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Àííîòàöèÿ. Ðàññìîòðåíà çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îïåðàòîðà
Ëàïëàñà ñ êðàåâûì óñëîâèåì Äèðèõëå íà ãðàíèöå äâóìåðíîé îáëàñòè
ïðîèçâîëüíîé ôîðìû. Ñ ïîìîùüþ êîíå÷íî-ðàçíîñòíîé àïïðîêñèìàöèè
èñõîäíîé çàäà÷è ïîëó÷åíà ïðåäåëüíàÿ îöåíêà òî÷íîñòè ïðîñòîãî ñîá-
ñòâåííîãî ÷èñëà. Íà îñíîâàíèè àñèìïòîòè÷åñêîé ôîðìóëû äîêàçàíà
îöåíêà ñíèçó äëÿ ïðîñòûõ ñîáñòâåííûõ ÷èñåë.

Êëþ÷åâûå ñëîâà: îïåðàòîð Ëàïëàñà, ñïåêòðàëüíàÿ çàäà÷à, ðàçíîñòíàÿ
ñõåìà, àñèìïòîòè÷åñêàÿ ôîðìóëà, îöåíêà ñíèçó.

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È

Ïóñòü C ( , ) ( )2 � � — êëàññ ôóíêöèé, ó êîòîðûõ ïðîèçâîäíûå âòîðîãî ïîðÿäêà

óäîâëåòâîðÿþò óñëîâèþ Ã¸ëüäåðà ñ ïîêàçàòåëåì �� 0 â îãðàíè÷åííîé âûïóê-

ëîé äâóìåðíîé îáëàñòè � ; A ( , )2 � — êëàññ îãðàíè÷åííûõ âûïóêëûõ äâóìåð-

íûõ îáëàñòåé, äëÿ êîòîðûõ ôóíêöèÿ, çàäàþùàÿ óðàâíåíèå êðèâîé � �� �

â ìåñòíûõ êîîðäèíàòàõ, ïðèíàäëåæèò êëàññó C ( , )2 � .

Ðàññìîòðèì ñïåêòðàëüíóþ çàäà÷ó [1]

� �u u t t A� � 	 	� �0 1 2
2, ( , ) ( , ) , (1)

u t t� 	 � �0 1 2, ( , ) � � . (2)

Èç [2] ñëåäóåò, ÷òî ñîáñòâåííûå ôóíêöèè (ñ.ô.) çàäà÷è (1), (2) ïðèíàäëåæàò

C ( , ) ( )2 � � . Èç [3, ñ. 77] ñëåäóåò, ÷òî ñ.ô. ìîæíî ïðîäîëæèòü âíå � ñ ñîõðàíå-

íèåì ãëàäêîñòè.

Â íàñòîÿùåé ñòàòüå ïîëó÷åíà îöåíêà ñíèçó ïðîñòûõ ñîáñòâåííûõ ÷è-

ñåë (ñ.÷.) çàäà÷è (1), (2). Â [1, ñ. 374] ïðèâåäåíî äðóãîå äîêàçàòåëüñòâî îöåíîê ñ.÷.

ïðè óñëîâèè, ÷òî ñ.ô. ïðèíàäëåæàò êëàññó C ( ) ( )4 � .

ÊÎÍÅ×ÍÎ-ÐÀÇÍÎÑÒÍÀß ÀÏÏÐÎÊÑÈÌÀÖÈß

Ââåäåì êâàäðàòíóþ ñåòêó ñ øàãîì h . Îáîçíà÷èì � óçëû ( , )x x1 2 ñåòêè, ëåæà-

ùèå âíóòðè � ; � 0 — óçëû, äëÿ êîòîðûõ ñîñåäíèå óçëû ïî ïÿòèòî÷å÷íîìó

øàáëîíó ëåæàò âíóòðè � ; � — óçëû, ëåæàùèå íà �; � 0 — óçëû, ãðàíè÷íûå

äëÿ � 0 .

Ðàññìîòðèì ðàçíîñòíûé àíàëîã çàäà÷è (1), (2):

y y y x xt t t t
h

1 1 2 2
0 1 2� � , ( , )� � � 	� �, (3)

y x x� 	0 1 2, ( , ) �. (4)

Ââèäó íàëè÷èÿ óçëîâ, ïðèìûêàþùèõ ê ãðàíèöå �, â (3) èñïîëüçóåòñÿ ïÿòèòî-

÷å÷íûé îïåðàòîð íà íåðàâíîìåðíîé ñåòêå. Çäåñü
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òîð Ëàïëàñà �h
t t t ty y y� �
1 1 2 2

� � çàïèñûâàåòñÿ íà ðàâíîìåðíîé ñåòêå.

Ðàññìîòðèì ôîðìóëû Ãðèíà è óêàæåì èõ ðàçíîñòíûå àíàëîãè:
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Ñóììà ôîðìóë (6) è (8) äàåò ñîîòíîøåíèå
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ðàçíîñòíûì àíàëîãîì êîòîðîãî ñëóæèò ñóììà ôîðìóë (7) è (9):
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Çäåñü

( , )� �
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 — ìíîæåñòâà ñîîòâåòñòâåííî ïðàâûõ è ëåâûõ ãðàíè÷íûõ óçëîâ ïî

íàïðàâëåíèþ t1; �
2
� è � 2


 — ìíîæåñòâà ñîîòâåòñòâåííî âåðõíèõ è íèæíèõ

ãðàíè÷íûõ óçëîâ ïî íàïðàâëåíèþ t2 .

