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HJI�KML�ÞJN�O/PDQ�O/PSR;T

U<V=W�X�W�Y,Z&W
[]\_^;`�a�b�cdb�^#\fe=g/h iJj&k,l m8h�n�e#oJh�l�nF`8j#k;^#`�a�k#pJb�h�qJk,r

h eJs&k,l eJ^#eJntnu^,b�qdeFl�e=c;\<rv^Jb�sMk#^,b�o#^&\<rwh�k,h l�b a*`�rxh
l eJp=q,kzy�cJb�^;k/{|s;k&^Jb�o;^Je#ozjdk;^#`}aEk;q#kz~ l�k#r�h�kJh�l b�a��
��e/jtj&k#^;`�a*kJpJb h�q#kJa�h�eJs&k,l�e#^JeJa|�,e=^;kJa*`�b l�h�{�^Jb s�k#�
^#b�o#^,eFbv�#c,eFh�l�c#`�^#h�l�n�b�^#^#e�s,edqJ`}s&k#y�edn/`�^&^de=bxn}e=y�aEi#�
� b�^#k,b(k#y�iJp#`�b a�e=o�h�k,h l�b�aE\��;h l�`�g#kJsMm�^,eFh�l�m�qJeFl�e#cJeF��e
e=g/b h��,b p#k#n/`�b l�h�{�^#`�s�kJp#k,b a��#cJeJh l�\<r�`�j#j#k,l�k,nF^;\<r
k&^Jl�b�� c#`�s;e=n]j;nFkJ�+b�^#kd{�����c,k#a�b�c#`�a*k%l�`�q,kJr�h�eFs�kJl�e=�
^#eJn]a$eJ��i#l�h�s#iJ�(kJl�m�h�eFs�kJl e#^%^,b s&k;^Jb�o&^de=��e6idc;`�nF^db��
^&k/{��tcJb�j&k#^,��b�c;`u���������%kJs�k�a�`���^#k#l�^#\�o�h�eFs�k#�
l e#^]���F���

� k;^#`�a�k#pJb�h�qJk;o]h�eFs�kJl eJ^]eJg=\<p#^,e�r�`�c#`�qJl�b�c#k,y�i#b�l �
h�{Cn/^#iJl�cJb�^,^#b�o�p#`�h�l e/l e#o>�#y�^#`�pJb�^;kJb+qJeFl�e=c,e=o¡{&n�s,{db�l �
h�{¢e/j&^#k,a_kJy(eJh�^Je#nF^#\£r¢�;`�c#`�a�b l�cJe#n�h�eFs�kJl�e=^;`,�?¤�c#`��
j&k&¥,k#eJ^&^Je j;k#^&`�a*kJpJb�h�q,kJb h�eFs�kJl eJ^&\ n ¦8kJy�k&q/b
qJe#^Jj#b�^Jh�k;cJe#nF`�^,^#e/��e�h�e=h�l�e/{&^#kd{§kJy�iJp#`�sMkJh�m�^&`!e/h�^,e=�
n�b_^Jb�sMk#^,b�o#^&\<ruj;k&¦�¦ b�cJb�^&¥;k#`�s�m�^&\<r�i#c#`�nF^,b�^,k&o¨h
�&cJeJh�l c;`�^Jh l�n�b�^;^#\<a*k©�;cJe#kJy�n�e/j&^&\<a*kªn�l�e=cde=��e«�,e=�
cJ{#j#q#`,�(¬zh s;iJp#`�b]h�q#`�s,{&c#^,eF��e��de=sd{­j#k;^#`�a�k#pJb�h�qJk;o
ed�db�c;`�l eJcue/g=s;`�j&`�b l6p#`�h l�eJl `�a�kus;e=q#`�s�m�^&\<r�h e/h l�e�{&�

^;k#o��$c#`�h��#e/s&e/�+b�^#^&\<a*k�eJg}{dy�`�l�b s&m/^Je�nF^Jb�k;^Jl b�c#n/`�sM`
h��#s#e#®+^de=��e�h��,b�qJl�c&`,�*�8eF~�l e/a�i¢h�eFgJh�l n�b�^&^,`�{¢p#`�h�l e/l�`
j&k#^;`�a*kJpJb h�qJe/��eth�eFs�kJl�ed^,`u�JeJj=eJgJ^#e/��e�¦�k#y�kJpJb h�qJe/��e
�,eFs,{E�(q#`�q¯p#`�h l�eFl�`%s�°�gJeF��eus,edqJ`}s&k#y�edn/`�^&^de=��etn}eFy��
gJiJ��j,b�^;k/{��=e/gF{#y�`�^#`8^&`�r;eFj;kJl�m}h�{�nF^,b�h��,b�q/l�c#`�� n�h s;i#�
p#`�b±���+� k#s&k²a*`�� ^,k#l�^JeJ��e±h e/sMkdl e#^#`ª³ ^#k,�8b
h��#s#e#®+^de=��e!h��,b�qdl c&`J�/�

