Cepisi: TexHiuHi Hayku. Bunyck 14

UDC 519.6

A. Ya. Bomba, Doctor of Engineering, Professor,
M. V. Boichura, Postgraduate Student

Rivne State University of Humanities, Rivne

ONE NUMERICAL COMPLEX ANALYSIS METHOD FOR
PARAMETERS IDENTIFICATION OF PIECEWISE
HOMOGENEOUS CONDUCTIVITY MEDIA WITH USING
APPLIED QUASIPOTENTIAL TOMOGRAPHIC DATA

We propose one approach for gradient problems solving of pa-
rameters identification in piecewise homogeneous fields based on
numerical complex analysis method with using applied quasipoten-
tial tomographic data.
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Introduction. As it is known (see, for example, [1]), the basic tenets of
the electrical impedance tomography (EIT) method were formulated in the last
century. Nowadays it is a promising trend that increasingly finds its applica-
tion in science and technology (see, for example, [1-7]). EIT methods, com-
pared with others, have several advantages [8]. Questions which concern the
approach to the selection of a mathematical model of the object, that ade-
quately describes it’s properties are considered in the [9]. An iterative method
for dividing line zones with different values constant conductions according to
the applied potential tomography (APT) is given in [10]. In [11] the forward
problem solving exercise by APT proposed modification and the inverse prob-
lem — by zones of conductivity; noted that these methods of reconstruction in
EIT images can be used to real time mode. An algorithm of the reconstruction
of electrical conductivity coefficient (ECC) in doubly-connected region when
the inner curve is searching given in [12]. In [5-7] considered the problem of
so-called difference EIT, which considers in the reconstruction of ECC when
it’s dynamics inside the region. The reconstruction of ECC with using Tik-
honov’s regularizing functional stated in [1, 13—15].

We propose a methodology (like to [13—17]) of ECC identification based
on the idea of building the quasiconformal (piecewise-conformal) similarity in
the small of a curvilinear quadrangles — dynamical mesh components in the
physical domain and the corresponding rectangles in the complex quasipoten-
tial domain using applied quasipotential tomographic (AQT) data.

Parameters identification problem of piecewise medias using AQT
data. Consider the quasiideal movement processes, for example, electrical
charges in the homogeneous curvilinear domain (plate, tomographical cross-
section etc) G, (Fig.1a), bounded by limited smooth closed curve
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0G, = {(x, y): x=X(r), y=y(), 0<7r=<27, X(0)=x2xr)=Xx,,
y(0)=y(2x)=y,, x(r), y(r) — defined continuously differentiated
functions, 0()?0, )70) — selected initial reference point}, generated
by the potential difference @{”) and ¢"” ((p*(p )P > O), which are
given on a chosen equipotential lines A4,B, and C,D,, where

Ap,Bp,Cp,Dp — marked points on the 6G,; p=12,... — some parame-
ter (number of injection [13, 14]); B,C,, and 4,D, — impermeable bound-

ary flow lines.
We model the injections of current through the tomographical cross-section

with using sets of values {rﬁ{’ ),rl(f ),z'(cp ),rgp )} , corresponding to which
(). ) )
o[, =[5

We denote the corresponding domain bound G, with given four marked
points by 6’G£p ).

The mathematical physics problem for find the functions
0 =g (x,y) (Vp =ﬁ) having ECC identification conditions
o =o(x,y) which is described by us is put in the base of AQT (shunt
model) in many cases [13, 14, 18].

div(cr(x,y)grad qo(p) (x,y)) =0,(x,y)e G‘ﬁ”); (D
(o("') A =(0,$"'), (p(p) ¢, :q)*(p)’
o0'P o0'P
() (s ") (m () (\mr o (s
0" (M)|pc, =0 " (M), 97 (M)|4p, =¢" (M),
5¢7(p) M 6g0(p) M *
“ an( )‘Ap3p=‘//£p)(M)’a an( )‘C,,Dpz'/’(p)(M)- 3)

Here 7 — unit vector of outer normal, M — going point of the respec-

tively curve. The functions gE(p) (M) = ;Z(p) (r,...) (r(cp) <7< rgp)),
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()= (z) (W zesd)) W)= (e

