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,Q� WKH� UHFHQW� \HDUV�� WKH� G\QDPLF� RI� W\�
SRORJLFDO� VROLWRQV� �IRU� H[DPSOH�� NLQNV�� DW�
WUDFWV� PRUH� DQG� PRUH� WKH� DWWHQWLRQ� RI� UH�
VHDUFKHUV� >�Ü�@��7KLV� LV� FRQQHFWHG�ZLWK� WKH
IDFW�WKDW��WKRXJK�VROLWRQV�LQLWLDOO\�ZHUH�DS�
SHDUHG�DW�WKH�LQWHJUDWHG�V\VWHP�VWXG\��WKH\
EHJDQ�VRRQ�WR�EH�XVHG�DOVR�IRU�WKH�QRQ�LQWH�
JUDWHG�V\VWHPV� WKDW�GHVFULEH�PDQ\�SK\VLFDO
DSSOLFDWLRQV� >�@�� )RU� H[DPSOH�� HTXDWLRQ� RI
VLQH�*RUGRQ�VROLWRQV�GHVFULEHV� LQ�VROLG�VWDWH
SK\VLFV�WKH�GRPDLQ�ZDOO��':��LQ�PDJQHWLFV�
GLVORFDWLRQV� LQ�FU\VWDOV�� IOX[LRQV� LQ�-RVHSK�
VRQ� FRQWDFWV� DQG� WUDQVLWLRQV�� HWF�� >����Ü�@�
,Q�PDQ\� FDVHV�� WKH� VROLWRQ� EHKDYLRU� FDQ� EH
GHVFULEHG� LQ� WKH� IUDPH� RI� SRLQW� SDUWLFOH
PRGHO�� DQG� WKHQ� WKHLU� WHPSRUDO� HYROXWLRQ
ZLOO� FRQIRUP� WR� VLPSOH� GLIIHUHQWLDO� HTXD�
WLRQV��+RZHYHU��DQ�DFFRXQW�IRU�SHUWXUEDWLRQ
LQIOXHQFH� UHVXOWV� RIWHQ� LQ� FRQVLGHUDEOH
FKDQJH� RI� VROLWRQ� VWUXFWXUH�� DQG� VR� WKH\
PXVW�EH�GHVFULEHG�DV�GHIRUPDEOH�SDUWLFOHV�

([FLWDWLRQ� RI� WKH� VROLWRQ� LQQHU� IUHHGRP
GHJUHHV�PD\�EH�RI�JUHDW�LPSRUWDQFH�LQ�VRPH
SK\VLFDO� SURFHVVHV� >�@�� 6XFK� LQQHU� PRGHV
PD\� LQFOXGH� WKH� WUDQVODWLRQ� DQG� LQWHUQDO
PRGHV��7KH� ODWWHU�DUH�EHOLHYHG� WR�EH�DVVRFL�
DWHG�ZLWK�ORQJ�OLYLQJ�RVFLOODWLRQV�RI�WKH�VROL�
WRQ� ZLGWK� >�@�� ,W� LV� NQRZQ� WKDW� WKH� XQSHU�
WXUEHG� VLQH�*RUGRQ� HTXDWLRQ� GRHV� QRW� KDYH
LQQHU� PRGHV�� 7RGD\�� WKH� TXHVWLRQ� Û� ZKDW
SHUWXUEDWLRQV� FDQ� VWLPXODWH� LQQHU� PRGH� RI
VLQH�*RUGRQ� HTXDWLRQ� VROLWRQV�Û� DWWUDFWV� D
JUHDW� DWWHQWLRQ�� )RU� LQVWDQFH�� PDQ\� ZRUNV