´�k#l�i;`�¥&k/{²aEb�^/{#b�l h�{µ�#c#k²k,y iJpJb�^,k&k¶j#k&^#`}aEk;q#k
j&kJh�q#cJb�l�^#eJo�h�k,h�l b�aE\·k,s&k�j&k,^&`�a*k#q#kwqJe=^,l�k,^#i#`�s�m��
^,e=o¨h�k#h�l�b�a�\��8e=�;kJh�\ nF`�b�a�e=o¨j&k,¦�¦�b�cJb�^&¥#k;`�s�m�^&\<a*k
i#c&`�n/^Jb�^&k/{#a*k�gJeFs;b�b(nF\<h�e#qFeJ��e���pJb�a¸n}l�e#cJe#o����,e=c={dj;�
q#`��&cJe/h l�c#`/^Jh l�n�b�^#^;\<r¹�#cJe#kJy�n�eJj#^&\<r±�2º;����¬±~ l�eFa
h�s&iJp#`�b(a>eJ��b�l�e=q#`�y�`�l�m}h�{��&pJl�eBp#`�h�l e/l�`�h�eJs&k#l�ed^,`��#eJ�
�;`�j#b l�n�h��#s,ed®�^Je#o4h��,b�q/l�c4��`�cJa�e=^;kJpJb h�q#kJr�q/eJs#b�g#`��
^;k#o��*k]n�eJy ^;k#q#^,iJlC�#cJeJg/s&b�a*\th�i � b�h l�n�e#nF`�^,kJ{]h e/sMk,�
l�e=^;`_�&c,kt^;`�sMkJp#k#k�kJy�s;i=pJb�^#kd{ts&k&^db�o;^#\<rxn�e/sM^>�(`
l�`�qJ�8bfc;`�j&k#`�¥;k,e=^;^JeJ��eun�y�`�k,aEe/j#b�oJh l�nFkd{uh eJs&k,l eJ^#eJn
��h�a �»��^;`��;c#kJa�b�cE�¼�¾½>�5¿M���/��¬Àc#`�gJeFl�bu�GÁ;���JeJh�l�cdeFb�^&\
�,eFj#e/gd^,\�b�h�eFs�kJl�ed^,\�n�aEe/j#b�s&mF^#\£r���Â«h�kJh�l b�a*`�r�k
eJgFh�iJ�+j#b�^#\�kJr]h�n}e#oJh l�nF`,�*[]\�r&e/l�kJau�Je#qJ`�y `}l m;�$pJl�e
gJeFs�m�®+k;^Jh l�n�e�n�eJy�^#k;q=`/° � k,rÀ�;c#kÃ~ l�eFa·~�¦ ¦�b�qJl eJn
h�n�{#y�`�^,e4h�e%h�n}e=o,h l�nF`�a*k%s�k#^,b�`�c,k#y�e#n/`�^&^#\<r¨i#c#`Fn/^Jb��
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^&k#o��#e=�;kJh�\�nF`F° � k,rB� `�cJa�eJ^&kJpJb�h�q,kJb+qJeFs;b gJ`�^&k={CkJy i#�
pd`�b�a�e#oBh�kJh�l b�a*\��Mn�p=`}h l�^#e/h l�k!h+y�`�qde=^,eFa]j&k,h��db�cJh�k;k
a�`�s�\<r©qde=s,b g#`�^#k;o>���*l�k i#c#`Fn/^Jb�^;k/{«eJ�&cJb�j#b�sJ{&°�l
`�h�kJa*�Jl eJl k;q#k �JeJsJ{±^&`wgFeJs&m/®+kJr±c&`�h�h�l e}{,^;k/{#r eJl
h eJs&k,l eJ^&`�k h�e=jJb�c#�+`�l�gJeF� `�l�i#°�k,^&¦�e=cda�`�¥;k;°ue�n�eJy �
aEeJ�+^;\<rCh�eJs&k,l eJ^&^#\<r�cJb�® b�^;k/{#r¢^Jb�sMk,^#b�o#^;\<r�i#c#`�nF�
^#b�^#k;o>�

����� X;Y��
	�W��&Y�
 W�Y&W��#Z;Y&W��#Y�
 W��/Z�����W�	�

�+��c#`/^#k#pJk#a�h�{©�#c,eFh�l eJo©^db s�k#^,b�o#^,e=o a�eFj,b s&m/°��

i#p=k,l�\�n/`�° � b�o�n/\<h�®8i;°_j&k,h��Jb�cdh�k;°ukB�,eFy�n�eJsJ{&° � b�o
ed�,k#h�`�l�m!c#`�y�^#e/e=gJc&`�y�^#\<b�h�k#l�i&`�¥&k,k��$n�eJy�^#k&qJ`/° � k,b¡n
h eJs&k,l eJ^&^dedo�jdk;^#`}aEk;qJb��

� ∂ψ
∂ � + ∂

�
ψ

∂ � � + ∂
�
ψ

∂� � + � (ψ) = � �
�J�F�

� (ψ) = �ψ � � ψ + γ 0 


∂ψ
∂�





�
ψ + γ � �ψ � � ∂  ψ

∂ � � − γ !"�ψ� � ψ �

#�iJj#b a±k#^,l�b�c#b�h�e=nF`�l�m�h�{�l�eJs&mFq/e�h�l `F¥#k,e=^;`�c#^;\<a*k
h eJh�l e}{,^;k/{#a*k

ψ(� � � ) = ϕ(� ) $�% ω & �;l#� b,�&h�n�eJo#h�l�n/`�a*kC^db��
sMk#^,b�o#^#e/��eBi#c#`/nF^Jb�^;k/{

ωϕ = ϕ'(' + ϕ)*)�)*) + + (ϕ)
� � º;�

, k;^Jb�`�c&kdy eJnF`F^,^#e/b�i#c#`�n/^#b�^#k,b#�¡�,eFs;iJp#`�° � b b�h�{x�&c,k
e=l�g=c,`�h�\�nF`�^;k#k�h s�`���`�b�a$eJ��e � (ϕ)

n���º;�/�Ek#a�b�b l�y�`Fq/e#^
j&k#h��Jb�cJh�k&k���h�a��$c#kJh,�<���

ω = − -� + . � � ��½��
¬|l�eFp#qJb,� ��j#b . � = .0/� =

�21�º?��p=`}h l�e=l�`
ω

j,e=h�l k,��`�b�l
^&`�k,a$b�^&m�®�b���e�y�^&`�pJb�^#kd{

ω / = − 3 1*¿§�E´<s#b j,e=nF`}l�b�sMm��
^#e?�	kdaEb�b�a­^,b��,c#b�c#\�nF^;\�o]h��Jb�qJl�c]h�eFgJh l�n�b�^&^#\£r]p#`�h��
l eJl+��`FcdaEeJ^&kdp=b�h�q#kJr¢qJe/s&b�g=`/^#k;o

ω/54 ω 4 ∞
�

�+b�l�cdi=j;^Je�nF\<p#kJh�sMkJl�m�¦�i#^&qJ¥;k&°76=c#k;^#`�s&k;^Jb�`/c#k#�
y e#nF`�^,^#e/��e�idc;`�nF^db�^;k/{��$eFl�n�b�p#`�° � id°�h�l�`�¥;kJe#^#`/c#^#\�a
qJeJs#b g#`�^#kd{#auh�e=�;cJb j,b s#b�^;^Je#o]p#`�h l�eFl�e#o

ω
k4eJ�&kdh�\��

nF`�° � i#° c#`�h�r&e/jJ{ � i&°£h�{�^;`�gFb�h�qJeJ^#b�p#^JeJh l�k�n}eFs�^Ji>�
¬_k&^Jl�b�c#nF`}s#b(pJ`�h�l�eJl � 4 ω 4 ∞

e=^;`�kJa�b b�l(n/k#j
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�
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¬ k&^dl b�c#nF`}s#b p#`�h�l eJl h��Js;e=®+^,eF��e h��db�qJl�c#`
ω / 4 ω 4 � ¦�id^;q#¥#kd{>6=c#k;^#`B^db¡k,a$b�b l�~�qJh��ded^db�^;¥&k,�
`�s�m�^#e!h��#`}j#`F° � k#r�h�s&`}��`�b�a*\<r?�
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ω(� ) =

�
¿
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� �=F#�
�(`Fq/e#^Jb�¥���b�h s;k�p#`�h l�eFl�`�s#b��(kJlx^#k,�8bth��#s,ed®�^#e/��e
h��#b�q/l�c#`��

ω 4 −
�21�¿&�/��l�eC¦�i#^&q#¥,kJ{>6=c#k;^#`!�#c#k,eFg#cJb��

l�`�b l(k;^Ji&°�¦�e#cJa�iG�
8

ω(� ) =
�

¿
κ . 9

−κ 'IH2J@K ( . � + ϕ)
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��jJb

. � − κ
�

=
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κ . = √ω / − ω
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�J����k#^#`�a*kJpFb�h�qJkJb�h�eFs&kJl�e=^#\¯h�p=`�h�l�eFl `�a�k
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aEk�cJb�®8b�^,k/{=a�k��/���/�#l�e�^Jb8a�eF��iFl+kJy�s#iJp=`�l m�s&k#^Jb�o#^#\<r
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jJb�odh�l�n�k={­h�e/s&kJl�eJ^Je=nM��k>� �de=�:n/kJj#kJa$e/aEi?��gJ\<s#e_nF�Jb c,�
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º?�WV�`�h�l eJl `}a
ω /54 ω P � n4�#c;k#^;¥#k&�db4^Jb¢a�eJ��iJl