(rj(gp) <r< r/(f)), y' ) (M) =y’ (z,...) (z’g’) <r< z'(cp)) can be built

by the interpolation of the experimentally data gﬁéﬁ?, ¢§‘(IZ?, l//,fj,’(f,,, l//j,((‘f))

having arguments 7z = ?l,(fp’)), r=7"%) on the sections

r= T(p) *(p)
J

*jfl’) H

— (P
= Ei(m b

: (p) (p) *(p)
B,C,, A4,D,, A4,B, C,D, respectively ((p* £gi(p,£(p ,

S

AP <ph) <P, 1//(‘;)) >0, y/;f(f,’,)>0, 0<7W <im P i1, 0<i) <

Siﬂip)+l, OSj£p) Sn£p)+l, OSj*(p) Sn*(p)+1). We search ECC as:

o= {O'k,r X SX< X5V, £V E Y, ,k=0,m-1,r=0,n-1,0,, > 0},(4)
where lines x=x;, and y =y, owned the least by the square rectangle

area of the domain, the sides of which are parallel to the coordinate axes

and  which  accommodates  domains  G\” ), G~£p ) = Gl )\

\{z € GE”) X=x,y=y,,k=1lm-1r :l,rg—l} in itself. Herewith

(p)
(p) - (p) _ op
[0 =0. [ 0 | 22| -0

=0, (kzl,rg—l,r:l,;g—l) (5)
- fer |1 C‘p
dpil
N e
AAHEN>
ol i ‘* pq)

o' (P)
b)

Fig. 1. Tomographical cross-section G, with constant ECC sections image (a),

corresponding complex quasipotential domain (b)
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We can generalize (1)—(5) to series of more general boundary prob-
lems of quasiconformal (piecewise-conformal) mapping of physical do-

mains Ggp ) (Fig. 1 a) onto the corresponding domains of the complex
quasipotential G((f ) (Fig. 1 b) (under conditions (4) and (5)) by introduc-

ing a flow function ' =y (x,y) complex conjugate to

0P = 0P (x, ) (p :E) [13, 16, 17, 20]:

o_a(p(m _ al//(p) Gaw(p) :_al//(p). (6)
ox oy oy ox
(/,(p)‘AB :@gm,(p(m‘w :(/,*(m,‘/,(mw -0,
<p>‘ —0W. 7
v B,C, o @
09" (»)
[o di=0") .M eB,C,,NeA,D,;
MN n

‘ﬂ(p)(M)‘ch =5 (M), (p(p)(M)‘ApD =P (M),

) (M)‘Apo v (M), P (M)|c

»p

-y (M), (8)

where
G ={(pw):pl” <p<p 0y <P}
v (M)= [ i (M),
AM
‘I’('” ) j 1//(” ) M)dl; 0" — flow of the vector fields (current)
DM
through the contact surfaces (4,8, and C,D,), dl — arc element of

corresponding curve.

The synthesis of the numerical quasiconformal mapping method
and the rotational block parameterizations ideas. The most popular
approach of the solving of the forward problem AQT is based on the using
of the finite element method. But this method doesn’t satisfy the continu-
ity conditions and, thus, the conservation low on one element of the mesh
and whole domain is failed [19].So we use the finite difference method for
the discretization of mathematical model’s AQT functions and parameters
where the electrodynamic analogies principle is considered. And we use
quit modified algorithm of the numerical solving of the boundary prob-
lems of quasiconformal (piecewise-conformal) mapping of the domains
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with the different geometric configuration, which are limited by the flow
and equiquasipotential lines [16, 20] (including the advantages of the
method, described in [16]) for the finding the unknown function of the

current’s potential '” (x, y). We find the functions ¢'”) = ") (x, y) and
y? =P (x,y) having a known value of o =o(x,y) by solving an

inverse to (4)—(8) boundary problems of quasiconformal (piecewise-

(P — ) (p,y) and

conformal) mapping G”) — G (relative to x
pP) = y(p)((o,(//) ), statements of that, having condition analogues (5)