DUH�GHYRWHG�WR�WKH�LQIOXHQFH�RI�WLPH�GHSHQG�
LQJ�KHWHURJHQHRXV�RXWHU�IRUFH�>�Ü��@�

7KH�VSDWLDO�PRGXODWLRQ��KHWHURJHQHLW\��RI
WKH� V\VWHP� SDUDPHWHUV� DOVR� LV� D� FDVH� RI
JUHDW�LQWHUHVW�>��@��,Q�ZHDNO\�KHWHURJHQHRXV
FDVH��WKRVH�SHUWXUEDWLRQV�FDQ�EH�EHOLHYHG�WR
GR� QRW� FKDQJH� FRQVLGHUDEO\� WKH� IRUP� RI
PRGLILHG�VLQH�*RUGRQ�HTXDWLRQ��06*(��VROL�
WRQV�� LQIOXHQFLQJ� PDLQO\� WKHLU� G\QDPLFV
>��@�� ,Q� VWURQJO\� KHWHURJHQHRXV� FDVH�� WKH
06*(� VROLWRQV� IRUP� PXVW� XQGHUJR� VWURQJ
FKDQJHV�� H[FLWDWLRQ� RI� VROLWRQ� PRGHV� DQG
HPLVVLRQ� RI� H[FLWDWLRQV� GLVHQJDJLQJ� DV� IUHH
ZDYHV� VKRXOG� EH� H[SHFWHG�� 7KH� PRVW� LQWHU�
HVWLQJ�FDVH�LV�ZKHQ�WKH�VL]H�RI�NLQN�DQG�WKH
VL]H�FKDUDFWHUL]LQJ�WKH�KHWHURJHQHLW\�RI�WKH
SDUDPHWHUV�DUH�RI�WKH�VDPH�RUGHU�RI�PDJQL�
WXGH��VR�WKH�NLQN�IRUP�PXVW�XQGHUJR�VWURQJ
FKDQJHV� ZKHQ� FURVVLQJ� WKH� KHWHURJHQHRXV
DUHD� >�@�� 7KH� ODUJH� SHUWXUEDWLRQ� LQIOXHQFH
RQ� 06*(� VROXWLRQ� LQ� JHQHUDO� FDVH� FDQ� EH
VWXGLHG� DV� D� UXOH� RQO\� XVLQJ� QXPHULFDO
PHWKRG��,Q�WKLV�ZRUN��LQIOXHQFH�RI�GDPSLQJ�
H[WHUQDO� IRUFH� DQG� VSDFH�PRGXODWLRQ� RI� SD�
UDPHWHUV� RQ� WKH� 06*(� NLQNV� LV� LQYHVWL�
JDWHG�

/HW� WKH�NLQNV� RI� WKH� IROORZLQJ�06*(�EH
FRQVLGHUHG�
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ZKHUH� T� LV� D� IXQFWLRQ� RI� WKH� GLPHQVLRQOHVV
FRRUGLQDWH� [a� � DQG� GLPHQVLRQOHVV� WLPH� Wa�
.a � �.a �[a ��LV�D�FHUWDLQ�IXQFWLRQ�FKDUDFWHUL]LQJ
D� ORFDO�KHWHURJHQHLW\�RI�V\VWHP�SDUDPHWHUV�
K� LV� D� GLPHQVLRQOHVV� SDUDPHWHU� FKDUDF�
WHUL]LQJ� WKH� H[WHUQDO� IRUFH�PDJQLWXGH��D�� D
SDUDPHWHU� FKDUDFWHUL]LQJ� GLVVLSDWLRQ� LQ� WKH
V\VWHP�� ,W� LV� WR� QRWH� WKDW� WKHUH� DUH� UHDO
SK\VLFDO� V\VWHPV� WKDW� VDWLVI\� WKH� VHOHFWHG
HTXDWLRQ� ����� )RU� H[DPSOH�� GRPDLQ�ZDOOV� LQ
UHDO� IHUUR�� DQG� DQWLIHUURPDJQHWLFV�� WKDW
PRYH� XQGHU� WKH� LQIOXHQFH� RI� H[WHUQDO�PDJ�
QHWLF� ILHOG� >�����@�� 7KHQ��.a � KDV� D� SK\VLFDO
VHQVH� RI� XQLD[LDO� PDJQHWLF� DQLVRWURS\� DQG
FDQ�WDNH�ERWK�SRVLWLYH�DQG�QHJDWLYH�YDOXHV�

