� FRQGLWLRQ� LV� PHW�
&RPSDULQJ�WKH�LQWHJUDQG�RI�VHFRQG�LQWHJUDO
LQ� ���� ZLWK� WKLUG� W\SH� ERXQGDU\� FRQGLWLRQ
����� LW� LV� HDV\� WR� ZULWH� ILUVW� WKH� YDULDWLRQ
UHVXOW�IURP�ZKLFK�WKLV�FRQGLWLRQ�IROORZV�
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DQG� WKHQ� WKH� H[SUHVVLRQ� IRU� SULPDU\� IXQF�
WLRQDO��WR�EH�VRXJKW��
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)URP�WKH�H[SUHVVLRQ�IRU�WKH�VHFRQG�YDUL�
DWLRQ�RI�IXQFWLRQDO�����
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LV�FOHDU�WKDW��DW�OHDVW�DW�N!���WKH�VROXWLRQ�RI
WKH� SUREOHP� �������� LPSDUWV� WR� WKLV� IXQF�

9�1�.DQLVFKHY��6�9�%DUDQQLN���2Q�WKH�YDULDWLRQ�PHWKRG����
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WLRQDO�QRW�RQO\�VWDWLRQDU\�YDOXH�EXW�PLQLPDO
RQH��7KH�TXHVWLRQ�LI�WKH�ODWWHU�LV�FRUUHFW�IRU
DQ\� N� QHHGV� D� VSHFLDO� FRQVLGHUDWLRQ� DQG� LV
RXW�RI�WKLV�LQYHVWLJDWLRQ��,Q�WKLV�FRQQHFWLRQ�
LW� LV� RI� LQWHUHVW� WR� FDOFXODWH� GLUHFWO\� WKH
VWDWLRQDU\�YDOXH�RI�WKH�IXQFWLRQDO
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EHLQJ� WKH� RQH�GLPHQVLRQDO� DQDORJ� RI� ZKHQ
M�[�� ���� )RU� WKDW� IXQFWLRQDO�� WKH� DFFXUDWH
VROXWLRQ� RI� WKH� FRUUHVSRQGLQJ� ERXQGDU\
SUREOHP�LV�UDWKHU�HDV\�WR�ILQG�

vH[DFW�]�� �H�]� ����
&DOFXODWLRQV�ZHUH�PDGH�E\�5LW]�PHWKRG�IRU
GLIIHUHQW�K�DQG�N�YDOXHV��7KH�VROXWLRQ�LQ�1�WK
DSSUR[LPDWLRQ�LV�SUHVHQWHG�DV�D�VHULHV�>�@�
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ZKHUH� E� FRHIILFLHQWV� ZHUH� IRXQG� IURP
ERXQGDU\� FRQGLWLRQV� DQG� WKH� FRQGLWLRQ� RI
IXQFWLRQDO� VWDWLRQDULW\� ������ 7KH� FDOFXODWHG
UHVXOWV� IRU� VRPH� K� DQG� N� YDOXHV� DUH� SUH�
VHQWHG�LQ�WKH�7DEOH��

7KH� FDOFXODWLRQ� KDV� VKRZQ� WKDW� WKH� DS�
SUR[LPDWHG� VROXWLRQ� WHQGV� WR� DFFXUDWH� RQH
DQG� LQ� DOO� FDVHV� PHQWLRQHG� ���Nd�� DQG
�dKd���� WKH� LQHTXDOLW\� ,^vH[DFW�]�`�,^v1�]�`LV� REVHUYHG��7KHVH� UHVXOWV� DOORZ� WR� VXSSRVH
WKDW�WKH�VWDWLRQDU\�YDOXH�RI�IXQFWLRQDO�����
LV� HTXLYDOHQW� WR� LWV� PLQLPXP� LQ� WKH� ZKROH
LQWHUYDO� RI� N� YDOXHV�� )XUWKHU� �IRU� WKH� VLP�
SOLFLW\� VDNH�� ZH� ZLOO� QRW� WDNH� LQWR� DFFRXQW
WKH� GLIIHUHQFH� EHWZHHQ� FDVHV� N��� RU� N!��

DOWKRXJK��LQ�WKH�ILUVW�FDVH��WKH�H[LVWHQFH�RI
IXQFWLRQ� PLQLPL]LQJ� WKH� IXQFWLRQDO� ����� LV
RQO\�VXSSRVHG��7KXV��WKH�OLQH�]� �M�²��EHLQJ
SUHVHW�� WKH� SUREOHP� �������� � LV� UHGXFHG� WR
PLQLPL]DWLRQ� RI� WKH� IXQFWLRQDO� ����� XQGHU
FRQGLWLRQV�����DQG�����

/HW� XV� FRQVLGHU� DQ� H[DPSOH� RI� WKH� IXQF�
WLRQDO������DSSOLFDWLRQ�WR�WKH�VWDELOLW\�SURE�
OHP�RI�IODW�FU\VWDOOL]DWLRQ�IURQW�RI�D�ELQDU\
PHOW��7R�VLPSOLI\�WKH�SUREOHP����������OHW�XV
WDNH�WKH�GLIIXVLRQ�]RQH�WR�EH�KDOI�XQOLPLWHG
�Kof��� ,I� QRZ� ZH� WDNH� RQO\� VPDOO� DPSOL�
WXGHV� RI� WKH� FHOO� OHGJHV� [�� WKH� VROXWLRQ� RI
WKLV� SUREOHP� LQ� VHFRQG� DSSUR[LPDWLRQ� E\� [
FDQ�EH�SUHVHQWHG�DV�>�@�

&�]�[�� �H�]���$�[H[S��T�]�FRVS[��
��[�>$�H�]���$�H[S��T�]�FRV�S[@�

����

M�[�� �[FRVS[���[��D����D�FRV�S[�� ����
ZKHUH

TQ� ��������CCCCCCCCCCCCC��������QSN�� � ����
/HW� WKH� VROXWLRQ� ������ ����� EH� VXEVWLWXWHG
LQWR�HDFK�RI�WKH�FRQGLWLRQV�DW�WKH�LQWHUSKDVH
ERXQGDU\��GHFRPSRVH� WKH�H[SRQHQWV� LQ�7H\�
ORU�V� URZ�DQG�DVVXPH�VXPV�RI� FRPPRQ�IDF�
WRUV� DW� [FRVS[�� [�� DQG� [�FRV�S[� WR� EH� HTXDO
WR�]HUR��7KXV��OHW�XV�PDNH�WKH�V\VWHP�RI�VL[
HTXDWLRQV�XVLQJ�ZKLFK�ZH�VKDOO�JHW�

%� � T�����
T����N�����

����

7DEOH��'HSHQGHQFH�RI�LPSXULW\�FRQFHQWUDWLRQ�v�RQ�WKH�GLVWDQFH�]�WR�WKH�FU\VWDOOL]DWLRQ�IURQW�FDOFXODWHG
LQ�WZR�DSSUR[LPDWLRQV�DQG�XVLQJ�WKH�DFFXUDWH�IRUPXOD��,^&`�LV�WKH�FRUUHVSRQGLQJ�YDOXH�RI�IXQFWLRQDO�

] ��� ��� ��� ��� ��� ��� ,^&`
K ��
N ���

&,�DSSUR[ ������ ������ ������ ������ ������ ������ Ü�������
&,,�DSSUR[ ������ ������ ������ ������ ������ ������ Ü�������
&H[DFW ������ ������ ������ ������ ������ ������ Ü�������

K ��
N ��

&,�DSSUR[ ������ ������ ������ ������ ������ ������ Ü�������
&,,�DSSUR[ ������ ������ ������ ������ ������ ������ Ü�������
&H[DFW ������ ������ ������ ������ ������ ������ Ü�������
] ��� ��� ��� ��� ��� ���

K ��
N ���

&,�DSSUR[ ������ ������ ������ ������ ������� ������ ���������
&,,�DSSUR[ ������ ������ ������ ������ ������ ������ Ü�������
&H[DFW ������ ������ ������ ������ ������ ������ Ü�������
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7KH� VROXWLRQ� REWDLQHG� VKRZV� WKDW� LQ� WKH
SUREOHP� ��������� WKH� DPSOLWXGH� RI� WKH� FHOO
OHGJHV� LV� DQ� LQGHSHQGHQW� SDUDPHWHU� ZKLOH
WKH� FRHIILFLHQW� N� LV� GHSHQGHQW� RQH�� DQG� LW
FDQ�EH�IRXQG�IURP�WKH�HTXDWLRQ������E\�VHW�
WLQJ� N� DQG� %�� $FFRUGLQJ� WR� (TV�� ���� DQG
������ WKH� VDPH� HTXDWLRQ� UHODWHV� WKH� KDOI�
ZLGWK�RI�FHOOV�O�ZLWK�WKH�LQSXW�SDUDPHWHU�%
RI�WKH�SUREOHP�

O� � S'�����%�
Y�CCCCCCCCCCCCCCCCN%>����%�����N�@ �

����

$V� O� FDQQRW� EH� QHJDWLYH�� WKH� SUREOHP� FDQ
KDYH� D� QRQ�SODQDU� VROXWLRQ� RQO\� XQGHU� FRQ�
GLWLRQ�%d���7KLV�LV�QRQH�RWKHU�WKDQ�WKH�FRQ�
GLWLRQ� RI� FRQFHQWUDWLRQ� RYHUFRROLQJ� �&2�� RI
WKH� PHOW� >�@�� WKDW� LV� WKH� EDVH� IRU� FODVVLFDO
VWDELOLW\�FULWHULRQ�RI�WKH�IODW�FU\VWDOOL]DWLRQ
IURQW�� QDPHO\�� WKH� &2� FULWHULRQ�� :H� JHW
WKDW� ZKLOH� WKH� SDUDPHWHU� {!��� WKH� LQWHU�
SKDVH� ERXQGDU\� FDQQRW� IRUP�FHOOXODU� VWUXF�
WXUH� VLPSO\� EHFDXVH� WKH� FRQGLWLRQ� RI� LPSX�
ULW\�EDODQFH�LV�QRW�VDWLVILHG��,W�LV�LPSRUWDQW�
KRZHYHU�� WKDW� LW� IROORZV�QRW� IURP�WKH�VROX�
WLRQ�RI�WKH�SUREOHP���������WKDW�DW�%����WKH
FU\VWDOOL]DWLRQ�IURQW�ZRXOG�EHQG�REOLJDWRU\�

/HW�XV�WUDFH�QRZ�KRZ�WKH�YDOXH�RI�IXQF�
WLRQDO������ZLOO�DOWHU�ZKHQ�SDVVLQJ�IURP�WKH
IODW�LQWHUSKDVH�ERXQGDU\��[� ����WR�EHQW�RQH
�[�z�����6XEVWLWXWLQJ�WKH�H[SUHVVLRQ������DQG
�����LQWR�IXQFWLRQDO������DQG�XVLQJ�(TV������
DQG� ����� ZH� JHW� WR� ZLWKLQ� VHFRQG� RUGHU� RI
VPDOOQHVV�LQ�[�

,� ��N���[�N��
§̈
©
%�����

·̧
¹
� ����

,W�LV�VHHQ�WKDW�GHFUHDVH�RI�WKH�,�YDOXH�GXH�WR
WKH�LQWHUSKDVH�ERXQGDU\�EHQGLQJ�LV�SRVVLEOH
RQO\�XQGHU�%������7KXV��LI�WKH�&2�FULWHULRQ
SUHGLFWV� WKH� IRUPDWLRQ� RI� JURZWK� FHOOV�� IRU
H[DPSOH�� DW� FU\VWDOOL]DWLRQ� VSHHG� YDOXHV
Y!Y��� WKHQ�� DFFRUGLQJ� WR� WKH� YDULDWLRQPHWKRG� �90� FULWHULRQ��� WKLV� VKRXOG� KDSSHQ
DW�Y!Y� �Y���

,W� VHHPV� WKDW�90� FULWHULRQ� LV� LQ� FRQWUD�
GLFWLRQ� WR� H[SHULPHQWDO� GDWD�� ZKLFK� DJUHH
ZHOO� ZLWK� HTXDWLRQ� {� ��� FRUUHODWLQJ� WKH
FULWLFDO� YDOXHV� RI� JURZWK� SDUDPHWHUV� >�@�
+RZHYHU��LI�ZH�SUHVHQW�WKLV�HTXDWLRQ�LQ�WKH
JHQHUDOO\�DFFHSWHG�IRUP�
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DQG�FKDQJH�� IRU�H[DPSOH�� �'c� IRU�'��ZKHUH
'c� LV� �DOPRVW� WKH� VDPH�� GLIIXVLRQ� FRHIIL�
FLHQW��WKHQ�LW�EHFRPHV�FOHDU�WKDW�WKH�SURSRU�
WLRQDO� GHSHQGHQFH� EHWZHHQ�*�Y� DQG�v�� YDO�XHV� REWDLQHG� LQ� H[SHULPHQW� GRHV� QRW� E\� QR
PHDQV� GHI\� WKH� HTXDWLRQ� { ����� 6R� WKH
YDOXH�RI�WKH�FRHIILFLHQW�DW�v���LQ������FDQ�EHRQO\�HVWLPDWHG�LQ�PRVW�FDVHV�

7KXV��WDNLQJ� LQWR�DFFRXQW�WKH�WKLUG�W\SH
ERXQGDU\� FRQGLWLRQ�� WKH� YDULDWLRQ� SUREOHP
HTXLYDOHQW� WR� GLIIHUHQWLDO� SUREOHP� RI� ELGL�
PHQWLRQDO� LPSXULW\� GLIIXVLRQ� LQ� D� PHOW� VR�
OLGLI\LQJ� DW� D� FRQVWDQW� VSHHG� KDV� IRUPX�
ODWHG��7KH� DSSOLFDWLRQ�RI� WKH� IXQFWLRQDO� RE�
WDLQHG� WR� SUREOHP� RI� IODW� FU\VWDOOL]DWLRQ
IURQW� VWDELOLW\� UHVXOWV� LQ�D� FULWLFDO�YDOXH�RI
JURZWK�VSHHG�WKDW�LV�WZLFH�KLJKHU�WKDQ�FU\V�
WDOOL]DWLRQ�VSHHG�DW�ZKLFK�WKH�FRQFHQWUDWLRQ
RYHUFRROLQJ�RI�WKH�PHOW�LV�REVHUYHG�

,Q� FRQFOXVLRQ�� ZH� FDQ� QRWH� WKH� SURVSHFW
RI� WKH� YDULDWLRQ� DSSURDFK� WR� WKH� VROLGLILFD�
WLRQ� SUREOHP�� )RU� H[DPSOH�� WKH� LQWHUSKDVH
ERXQGDU\� VKDSH� LQ� WKH� SUREOHP� IRUPXODWHG
ZDV�SUHVHW��ZKLOH�LW�FRXOG�EH�GHWHUPLQHG�E\
PLQLPL]LQJ� WKH� IXQFWLRQDO� ZLWK� LQGHILQLWH
LQWHJUDWLRQ� UHJLRQ� >�@�� $OWKRXJK� WKLV� SURE�
OHP�LV�GLIILFXOW�EXW�LW�LV�FHUWDLQO\�VROXEOH�E\
PHDQV�RI�WKH�VDPH�YDULDWLRQ�PHWKRGV��

/LWHUDWXUH�
� ���:��$��7LOOHU��&U\VWDO�*URZWK�IURP�D�0HOW��LQ�

7KH� $UW� DQG� 6FLHQFH� RI� *URZLQJ� &U\VWDOV�
-RKQ�:LOH\�	�6RQV��,QF���1HZ�<RUN���/RQGRQ
�������

� ���%�� &KDOPHUV�� 3ULQFLSOHV� RI� 6ROLGLILFDWLRQ�
:LOH\��1HZ�<RUN���������

� ���*��1LFROLV�� ,��3ULJRJLQH��6HOI�2UJDQL]DWLRQ� LQ
1RQHTXLOLEULXP�6\VWHPV���1�<���-RKQ�:LOH\�	
6RQV�������

� ���9�� 1�� .DQLVFKHY�� )XQFWLRQDO� �0DWHULDOV�� ��
�����������

� ���$�� '�� 0\VKNLV�� 0DWKHPDWLFV� IRU� 7HFKQLFDO
+LJK� 6FKRROV�� 6SHFLDO� &RXUVHV�� 1DXND�� 0RV�
FRZ��������>LQ�5XVVLDQ@�

� ���9�� 1�� .DQLVFKHY�� )XQFWLRQDO� �0DWHULDOV�� ��
�����������

� ���:��$��7LOOHU��-��:��5XWWHU��&DQ��-��3K\V������
����������
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