along the curves x'” (p,y) = x,, ¥ (o) =y have the form [13]:
o (1 aﬂf”] 0 [ aﬂf”]
S +—2 o =0,
opl o Op oy oy
i[l oyt ]Jrﬂ[g o7 ] —0, V() y Py e g,
opl o O oy oy
( ) ( p)(y/))’ $(P)
(p>( Q(p)) ( »(p
x<1’)(¢> ),l//)=i(r*(”)(w
x(p)((O,O)Z;C(Z(p)(Q , y(P) ¢’0):)7(£(P)(¢)); (10)

ox? (plP,yP (z,..))
-7'(7) =
o op

P (5P, *(p)
zo’re[fz(ap);fip)]i’(f) oy'? (¢ pa’z p (r,...))_

)

X'(r)

) (), *(p)
oxP? (¢ Pa’Z P (T"”))ZO,TE[TBP);TE"D)},

v (P (z,..),0 ox? (9P (z,..),0
7() (—6 DL Bl U 1) O
7 oy

Te [Tff);r})”)} ) oy'?) (77 (z...).07) )

oy
o ((Z(P) (T,...), Q(P) )
oy

-y'(z) (11)

-y'(7) =0,r ¢ [,(Cm;,ém} ’
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where r:r,gp)(x//), r:?(p)(go), T:T*(p)(l//)’ rzz(p)((p) ((/),EP)S(/)S(D*(‘”),

0<y <0V )) — functions, built by the interpolation of the experimentally

(p)

— * . P — *,
data r*i, T}p), ijp), 11(”) having arguments ‘P&), (ple(p), ‘P]f”), ()

J. Zi

on the sections Apo, BpCp, Cpr, 4,D,, respectively.
Let’s write the difference analogues of (4)—(5), (9)—(11) in mesh do-
mains G7”), similarly to [13], (for the general case of coefficient struc-

ture o (x,y)) in such form:

(p)2 (p) (p) (r) (p) (p) (r)
P (O'Zjil/z (x[,[;'ﬂ —x[,’; )_O'Zj[zl/z (xl-ﬁ _x;,lj'fl))“‘
(p) _ (p) (p) _ (p)
Yivl; TNy N T Xl -0 y(p)Z o7 P (y_(p_) B
7(p) 7(p) ’ i,j+1/2 \ Vi, j+1
Oivij2,j i 12,j
» (12)
) ®» () _ (» Vit —y}’j’
(p 4 > )
_yi,‘,» )_Gi,j—l/z (yi,j _yi,j—l ))+T_
o’ )
l+1/2,]
(p) (p)
Yiij = Vit ) ( )
o ) <i<m® 1< i< p®)-
) O(I_Z_m 1< j<n ),
i-1/2,j
() _ z( (P (P) _ (P »  _ (=
xo”; —x(r*p (l//j)), Yo' —y(r*p (l//j)), xiq’;(,,)ﬂ —x(r P ((0,-)),
(p) _ (=) (p) o~ *(p)
yi,[:r“)ﬂ —y(r ! (¢i))’ x;n[‘)”Ml,j _X<T vy ))’
yfnf’?)+l,_/ = J~)(T v (‘//j ))’ x;y‘g) = 5‘(1"]) ((oi))s

o = )7(2(17) ((pi)) (0<i<m® +1,0< j<n® +1); (13)
fc’(z')(yl(ﬁ.) —yéfi))—j'(r)(xl(”}) —xéfi))= 0,7 € [rgp);ri{’)},
R S L KR A RN g
P <) () - ) =0 <[], 09
F(e) P -8 )5 ()5 5B ) = 0z e[ |

(1<ism® 1< j<a®),

where 7(p ) quasiconformal invariant [16] for the corresponding do-

mains G/ () ={(¢,~“”,u/}"’): o =g +ing®,  i=0,mP +1;
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D) _ixP) 0D oy A (p) 0P = »_ oW
(//j _.]AW > ]_O’n +1’ A(ﬂp - m(p)+1 s AWP _ms
A (p)
S0 AZ;“’) L)) eN}; 17) :x(p)((pi(z’)’wgp))’ W)=
O] a5 o) 2 2L+ ) 2),

alﬂ(l’/’%j = O'(( z(pl)j +x(p))/2 (yl(fl)/ +y,(1;))/2).