/HW�WKH�IXQFWLRQ�.a �EH�PRGHOHG�E\�D�VWHS
KDYLQJ� WKH� KHLJKW� RU� GHSWK� .a �� ZKHQ� FRQ�
VWUXFWLQJ� WKH� SHUWXUEDWLRQ� WKHRU\� IRU� WKLV
HTXDWLRQ�>��@��)RU�WKH�FDVHV�RI�ODUJH�.a �DQG
:a � YDOXHV� FRQVLGHUHG� LQ� WKLV� ZRUN�� WKH� QX�
PHULFDO�PHWKRG�RI�LWHUDWLRQV�IRU�WKH�H[SOLFLW
VFKHPH�>��@�ZLOO�EH�XVHG��7KH�VFKHPH�RI�WKH
UHDOL]HG�QXPHULFDO�H[SHULPHQW�LV�DV�IROORZV�
$W�WKH�LQLWLDO�WLPH�PRPHQW��WKHUH�LV�D�VWDWLF
NLQN� WKDW� LV� D� VROXWLRQ� RI� QRQ�SHUWXUEDWHG
HTXDWLRQ�����

T��[a�� ��DUFWJ�H[a� ���
IRU�ZKLFK�ERXQGDU\�FRQGLWLRQV�DUH�T�rf�� ����S�
7KH�SUHVHQFH�RI�DQ�H[WHUQDO�IRUFH�UHVXOWV�LQ
WKH� DFFHOHUDWLRQ� RI� WKH� NLQN� GXULQJ� VRPH
ILQLWH�WLPH�WR�WKH�VWDWLRQDU\�VSHHG�FRQILUP�
LQJ� DW� D� KLJK� DFFXUDF\� WR� WKH� ZHOO�NQRZQ
IRUPXOD�>��@�
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�CCCCCC����F� �

���

ZKHUH�F� �K�D��7KHQ�WKH�NLQN�DFFHOHUDWHG�WR
WKH�VWDWLRQDU\�VSHHG�FURVVHV�WKH�DUHD�RI�SD�
UDPHWHU� .a � KHWHURJHQHLW\� DQG� LWV� HYROXWLRQ
FDQ�EH�REVHUYHG��7KH�HYROXWLRQ�VWXG\�RI�WKH
NLQN�PRYLQJ�LQ�D�FRDVWLQJ�PDQQHU�DW�D�FRQ�
VWDQW� VSHHG� LQ� QRQ�GLVVLSDWLYH� HQYLURQPHQW
LV�DOVR�SRVVLEOH��$OO�WKH�UHVXOWV�SUHVHQWHG�LQ
WKLV�ZRUN�ZHUH�LQYHVWLJDWHG�IRU�WKH�FDVHV�RI
VPDOO�GLVVLSDWLRQ��D� ���Ü���DQG�RXWHU�IRUFH�

/HW� XV� VSHFLI\� WKH� IXQFWLRQ�.a �[a �� LQ� WKH
IRUP�RI�D�VWHS�
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7KH� FDVH� _����.a _������D� �K� ��� LV� LQYHV�
WLJDWHG� XVLQJ� SHUWXUEDWLRQ� WKHRU\� IRU� WKH
VROLWRQV� LQ� >��@�� /HW� XV� FRQVLGHU� IURP� KHUH

RQ� WKDW� .a � FDQ� WDNH� DUELWUDU\� YDOXHV� ERWK
PRUH�DQG�OHVV�WKDQ�RQH�

7KH� FDOFXODWLRQ� UHVXOWV� VKRZ� WKDW� DW� WKH
PRPHQW� ZKHQ� NLQN� SDVVHV� WKH� VWHS� UHJLRQ�
ORZ�DPSOLWXGH�ZDYHV�DSSHDU�VSUHDGLQJ�WR�WKH
OHIW� DQG� WR� WKH� ULJKW� WKHUHIURP��$W� WKH�PR�
PHQW�RI�SDVVLQJ�WKH�VWHS�ORFDOL]DWLRQ�DUHD��WKH
NLQN� VSHHG� GURSV� RU� ULVHV� DEUXSWO\�� DQG
WKHQ�WKH�VSHHG�JRHV�WR�VRPH�RWKHU�VWDWLRQDU\
VSHHG��)LJ�����FRUUHVSRQGLQJ�WKH�HTXDWLRQ� ���
�Qa� �.a � ������ ������� Qa� �.a � ������ �������� $V
WKH� LQLWLDO� FURVVLQJ� VSHHG� RI� WKH� VWHS� DUHD
LQFUHDVHV�� WKH�NLQN� VSHHG�FKDQJH�GHFUHDVHV�
$Q� LQFUHDVH� RI� _����.a _�� LQ� FRQWUDFW�� FDXVHV
DQ�LQFUHDVHG�FKDQJH�RI�WKH�VSHHG��

