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SMALL-TIME LIMIT BEHAVIOR OF THE PROBABILITY
THAT A LEVY PROCESS STAYS POSITIVE

Abstract. In the paper, we find analytically the upper and lower limits (as the
time parameter tends to zero) of the probability that the Lévy process staring at
0 stays positive. We confine ourselves to the situation where the real and
imaginary parts of the characteristic function are regularly varying at infinity. In
this case, we can calculate the bound, and sometimes the exact values of the
respective upper and lower limits.
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Let X be a Lévy process with the characteristic exponent

Y(s)=ibs+ j (1—e_isu—isu]l‘u|sl),u(du). (D)
R\ {0}

We are interested in exact values

Pinf:=lim inf P {X7 >0} and pg,:=limsupP { X7 >0}. )
T—0 T—0

If the values in (2) coincide, i.e.,
P{Xr>0}—>pel01], T >0, 3)
it is known (cf. [1, Theorem 2]) that (3) is equivalent to

T
%jp (X,>0}ds—>p, T —0. (4)
0

The latter is called the Spitzer condition for X as 7" — 0.

In the case of infinite Lévy measure and M (0+)> 0 the necessary and sufficient
condition for p =1 are given in [2] and [3].

The value p appearing in (3) is related to the ladder time process, namely, to the
inverse 7 of the local time L of the process, reflected at its supremum on time interval

, t). More precisely, 7 is the subordinator, and the value ¢~ t), where
0, 7). M precisely, 7 is th bordi d th | 1p()h

t
p(t)::j]P’{Xs>0}ds,
0

is the Lévy measure of the appearing in the representation of its characteristic
exponent, namely,

Ee * =exp{- [ (1—e )57 p(s)dst .
0

The limit (3) exists iff T belongs to the domain of attraction (as t —0) of the
p-stable distribution (see [4, p. 31]). Nevertheless, although the result is sharp, it
does not give a clue how to calculate the value of p.
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In this note we show that in some cases the value of p €(0,1) can be calculated
explicitly. Our approach was inspired the paper [5], in which some particular case of
this problem was considered. The method used in [5] used complex integration and
analyticity of the Lévy exponent in some strip. The aim of this note is to show that this
method can be extended to all Lévy processes. Since P {M; > c} — 0 as t — 0 for any

¢>0, where M ;:=sup .| X, it is enough to consider the part of the process, which

has bounded jumps. Thus, in what follows we assume that supp u =[-1,1].
Denote

S(@):=Rey(v), g(v):=bv+Imy(v). )

~ L. A) . f(wh) a
cp v® Shmlnff(v < lim sup <cp v, v21, (6)
2 hoo S e ST

cg,_vﬂ* < lim infwﬁlimsupwﬁcg’+vﬂ+, vl )
Ao &(4) Ao &(4)

Theorem 1. Let X be a Lévy process with Lévy exponent (1). Assume that
w(R)>0. Then

a)ifa_>f,, then p=pi;r =pg, =1/2. This case clearly illustrates the fact
that “symmetry wins”;

b) suppose
ay =Pi =a, cpp=cp Coy =C, ®)
then 11 Cq
Psup = Pinf == +——arctan = )
2 ma Cf
b") suppose that
ay =P =a,but ¢y #Fcp_, g FCy
then
1 1 ¢ I, 1 S
Pinf Z-—— g > Psup Sf"‘igi;
2 macy, 2 macy_

¢) if a, <1, then p=piyr =pgp, and is equal 1 or 0.
Remark 1. 1. In fact, case b) corresponds to the situation when the distribution of
X, is in the zone of attraction of the a-stable law Y (cf. [6]) with the sqewness

1 ‘g Y _ m¢rl8 [“(-ipsignE)

_ . In this case
tan (wa /2) ¢f

parameter f3:= , i.e. Ee

p:l—G(O):lJrLarctan ﬁtann—a ,
2 ma 2

where G(x) is the distribution function of Y; this result is known (see
[7, Chapter 8.9.2], also [6].