The general reconstruction algorithm is based on the rotational
parameterization of internal nodes of dynamic meshes (which are built for
each injections) and the searching ECC. Also, for economy of machine
time, we consider, that Vk:x, , —x, =Ax, Vr:y.,, -y, =Ay.

We organize corresponding to the obtained dynamical mesh «itera-

tive step» for refine ECC 0'([) (/=0,1,... — iterative step number) having

fixed xi(’p-’l), yl(f;’l) as follows: foreach p=1,p, i=1lm, j= 1,n we find
! !
17+(11;2)j+1/2 - O-(( ( ) + xz(+1 j) +x1(1;+1) Xit1 1+1) (

J i 1
+yi(fl,‘/)' +yz(,l;'+l) +yi(fl,J)'+l )/4)
using the idea of quasiconformal (piecewise-conformal) similarity in the
small of a curvilinear quadrangles [17]:

(r.1) (P)y

Viv1/2,j+1/2 ly

. Pl
o) if Omin < 71'(+1/2),j+1/2 17\ <o

Oivl2 Lj+1/2 T ( !
. p.l) (p)
Omins> I Vivira,jri2 1V

max °

<o

min >

O max» If 7,'(+p1’/l§,j+1/2 /7(p) > Omax >
where
71'(4{71’/12),j+1/2 = (ai(]{’l) + aipfl))/(b( N 4l l))

J i,j+l1 i+1,j

5 0.5
) <[(s) =Y o[- 0Y

b.(/’;’) :((x(”_vl) _x(p',,))2 (y(pl) y(pl)) jo.s
i, i, j+l i e 7

(we assume values of o, and o,,, as priori known). Then the next

ECC approximation in this (/ -th) iterative step is
11
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(0 _1 o) (15)

(l)

; : : 7(pid)
where oy, — the arithmetical mean value of corresponding o755

Algorlthm for solving the input problem is based on the rotational
parameterization of internal nodes of the grid regions G7 () BCC set and
using of the block iteration method ideas [21]. We set the number of injec-
tions p, bound of the domain G'”) (using functions x= x(7),

y =7(7)), using parameters A RS

and g, &, (of accu-
racy), ¢ (g >1 — responsible for the number of iterations of correct of
internal nodes having specific ECC), quasipotentials (pif’ ), @' ?) and full
discharges O'”), partition parameters m'”’, n'”) of the domains G
Q(p) n® 41

¢*(/’) _@Ep) m® 11
= (50 5(0) 5, = (5() ).
€, =(3(e )5 (e). , = 68 5(e8)

on the 6G?), AgpP :(¢ p) (ﬂﬁp))/(m(zf)ﬂ)’ AyP =Q(p)/(n(”)+l)

(here

~1). Then we calculate the coordinates

and quasiconformal value invariants y'”) = A@'? / Ay/P)

*(p)

Specifying the values of flow l//if ), w; " and potential functions

P, P at the points r(”), z-;(”), 7P, 7P respectively, we calcu-
late (13) by interpolation, then we find the coordinates of nodes x(()f’l.),
(p) (p) (p) (p) (p) x®) (p) <i<mP
Yo 0,/ xi,n(”)+l’ yi,n“”-%—l’ +l] ym(”)+l,j’ ZO ’ y’ (O sSi=m +

+1,0<;< n(p )+ Lp=1, fa) on the GGE” ). The initial approximations of the

xl(f;’o) and the yl(f;’o) we obtain, for example, as follows:
AP0 :(x(ﬁ) +x5p) +x(()]) +x( ?) j)/4,

0
-l oo
<

12
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We set the partition parameters m and 7 (so that their multiplication

does not exceed the total number of nodes on the boundaries) and initial

approximation of ECC, for example, as follows: o¥ =

{o',({or) o-,({ol) =C,C> 0}; we set the minimum and maximum possible

values for Vk’ral(({)r Y Omin> Omax-
We refine the coordinates of near-boundary nodes (using the difference
analogs of Cauchy-Riemann conditions) by solving systems of equations

x(pl+l) +0 57( p) ()( (p.d) _ (1”1))

1,j 09,7\ Yo,j+1 = Yo, j-1)>

p.l+l [
yl(,j )_yO/_OSy Oy /(x0]+1_x011)

(p,l+1) _ l p l)
Xy i =Xy — 0. 57 U 1/ J’m+1 el ™ Ymi1,j-1

1+1 A /
yErzp/Jr ) = Vm+ .J +0. 57/(17) (IJ)rl N (‘x)(np+l,)j+l ’x)(nlll)j 1)
1+1 ! A A
xl(f R Xi,0 _0-57([7)01'(,0) (yz(fl()) _yi—l,()))?