eJl n�b�p#`�l�m¼h eJs&k,l�e#^#^;\<bBcJb�®8b�^;k/{��$l `/q�q#`�q�e/l h�iJl h�l�n}i#�
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½>��¤�k;�#k,p=^,eFb�s&k;^Jb�o;^JeJbBh�l `/¥#k#eJ^&`�c,^#e/bBh�e=h�l�e�{&^&kdb
n%k#^,l�b�c;nF`�s,b]pd`�h�l�eFl

ω X�� ³ ~�l e_qJnF`}y k,s#e#q#`�s&k,y eJ�
nF`�^;^JeJb�qJeJs#b�g#`�^#k,b#�(eJj&^,`¨h e/h l�`�n�s,{&° � `�{�qJe/l eJc#e/��e
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�(`�s�kJp#kJb�i&qJ`�y `/^#^&\<r¨`�h�kJa*�Jl eJl k;q%e/y�^#`}p=`}b lJ��pJl e
n�eJy a>eJ� ^;\<bBh�eFs�kJl�e=^;^#\�bBcdb�®�b�^,kJ{¢i#c;`�nF^Jb�^;k/{¸�J���+h
pd`�h�l�e=l�`�aEk

ω X � �¡qJ`/qt�;c#`�nFk,s#e>�+h e#�#c,e=n}e=�8j&`�°�l�h�{
k#y�s#iJpJb�^;kJb�a±��`FcJa�e=^;kJpJb�h�q#kdr¹n�eFs�^>���+a�b�°�l�h�{|c,`�y �
^&\<bue/g��,{#h�^db�^;k/{|¦�k#y�kJpJb h�q#kJr��;c#kJp#k&^wkxiJh�s&eJnFk;o
h i � b h�l�n}e=n/`�^&k/{�n+~�l�eFa4k;^Jl b�c#n/`�s#b8p#`�h l�eJl8h e/sMkJl�e=^,e=n
g=b�y(k,y�s;i=pJb�^#kd{E�

��s,{ n/\	{#h�^Jb�^;k/{¢^#b�eFgJr#eJj#k#a*\<r�iJh�s&eJnFk;o>�$�&c#k qJe=�
l e#c#\<rªk#y�s#iJpJb�^;kJb eFl�h iJl�h l�n�iJb�l#��c#`�h�h�aEe/l�c,k#a nF\��
^#iJ�+jJb�^&^JeJb8c#b�®8b�^#k#b�sMk,^#b�`�c#k,y eJnF`�^;^JeJ��e�i#c&`�n/^Jb�^&k/{��
�#eJc#e/�+jJb�^;^JeJb(c#`�h��&cdb j#b�s#b�^&^dedo!h�k#s,edo��

(� )
�&h eJh�cJb�j#e=�

l eJpFb�^;^Je#oÀ^,`xa*`�s;eFa«k;^Jl b�c#n/`�s#b � n�g/sMkJy�k � = � ���iJh�l�m �
( � )

i#g=\�n/`�b�l%h�c#`�h�h l�e�{&^;kJb a g=\<h�l�cdb b,�(pJb a

9��
	 (− κ � � � ) ��¤>eF��jd` cJb�® b�^;kJbCn/^#b!eFgJs&`�h�l�k6�#c#k,s#eJ�8b��
^&k/{�h�kJs�\uc#`�nF^,e
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�¢i#c&m�btc,`�h��#cJb�j#b s;b�^#kJ{zh�kJs�\·e/g#c#` � `�b�l�h�{|n�^JiJs�m
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l e#o

ω = ω( . � ) ^Jb�n�eFy�gFi,��j;`�b l�k#y�s;iJpJb�^#kd{4^#`�gFb�h�qJe=�
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∫ � (� ) ��� H -�� � � = ! � �J��º,�
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∫ � (� )
H J K -�� � � = ! � �J��½;�

�+j&̂,̀FqJe+hJs#b/j#i#b/l �Je,a�̂,kJl�m,�Fp/l e��Je#h#q/e&s&m/q/i(pJ̀�hFl�e&�
l�\�l�̀�qJe/��e qdeFs;b gJ̀F̂#kd{§�,e=�;̀�j&̀�°�lCn q#nF̀�y�k&̂db��;cJb�c#\�nF�
&̂\�o%h��,b�qJl�c���b���e%n�b�h n§s&k&̂db�o;̂Je#o%j#k&̂,̀�aEk;qJb�eJp/b�̂;m
a�̀�s	�B�Je#c/{#j&qJ̀w� 1
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