Çàäà÷à (1), (2) ýêâèâàëåíòíà ýêñòðåìàëüíîé çàäà÷å
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u dx dx uu dx dx k sk2
1 2 1 21 0 1 2 1, , , , ,( )

� . (12)

Ðàçíîñòíûé àíàëîã çàäà÷è (11), (12) çàäàäèì â âèäå
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s
h

t t
� �inf {( , ] ( , ] }1 1
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2
2 (13)

ïðè óñëîâèÿõ

( , )1 12� � , ( , )( )� y k � 0 , k s� 
1 2 1, , ,� . (14)

Ôîðìóëà (5) ñîãëàñóåò çàäà÷ó (3), (4) ñ çàäà÷åé (13), (14).
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ãäå l l L L1 2 1 2, , , — äëèíû ñòîðîí ñîîòâåòñòâåííî âïèñàííîãî â � è îïèñàííîãî

îêîëî � ïðÿìîóãîëüíèêîâ. Ôîðìóëà (15) ñëåäóåò èç (3) ñ èñïîëüçîâàíèåì (10)

ïðè � � y k( ) è u �1 .

ÂÛÂÎÄ ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÉ ÔÎÐÌÓËÛ

Îáîçíà÷èì z y u� 
 ïîãðåøíîñòü ñ.ô. íîìåðà k â óçëàõ ñåòêè � � �� � . Äëÿ z

ïîëó÷èì çàäà÷ó

z z z u u u x xt t t t
h

t t t t
h

1 1 2 2 1 1 2 2 1 2� � � � , ( , )� � � 
 
 
 	� � � , (16)

z x x� 	0 1 2, ( , ) �. (17)
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Îáîçíà÷èì # ïðàâóþ ÷àñòü â (16). Ââåäåì îïåðàòîðû óñðåäíåíèÿ [4, ñ. 56]
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Ñãëàæèâàíèå óðàâíåíèÿ (1) äàåò ñîîòíîøåíèå

T T u u T u T u T T ut t t t1 2 2 1 1 21 1 2 2
0( ) ( ) ( )� �� � � � � �� � . (20)

Ïîäñòàâèâ (20) â ïðàâóþ ÷àñòü ðàâåíñòâà (16), ïîëó÷èì äèâåðãåíòíóþ çà-
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Çàäà÷à (16), (17) ñ ïðàâîé ÷àñòüþ èç (21) ñ èñïîëüçîâàíèåì ôîðìóë (7), (9) è

(10) ïðèâîäèò ê ôîðìóëå
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Çàìåòèì, ÷òî ââèäó ãëàäêîãî ïðîäîëæåíèÿ ñ.ô. âûðàæåíèÿ T u1 è T u2

â (22) îïðåäåëåíû â îäíîìåðíûõ ñóììàõ. Èíòåãðèðóÿ ïî ÷àñòÿì è ïîëüçóÿñü òåî-

ðåìîé î ñðåäíåì çíà÷åíèè äëÿ èíòåãðàëîâ, ïîëó÷àåì
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 �[ , ], [ , ]x h x h x h x h . Åñëè óçåë ( , )x x1 2 ïðèíàäëå-

æèò � 0 , òî
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Ñëåäîâàòåëüíî, ïðåäåë ïðè h $ 0 ðàâåíñòâà (22) íå ñîäåðæèò óêàçàííûõ èí-
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Èç ôîðìóëû (25) ïðè äîñòàòî÷íî ìàëîì h ñëåäóåò îöåíêà � �k k
h� .
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ÃÐÀÍÈ×ÍÀ ÕÀÐÀÊÒÅÐÈÑÒÈÊÀ ÒÎ×ÍÎÑÒ² ÄÈÑÊÐÅÒÍÎÃÎ
ÀÍÀËÎÃÀ ÑÏÅÊÒÐÀËÜÍÎ¯ ÇÀÄÀ×²

Àíîòàö³ÿ. Ðîçãëÿíóòî çàäà÷ó íà âëàñí³ çíà÷åííÿ äëÿ îïåðàòîðà Ëàïëàñà
ç êðàéîâèìè óìîâàìè Ä³ð³õëå íà ìåæ³ äâîâèì³ðíî¿ îáëàñò³ äîâ³ëüíî¿ ôîðìè.
Çà äîïîìîãîþ ñê³í÷åííî-ð³çíèöåâî¿ àïðîêñèìàö³¿ äîâåäåíî ãðàíè÷íó îö³íêó
òî÷íîñò³ ïðîñòîãî âëàñíîãî ÷èñëà. Ç àñèìïòîòè÷íî¿ ôîðìóëè âèâåäåíî
îö³íêó çíèçó äëÿ ïðîñòèõ âëàñíèõ ÷èñåë.

Êëþ÷îâ³ ñëîâà: îïåðàòîð Ëàïëàñà, ñïåêòðàëüíà çàäà÷à, ð³çíèöåâà ñõåìà,
àñèìïòîòè÷íà ôîðìóëà, îö³íêà çíèçó.

V.G. Prikazchikov, N.V. Mayko
THE LIMIT ACCURACY PROPERTY FOR THE DISCRETE ANALOGUE
OF THE SPECTRAL PROBLEM

Abstract. The spectral problem for the Laplace operator with the Dirichlet
boundary condition in a two-dimensional domain is investigated. By using the
finite-difference approximation the limit accuracy estimate for a simple
eigenvalue is obtained. From the asymptotic formula the lower estimate for
a simple eigenvalue is drawn.

Keywords: Laplace operator, spectral problem, simple eigenvalue,
finite-difference scheme, asymptotic formula, estimate from below.
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