J+1 !
xi(,Z ) - 1 a1t 0. 57/( )Gt(n+1 (y1(+1 n+l yl 1 n+1)

I+l i 1 1)
yz(f; )= Yin+l _0~57(p)°'i(,n+1 xz(fl n+l T l(pl r1+l)
- J+1 g+ J+ I+1 pl+l I+l
relative  to (xl(,’;- +),y,(,’;- +)), (xf,fj+),y£f,+)), ( l( ! ),yi(ff ! )),

(x.(p’”l) y.(p’”l)), respectively (lsiSm("), ISan(”)), Further, for

finding the coordinates of internal nodes use the formula (12) when

i=2,mP —1, j= 2,n'P) —1 (here [=0,1,... — iterative step number)
[13, 15, 16]. We repeat this procedure ¢ times, then we form matrix (15).
We have note [16] among the conditions of completion of the iterative
process: we need the stabilization of the near-boundary nodes, the ECC, the
quasiconformal degree parameter, etc, (l <ppl<Li<ml<j< n). In the
case where one of these conditions is not satisfied we return to the correction
of the coordinates of internal nodes, otherwise — we build the reconstructed
image and, — if necessary, — the electrodynamical mesh, the complex quasi-
potential domains or calculate the velocity fields by the formula

P) = 0(x,y)~grad¢(p), etc.

13
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Note 1. For the providing of iterative process convergence the value
of parameter ¢ should be set higher than 1, but note that too large number

q is slowing convergence.

Note 2. In this formulation of the problem (as opposed to [16]) there
is no necessary to use formulae to refine the boundary nodes (since their
coordinates are known a priori).

We represent the results of numerical calculations for the following in-
put data: )?(z') =150cos7, )7(1') =100sinz, m?) = 100, ¢ =100, ¢ = 1072,

>

6, =107, g7 =0, o' =1, {Tgp) =%+(1’_1)4—7i)+7r, AP =r£1p) _%

A Tgp):,gp)_%} (1< p<p), m=100, nx75 (Ar=3

Ay =2.6)) Opin =l O =2 ¥y, 01} =0y (k=Lm—Lr=Tn-1),

Q(p), >£f), l//;(p) @(p ), @(p ). The obtained results of ECC distribution

(Fig. 2 b, Fig. 2 ¢), where sizes, location and shape of inhomogeneities ap-
proximately theoretically correspond to a given (Fig. 2 a).

a) b)
c) _

Fig. 2. ECC distribution: exact solution (a); when p =20 (b); when p =40 (c);
dashed lines show subregions with ECC equal 2

b L Is i T 1 B0 D

S S g g g —
b b e b B o e
= e s BT
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Conclusions. We developed the methodology (like as [13-17]) of
image reconstruction based on the idea of the quasiconformal (piecewise-
conformal) similarity in the small of building a curvilinear quadrangles —
dynamical mesh components in the physical domain and the correspond-
ing rectangles in the complex quasipotential domain using AQT data and
the rotational parameterization of internal nodes of dynamic meshes
(which are built for each injections) and searched ECC. This algorithm is
characterized by comparatively high speed of computer convergence (be-
cause, unlike from many famous methods, it does not need the searching
derivatives of the ECC distribution functions in the determinated points
and correction the boundary nodes on each iteration step).

The significant feature of developed algorithm is the possibility it’s
paralleling and finishing the procedure when quite some conditions of the
finishing the process are complete. Also those areas of the physical do-
main, where the errors of calculation exist are automatically defined. This
allows to use the machine time more frugally. The last is essential, particu-
larly, for searching so-named «dead zones» and the «zones of large gradi-
ents», which appears near the especial points of unsmooth boundary lines
and critical points of insides of respectively domains.

