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Cyclotron resonance absorption from a two-dimensional electron solid formed on a free surface of

liquid helium is analyzed by means of the memory function formalism. The presence of the low-frequency

phonon mode of the Wigner solid in a strong magnetic field is shown to broaden significantly the

electron dynamical structure factor (DSF) as a function of frequency, strengthening the contribution

from multi-phonon emission terms of the high-frequency mode. Thus in most cases the linewidth is

formed by nonlinear terms of the DSF expansion in the cyclotron motion factor exp (=it f) rather than

by the linear terms analyzed previously. The inclusion of all these multi-phonon terms changes the sign

of the many-electron effect and agrees well with available experimental data, eliminating the discrep-

ancy between theory and experiment.

PACS: 73.20.Dx, 73.25.+i, 76.40.+b

1. Introduction

Coulomb forces can strongly affect the properties
of a two-dimensional (2D) electron system. An
extreme example of this kind is the Wigner solid
transition. The Wigner solid (WS) of a 2D nonde-
generate electron gas was firstly observed in a sheet
of electrons formed on a free surface of liquid
helium [1,2]. The long-range order of a finite 2D
electron system was detected by a resonance cou-
pling of the electron lattice with capillary wave
quanta (ripplons).

Significant research has been performed on using
the cyclotron resonance (CR) as a probe of the
many-electron effects and WS phase. A strong nar-
rowing of the CR linewidth was observed in semi-
conductor degenerate 2D electron systems [3,4] for
small filling factors. It should be noted that in
degenerate systems, the influence of Coulombic ef-
fects increases with lowering electron density n, . A
detailed experimental study of CR absorption from
surface electrons (SEs) on liquid helium was re-
ported in [5,6], though by that time the many-elec-
tron theory were not enough developed to explain
these data. For SEs on liquid helium the Fermi
energy is very small €, <<T, and increasing the

electron density introduces many-electron effects.
Some data of Refs. 5, 6 had shown a decrease of the
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CR linewidth with increase of the holding electric
field E; , which was maintained under the satura-
tion condition: E =2Tmen, . However, at low tem-
peratures, the holding electric field acts also as an
electron—ripplon coupling parameter affecting di-
rectly the CR linewidth.

A CR theory of a 2D electron crystal was intro-
duced in Ref. 7. According to it, the CR linewidth
is due to decay of the long-wavelength (k - 0)
high-frequency phonon Q .k U W, into a short-wa-
velength phonon of the same branch accompanied
by the creation and annihilation of a great number
of low-frequency phonons Q_, t ml,kmt,k/mc <<
<< T/h [here w s the spectrum of longitudinal
(p =1 and transverse (p =t) phonons in the ab-
sence of the magnetic field, and w, is the cyclotron
frequency]. The WS theory [7] was confined to
analysis of the linear terms of the conductivity
expansion in the cyclotron motion factor exp (-2w,f),
which is similar to considering only one-phonon
terms in the dynamical structure factor (DSF) of a
solid. This approximation resulted in a remarkable
conclusion: the CR linewidth y, decreases with
electron density as Yer U n;3/4 [7]. This result was
used to explain the narrowing of the CR absorption
line reported earlier [5,6]. A similar result was
found employing the path-integral method [8].



A direct check of the theory [7] performed for
SEs at low temperatures (T = 0.062 K) and rela-
tively weak magnetic fields (B H0.071 T, fiw, /T d
H1.55) has strikingly shown an opposite density
dependence: the linewidth increases with electron
density approximately as y,, O n [9]. In this ex-
periment, the electron density was varied inde-
pendently of the holding electric field. For a liquid
state of the electron system the explanation of this
conflict between experiment and theory was found
in Refs. 10, 11: the ultrafast motion of electron
orbit centers in a fluctuational many-electron field
E, stimulates electron scattering between different
Landau levels, causing an increase of the CR line-
width. This picture describes nicely the CR absorp-
tion from SEs on liquid helium interacting with
helium vapor atoms. Still, it is of interest to find
out how this concept changes for the WS state, and
what revision of the WS theory should be intro-
duced.

In this paper, to describe the CR of the WS we
employ the memory function formalism [12,13],
which allows one to find a relation between the CR
linewidth and the electron solid DSF S(g, w). The
analysis of the Wigner solid DSF in the presence of
a high magnetic field performed here shows that for
strong Coulomb forces the nonlinear terms of the
expansion in the cyclotron motion factor exp (—zw,t)
cannot be disregarded. In other words, multi-high-
frequency-phonon terms crucially affect the CR
is the magnetic length). The strong broadening I' .
of the DSF S(g, w) caused by the low-frequency
mode Q_, , makes it possible to emit many high-fre-
quency phonons Q, x - N, , a process which is
equivalent to the electron scattering on higher Lan-
dau levels introduced for the electron liquid
CR theory [10]. When all of the nonlinear terms
exp (-iw tN) are taken into account, the Wigner
solid DSF is found to be similar to the DSF of
a highly correlated electron liquid reported in
Ref. 11. The result of evaluation of the CR line-
width induced by the electron—ripplon scattering
agrees well with experimental data of Refs. 5, 6 and
9, eliminating the conflict between theory and ex-
periment.