2. Of course, case b) is informative only of piyr >0, pg, <l

Remark 2. Intuitively, statement c¢) is obvious: when the non-symmetric part

dominates, the value p should be equal 0 or 1. Indeed, when «a, <1, then
1 1

I |u|“ u(du)< oo (see [8]). This implies that j | u| u(du)< oo, and thus c) is the
-1 -1

particular case of the Doney and Maller’s result. Our proof is analytic, and completely
different.
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Proof of Theorem 1. Let

1
M(s, T):=e P09 —exp Tbs+TI ™ —l—su),u(du)}, T>0, (10)
-1
and X
@(s):=bs+ I €™ —1—su)u(du). (11)
-1
Observe that Im M (z,T)=—Im M (z, T), implying that Im M(f, D) i MET)
z z

Then for any a>0 we have

1 a+iool 1a+iool
P[X; 20]=— j “M(s, T)ds=Im — j “M(s, T)ds =
2m'a_l_oos TS

T a+i a+iv

=llm(i ! M(a+iv,T)va=1Re[I ! M(a+iv,T)va=
JT
0 0

T Oa +U2

lee[I a-mw M(a+iv,T)dv]:

l]?aRe M(a+iv,T)-vim M@+, T) ,
‘7[0 a2+U2

1 OanTReq)(aﬂ'v)

cos(T'Im ¢(a +iv)) o+
2

‘7t0 az-H)

2 2 ::Il(a,T)+12(a,T).

o TRep(a+iv) .
+lj ve sin(7'Im ¢ (a +iv)) &
T 0 a” +v

Here 1 '
¢(a+iv)=b(a+iv)+ J' @ 1 (q +iv)u)u(du) =
1 -1 1

=ba+ j (™ cosvu—1—au)u(du) +i| bv + f(e‘”‘ sin vu—vu)u(du) |=:
—1 -1

=:Rep(a+w)+ilmep(a+iv).

Note that since supp u =[—1,1], then for any a >0 the function ¢(a+iv) is well
defined, and

1
Re¢(a+iv):¢(a)—j(l—cosvu)ﬂa(du),
-1

where
U (du):=e™ u(du). (12)

By the dominated convergence theorem, we can pass to the limit as 7 — 0 in the

first integral:

17 a
Li(a.T) > = [—5—
Toa”+v

dv:%, T —0. (13)
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Consider now [, (a,T). Put

1
fa@):= [ (1=cosuv)u, (du),

-1

1

ga(v):=1m¢(a+iu)=bu+j (™ sin vu—vu)u(du). (14)
-1
Clearly, fo(v)=/(v), g,(v)=g(v). Since
1

g, (V) ={b+[ (e —l)u,u(du)JU +o(?), v >0,
-1

by the dominated convergence theorem we can pass to the limit as a —0:

lim 75 (a,T) = J(T): = j o) sin(Tg@) (15)
a—0 JT 0 v

Thus, if the limits lim ,_,( and lim inf7_,( or lim sup._,, are interchangeable, it

is enough to calculate the limit limy_ o J(7).
From now we consider the cases a), b), and c) separately.

In case a) we have by (7) the estimate g(v) < Cv Be for v>1. Then, by the
dominated convergence theorem we get

sin Tg(v) do =

v

o0
lim sup J; = lim supzz ! J @)
T—0 T—0 0

Tl/a, 0 . “Va
—1a_ -
—atimsup| [+ [ [e7O7 ysinfgl” 77)

T—0 0 gle- v

o0 Ve -1/a
o7 y sinTg(vT

=7 lim sup _)de
v

T—0 Tl/a_

«® ~la_ +
< Cr ! lim sup J eI ) pl=frla gy Bl gy — 0. (16)

T—0 Tl/a_

In case b) denote by (7}, ) the sequence on which the supremum in lim sup;_, J7
is achieved:

o0 .
lim sup J7 = lim n_lj.e_ka(v) wdv. (17)
T—0 k—o0 0 v

Then by (8) and the dominated convergence theorem we get

. ~la
« ~ta,\ sinT;g(T V)
lim sup Jr = a7 dlim e W T 2k T
T—0 o o v
2 e sin(c,v%) 1 c
— —CAU
=7 lje GY 87 C gy =—arctan -£-.
0 v an cr
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In case b’) proceeding as in case b), we get by the dominated convergence
theorem

0

. —la
T (1 ey SID Tkg(Tk V)

lim sup J7 :n_lj lim e dv <
T—0 o o v
© a
_ —c; v _ 1 Cg+
<m 1Ie R lp = — &+
0 aT Cf’,

The argument for the lim infy_,o J7 is similar.

In case c) since «, is the upper index, we can write f(v) as
1

f)y=v%( +¢ 7 (v)), where ¢ , (v) is bounded. Since we assumed that J.uu(du) is
-1
finite, then f, =1, and a_<1. Then we can write g(v)= 5v(l+¢g (v)), where

v) —>0 as v > o. Making the change of variables v =T we get
g g g g

ey (L (7w SID(u+@ g (T )
u

du.