,Q� )LJ����� WKH� WLPH� GHSHQGHQFHV� RI� WKH
NLQN� ZLGWK� DUH� SUHVHQWHG�� 7KH� DQDO\WLFDO
NLQN� ZLGWK� ZDV� FDOFXODWHG� XVLQJ� WKH� ZHOO�
NQRZQ�IRUPXOD�

Ga� ��CCCCCC����Qa� � ���
,W� LV� VHHQ� LQ� WKH� )LJXUH� WKDW� DW� WKH� VWD�

WLRQDU\�PRWLRQ�XS�WR�WKH�VWHS�DUHD��QXPHUL�
FDO� DQG� DQDO\WLFDOO\� FDOFXODWHG� YDOXHV� FRLQ�
FLGH�� EXW� DIWHU� WKH� FURVVLQJ� RI� WKLV� DUHD
ERXQGDU\�� WKH� GLIIHUHQFH� LV� FRQVLGHUDEOH�
7KLV� LV� FRQQHFWHG� ZLWK� WKH� FKDQJH� RI� QRW
RQO\� WKH�PRWLRQ� VSHHG�EXW� DOVR� RI� WKH�NLQN
VWUXFWXUH�� 7KH� SUHVHQFH� RI� RVFLOODWLRQV� LQ
NLQN�ZLGWK�DIWHU�WKH�VWHS�DUHD�FURVVLQJ�LQGL�
FDWHV� WKH� H[FLWDWLRQ� RI� LQQHU� RVFLOODWLRQ
PRGHV��ZKLFK�FDQ�EH�UHIHUUHG�WR�WKH��LQWHU�
QDO�VKDSH�PRGH��LQ�WHUPV�RI�PRGHUQ�QRQ�LQ�
WHJUDWHG�06*(�>�@�

&RPSDULVRQ� RI� )LJV���D� DQG� �E� VKRZV
WKDW� LQ� FDVH� .a � ������ WKH� LQWHUQDO� VKDSH
PRGH�DPSOLWXGH�LV�ODUJHU�DQG�WKH�IUHTXHQF\
LV� ORZHU� WKDQ� LQ�FDVH�.a � ������ ,W� LV� WR�QRWH
DOVR�WKDW�ZKHQ�SDVVLQJ�WKH�VWHS�ORFDOL]DWLRQ
DUHD�� G��.a �z���� LQ� HTXDWLRQ� ����� JHQHUDOO\VSHDNLQJ��GLIIHUV�IURP�G��.a � �����:H�GR�QRW
WDNH�DFFRXQW�RI�WKLV�IDFW�ZKLOH�SORWWLQJ�WKH
FXUYH���LQ�)LJ����

)LJ����� 7LPH� GHSHQGHQFH� RI� WKH� NLQN� FHQWHU
VSHHG� ���Ü�.a � ��������Ü�.a � ������� DW� WKH� SDV�
VDJH�RI�WKH�VWHS�UHJLRQ�

(�*�(NRPDVRY�HW�DO����(YROXWLRQ�RI�VLQH�*RUGRQ����
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7KH�FRDVWLQJ�SDVVLQJ�RI�WKH�NLQN�WKURXJK
WKH� VWHS� ORFDOL]DWLRQ� DUHD� ZDV� DOVR� LQYHVWL�
JDWHG�� ,Q� WKLV� FDVH�� WKH� QXPHULFDO� H[SHUL�
PHQW� VFKHPH� LV� DV� IROORZV�� ZKHQ� WKH� NLQN
ZDV�DFFHOHUDWHG�WR�WKH�VWDWLRQDU\�VSHHG��WKH
RXWHU� IRUFH� DFWLRQ� ZDV� RYHU� DQG� WKH� GDPS�
LQJ� ZDV� ]HURHG�� WKHQ�� DIWHU� WLPH� 'Wa� ����
WKH� VWHS� DUHD� DSSHDUHG� RQ� WKH� FRQVLGHUDEOH
GLVWDQFH� IURP� LW�� &RPSDULQJ� WKH� UHVXOWV�� D
FRQFOXVLRQ� FDQ� EH� GUDZQ� WKDW� WKHUH� LV� D
TXDOLWDWLYH� GLIIHUHQFH� IURP� WKH� FDVH� ZKHQ
WKH�RXWHU�IRUFH�DQG�GDPSLQJ�DUH�SUHVHQW��,Q
WKH� FDVH�.a � ������ RQH� FDQ� VWDWH� WKDW� LQ� WKH
SUHVHQFH�RI�GDPSLQJ�DQG�RXWHU� IRUFH�� WKHUH
LV�D�ORFDO�PD[LPXP�RI�NLQN�FHQWHU�VSHHG�DW
WKH� FURVVLQJ� RI� WKH� VWHS� ORFDOL]DWLRQ� DUHD
Qa� �������DQG�WKHQ��WKH�VSHHG�GHFUHDVHV�DQG
JRHV�WR� WKH�VWDWLRQDU\�YDOXH�� ,Q�WKH�FDVH�RI
FRDVWLQJ�NLQN�PRWLRQ��WKH�NLQN�FHQWHU�VSHHG
LQFUHDVHV�VKDUSO\�DW�WKH�FURVVLQJ�PRPHQW�RI
WKH� VWHS� DUHD� DQG� FKDQJHV�QR�PRUH�EHFDXVH
RI� GDPSLQJ� DEVHQFH�� )RU� WKH� FDVH�.a � �����
WKH� VDPH� LV� REVHUYHG�� EXW� QRZ� WKH� NLQN
VSHHG� GHFUHDVHV� DIWHU� FURVVLQJ� WKH� VWHS� OR�
FDOL]DWLRQ� DUHD�� ,W� LV� WR� QRWH� WKDW� DW� WKH
FRDVWLQJ�':�PRWLRQ��DIWHU�WKH�FURVVLQJ�WKH
1&0$� DUHD�� WKH� VSHHGV� RI� WKH� ':� FHQWHU
WDNH�YDOXHV�Qa�� �.a � ������ ������DQG�Qa�� �.a � 
����� ������ FORVH� WR� WKRVH� GHILQHG� E\� WKH
DQDO\WLFDO�IRUPXOD�
QaDIWHU� �QaEHIRUH������.
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IRXQG�LQ�>��@�XVLQJ�SHUWXUEDWLRQ�WKHRU\��
,Q� WKLV� FDVH�� WKHUH� LV� D� PLQLPDO� VSHHG

QaPLQ� IRU�.a �!��� ZKLFK� LV� QHFHVVDU\� WR� RYHU�FRPH� WKH� VWHS� DUHD��3K\VLFDOO\�� WKLV� LV� FRQ�
QHFWHG� ZLWK� WKH� IDFW� WKDW� DW� WKH� �EDUULHU�
FURVVLQJ�� D� IUDFWLRQ� RI� WKH� NLQN� NLQHWLF� HQ�
HUJ\� VKRXOG� EH� VSHQW� IRU� WKH� SRWHQWLDO� HQ�
HUJ\� LQFUHDVH�� EHFDXVH� RI� SDUDPHWHU
FKDQJHV�� 7KLV� PLQLPDO� VSHHG� IRU� WKH� FDVHV
RI�PRWLRQ�XQGHU�WKH�LQIOXHQFH�RI�RXWHU�IRUFH
DQG� FRDVWLQJ� ZDV� FDOFXODWHG� �)LJ����� FRP�
SDUHG�ZLWK�WKH�DQDO\WLFDO�HTXDWLRQ�>��@�FRU�
UHFW�IRU�VPDOO�YDOXHV��.a ������

QaPLQ� �§̈©
.a ����
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,Q� LV� VHHQ� IURP� WKH� )LJXUH� WKDW� WKH
VSHHGV� �FXUYHV� �� DQG� ��� QHFHVVDU\� WR� RYHU�
FRPH�WKH��EDUULHU��DUHD��GLIIHU�YHU\�OLWWOH�LQ
ERWK� FDVHV�� WKLV� HYLGHQFHV� D� ZHDN� GHSHQG�
HQFH� RQ� H[WHUQDO� IRUFH� DQG� GDPSLQJ� LQ� RXU
FDVH�

,Q� FDVH� Qa���QaPLQ��.a �!��� DW� FRDVWLQJ� PR�WLRQ� RI� WKH� NLQN�� LW� LV� UHIOHFWHG� HODVWLFDOO\
IURP� WKH� VWHS� DUHD� DQG�� DV� D� UHVXOW�� LW
FKDQJHV�LWV�PRWLRQ�GLUHFWLRQ�WR�WKH�RSSRVLWH�
$W�K�z����D�z���� WKH�GDPSLQJ�RVFLOODWLRQV�LQ
WKH�VWHS�DUHD��RU�NLQN�SLQQLQJ��DUH�SRVVLEOH�
,Q�DGGLWLRQ��DQ�HPLVVLRQ�LQ�WKH�IRUP�RI�ORZ�
DPSOLWXGH�ZDYHV�LV�REVHUYHG��

)URP� WKH� WLPH� GHSHQGHQFHV� RI� NLQN� FHQ�
WHU� FRRUGLQDWH� DQG� VSHHG� IRU� WKH� LQYHVWL�
JDWHG� FDVH�� ZH� JRW� WKDW� WKH� NLQN� FHQWHU
UHDFKHV� WKH� VWHS� DUHD� ERUGHU� RQO\� DW� WKH
LQLWLDO�WLPH�PRPHQW��DOO�WKH�IROORZLQJ�RVFLO�
ODWLRQV� DSSHDU� FORVH� WR� WKDW� DUHD�� 7KH� RE�
VHUYHG� RVFLOODWLRQV� FDQ� EH� UHJDUGHG� DV� QHDU
WR�KDUPRQLF�RQO\�DIWHU�WLPH�'Wa�a�����

)LJ����� 7LPH� GHSHQGHQFHV� RI� NLQN� ZLGWK� DW
WKH� SDVVDJH� RI� WKH� VWHS� UHJLRQ� GHWHUPLQHG
QXPHULFDOO\� ���� DQG� DQDO\WLFDOO\� IURP� HTXD�
WLRQ���������DW�.a � ������D��DQG�.a � ������E��

)LJ����� 'HSHQGHQFHV� RI� WKH� PLQLPXP� NLQN
VSHHG�QaPLQ� UHTXLUHG� WR�RYHUFRPH� WKH� VWHS�UH�JLRQ�GHWHUPLQHG�QXPHULFDOO\�IRU�FRDVWLQJ�PR�
WLRQ�����DQG�IRU�K�z�������DQG�DQDO\WLFDOO\�IURP
HTXDWLRQ���������

(�*�(NRPDVRY�HW�DO����(YROXWLRQ�RI�VLQH�*RUGRQ����

)XQFWLRQDO�PDWHULDOV������������� ���



,Q� )LJ����� SUHVHQWHG� LV� WKH� WUDQVODWLRQ
PRGH� IUHTXHQF\�Za�� RI� WKH� NLQN� IOXFWXDWLRQ
DV� D� IXQFWLRQ� RI� WKH� VWHS� KHLJKW�.a �� FDOFX�
ODWHG� IURP� WKH� GHSHQGHQFH� [a�Wa��� ,W� LV� VHHQ
IURP�WKH�)LJXUH��ILUVW��WKDW�WKH�GHSHQGHQFH�LV
FORVH� WR� Z��.a ��a�.a ����� VHFRQG�� ZLWK� WKH� LQ�
FUHDVH�RI�.a ��WKH�RVFLOODWLRQ�IUHTXHQF\�LQFUHDVHV
DQG�LQ�WKH�OLPLWLQJ�YDOXH�.a �o�f�LW�DSSURDFKHV
Z�K������� $IWHU� WKH� VWRS�� WKH� NLQNV� ZLWK� D
VWUXFWXUH� �IL[HG�� WR� WKH� GHIHFW� DUH� REVHUYHG�
ZKDW�LV�VLPLODU�WR�WKH�UHVXOWV�RI�ZRUN�

�

5HIHUHQFHV
� ���$�0�.RVHYLFK��$�6�.RYDOHY��,QWURGXFWLRQ�LQWR
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