We plan to extend the proposed algorithm to the spatial case and to
the several area cases of applied potential of output stream.
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21. Oprera Jxx. MtepanioHHble METOMB! pElICHUs HEIUHEHHBIX CUCTEM YpaBHE-
HHUIl co MHOTMMHU HeusBecTHbIME / [ k. Oprtera, B. Peitnbonnr. — M. : Mup,
1975. —558c.

Ha ocHOBI 4HCIOBUX METOJIB KOMILIEKCHOTO aHAaJi3y 3alpOIIOHOBAHO
HiJXiJ 10 PO3B’sI3aHHS TPANi€HTHHX 3a1ad igeHTH(ikanii mapaMeTpiB Kyc-
KOBO-OJIHOPIZIHUX CEPEIOBHIIl 32 TaHUMHU ToMOrpadil IpUKIaICHUX KBa3i-
MOTEHIaTiB.

Kawuosi ciioBa: momozpaghiss npuknadenux keazinomenyianis, Keasi-
KOHMOpMHI 8I000padicens, i0enmupixayis, HelinitiHi 3a0ayi.

Otpumano: 22.09.2016

YAK 004.021

A. @. Bepaans*, 1-p TeXH. HayK, pogecop,
O. I. MaxoBu4**, KaH/. TEXH. HAYK

* [HCTUTYT IPOOIIeM MOJETIOBAaHHS B CHEPTETHII

imeni I'.€. [TyxoBa HAH VYxpainu, m. Kuis,

** Kam’ ssaenb-IToainbchkuit HAlIOHATTPHUN YHIBEPCUTET
imeni IBana Orienka, M. Kam’ saers-IToginscekmii

NOPIBHIOBAJIbHA EKCNEPUMEHTAINBbHA OLIHKA
E®EKTUBHOCTI YUCNOBOI PEANI3ALII
MATEMATUYHUX MOLENEN OB’EKTIB
I3 PO3MOANMEHNMM NAPAMETPAMU
METOAOM ONOPHUX MNMEPEPI3IB

LIngxoM 0OYHCITIOBAIBHUX EKCIIEPUMEHTIB JIOCHIKY€ETHCS
e(eKTHBHICTh YHCIIOBOI peai3allii MaTeMaTHIHUX MOJIENEH MEeTOo-
JIOM ONOPHMX Tepepi3iB y MOPIBHSIHHI 3 TPAIMIIHHUM IINPOKO-
BXKUBaHUM METOJIOM CKiHYeHUX pi3HULb. OTpUMaHi MOKa3HUKH 3a-
TpaT MPOLIECOPHOTO Yacy MPU BUKOPHUCTAHHI PI3HUX METO[IB 3Ha-
XOJDKEHHS po3B’s3KiB. CHopMyITLOBaHO peKOMEHAAIl moa0 ede-
KTHBHOTO BUKOPHCTAHHS METOy OIIOPHHX Hepepi3iB.

KmouoBi ciioBa: egpexmusnicmv uucnosoi peanizayii, s3ampamu
npOYecopHo20 4acy, pisHuYesa cxema, Memoo CKIHYeHUX Pi3HUYb.

Beryn. Icuyrodi metonu i 3aco0u, IO BHKOPHUCTOBYIOTBCS JUIS
pO3B’si3yBaHHS 3a/la4 MOJICIIOBaHHS 00’€KTIB 3 PO3MOJUICHUMH Iapa-
METpaMH, I'PYHTYIOTECSI B IIEpPEBaXKHiil O1IBIIOCTI Ha BUKOPUCTAHHI MO-
Jened y BUMIIANI AudepeHlialbHUX PIBHSAHb 3 YACTUHHUMHU IOXIiTHH-

u [1, 2]. He# miaxix po3Bosise 3a0e3MeYNTH BUCOKHU PiBEHb aJleKBaT-
HOCTI Ta e(eKTUBHE 3aCTOCYBaHHS 3a BIACYTHOCTI cnenudiuHuX 4yaco-
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