157 -1
J(T)_ﬂge

Observe that e * s the Laplace transform of the transition probability density

of an «-stable subordinator:
e - j e_}”xpt (x)dx . (18)
0

Then using the Fubini theorem we get

T _rlerg (! sin(u+¢ , (77!
J(T) — J. J' e T ¢f(T u)e—ux (u ‘Pg( u)) pT1,a+ (x) dudy =
00

= [ Ppie. @V ()ax,
0

where
X pleay -1 sin b (u+ 7
VT(x)=lIe e, u (g ) du.
T u

Note that by the dominated convergence theorem we get

lim Vy(x) > V(x)= 1 arctan 2,
=0 T X

uniformly in x (because V7 (x) is bounded and continuous). Therefore,
1

o0
lim —a, W7 (x)dx=V(0)=
M{prl (<Wr (1) =V (0) = .

The theorem is proved.
The author thanks R. Schilling for inspiring discussions and comments.
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Haoitiwna oo peoaxyii 08.02.2016

B.I1. Knonosa

PO T'PAHUYHY NOBEIIHKY ¥ MAJIOMY YACI NMOBIPHOCTI 3HAXO/I)KEHHS
MHPOLHECY JIEBI HA JOJATHIN IIBOCI

AHoTauisi. PO3rIISIHYTO aHANITHYHUAI METOJ 3HAXOMKCHHS BEPXHBOI Ta HUIKHBOI
rpaHULb [P YaCOBOMY HapaMerpi, L0 MPSMYE A0 HyJsi, KMOBIPHOCTI TOTO, IIO
npouec JleBi, sSKUil crapTye 3 HyIs, 3aJHIIA€ThCA HA JOAATHIN miBoci. Jlomimke-
HO TUJIbKM BHIIAJIOK, KOJIM ysBHA Ta JifiCHA YaCTHHH XapaKTePUCTHYHOI EKCIIO-
HEHTH PETYJSPHO 3MIHIOIOTbCS HA HECKIHUYEHHOCTI. Y IIbOMY BHUIAJKy 3HAHIEHO
OL[HKH, a Yy ACSIKUX BHUIAJKAaX 1 TOYHI 3HAYCHHS PO3IIIHYTHX TPaHMUIIb.

KurouoBi ciioBa: npouec Jlesi, iiMOBipHiCHAa Mipa, TpaHHYHA MOBEIIHKA Y MaJo-
My dHaci.

B.I1. Knonosa

O MNPEJIEJIbLHOM INIOBEJEHUM B MAJIOM BPEMEHU BEPOSITHOCTU HAXOXKIAEHUA
INPOLHECCA JIEBU HA ITIOJIO)KHUTEJIbBHOU I1OJIYOCHU

AHHOTanusA. PaccMOTpeH aHAIUTHYECKUIl METOJ HaXOXKICHUS BEpPXHEH M HUXK-
Hell TpaHHI[ NPH BPEMEHHOM TMapaMeTpe, CTPEMSIIEMCs K HYJII0, BEPOATHOCTH
TOro, yto mpouecc JleBu, crapTyromui W3 HyJs, OCTAaeTCs Ha MOJOKUTENbHOU
noiayocu. PaccMOTpeH Tonbko ciydaif, Korja JeHCTBUTENbHAs U MHHMMAasl 4acTU
XapaKTEPHUCTUIECKON 9SKCTOHEHThl PETyIsIPHO MEHSAITCS Ha OECKOHEYHOCTH.
B arom ciyuae HaiieHBI OIEHKH, @ B HEKOTOPBIX CIyJasX M TOYHBIC 3HAUCHHS
BBIIIICHA3BAaHHBIX BEPXHEH M HIKHEH IpaHull.

KunaroueBble ciioBa: mporecc JleBn, BeposITHOCTHas Mepa, MpeiesbHOE MOBEICHNE
B MajOM BPEMEHH.

Knopova Victoriya Pavlovna,
Phd, senior research fellow, V.M. Glushkov Institute of Cybernetics of NAS of Ukraine, Kyiv,
e-mail: vicknopova@googlemail.com

ISSN 0023-1274. Kubepuerrka u cucteMHbIi aHanus, 2016, Tom 52, Ne 3 169