2. Basic relations

The memory function formalism [12,13] estab-
lishes a general relation between the electron con-
ductivity o and the memory function or the relaxa-
tion kernel M(w). The effective collision frequency
can be introduced as v i =1Im [M(w)]. Searching
for the CR linewidth, we disregard Re [M(w)] or
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consider that it is included somehow in the defini-
tion of the resonance frequency. In this case, we
have

ien

> (1)

o _*io = - .
xx Y mlwF mc+zveff(m)]

In the conventional procedure [12], M(w) is expres-
sed in terms of the force—force Green’s function.
For Im [M(w)] the final equation can be simplified
significantly by employing general properties of the
Green’s function,

Vegr(@) =

00

_ [ -exp (-h/T) m :
= 26211553&19A J. Wx(t)FxDeXp (wt)dt ,
e (2)

where S, is the surface area, FB = i[JB , H, ;] is the

force acting on electrons (with a factor e/m),
determined by the interaction Hamiltonian H, ; and

current density J = -5 ev .
S

Ripplons represent a sort of 2D phonons with the
capillary spectrum @, = Vo /p ¢3/2 (here a is the

surface tension and p is the density of liquid he-
lium). On introducing a 2D electron density opera-

tor ng =3y exp (—iqr)) and the interaction Hamil-
N
tonian
H L Un (b +b")
int_;/fA Z g"-q%q " O -
q

3

the force operator can be found as [ 14]

ihe +
FB T W Z qBanﬂl(bq * b—q) - @
q

Here b_ is the ripplon annihilation operator.
The particular form of the electron—ripplon cou-

pling Vq is taken from Ref. 15:

\4 E_+ /\q2 Dq2 . (5
=e of w s
T T

where
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yg is the localization length of the electron
wave function in the perpendicular direction, A =
=¢%(e - 1)/[4(e + 1)], and € is the dielectric con-
stant of liquid helium.

Equations (2) and (4) allow one to express the
CR linewidth function y . ,(w) = 2v () in terms of
the equilibrium electron DSF

[ - exp (-hw/T)]
27 me

Yop(®) =

hg

2172

ququp [V, + 1)S(q, w-w) +
q

+ N, S(g, w+ wq)] - )

Here N p is the ripplon distribution function. We
use the conventional definition of the electron DSF:

S, @ = N! J' exp (iwt) @ (t)n_ Ot |

where N, is the number of electrons. Equation (7)
can be applied to either state of the electron system:
liquid or solid. In most cases, the resonance fre-
quency ® is much higher than the typical ripplon
frequency W, , and the latter can be disregarded in
the argument of the electron DSF.

3. Wigner solid dynamical structure factor

According to the previous Section, the determi-
nation of the CR line shape of a 2D electron system
is reduced to evaluation of its equilibrium DSF. The
important thing is that the Wigner solid consists of
charged particles, and its dynamics is crucially
affected by a strong normal magnetic field B. The
magnetic field mixes the longitudinal and trans-
verse phonon modes. According to [16], the excita-
tion spectrum of the WS Q (here p =+, -) is
determined by the equation

2 _ 9 9
200 T W, W,

VS T T IR

i\/z‘*’zk“*’tk“*’) A400; 0, - (8)

For high cyclotron frequencies we disregard the
presence of surface dimples beneath each electron.
In the limiting case w, >> w, , , the spectrum of the
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low-frequency mode decreases steadily with B as
Q_, L 0y 0y p/®, 01/B, while the spectrum of
the high- frequency mode Q, k approaches w. [0 B.

Althongh the electron displacement operator is
also affected by the magnetic field, its general form
can still be written in a conventional way:

1,2
o =r D/

u = Z 0 [E kd k
n 7 p.X p,
oy ?AemeykD

In the presence of the magnetic field, the polariza-
tion vectors of the WS phonons E pk 4re N0 longer
orthonormalized [17]:

exp (tkr ) + h.c].
9

Q_
E—,k =sin (A) et i cos (A) €5
t,k
(10)
E _ A .. Q+,k
sk = COs ) €, ~isin o, €1
t,

where e, k and e, are the usual polarization vectors
in the absence of the magnetic field, and

A2
‘*’f,k O

— . (11)
VY
Q+,k Q—,k

sin’ M\ =
It is easy to prove that |E+ k|2 +|E_ k|2 =2. In

the strong magnetic field limit, |E_ k|2g( T

+ 0¥ ,)/w - 0, while [E, 2 U 2.
Following the procedure developed for the neu-

tron scattering theory [18], the Wigner solid DSF
can be written as

S(q, @) =) exp (—igr ) x

n

O [l
xJ.exp ot + 247 S [W (n, £) - W0, 0)]Ddt
- B p=r.-
(12)
where

E
W o=ty
8N€m . prk

X ﬁnpyk + 1) el(krn_QP,kt) + npyk e_i(krn_gp,kt)ﬁ, (13)
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n, & is the WS phonon distribution function. Usu-
ally, the expansion of Wp(n, t) in Qp,kt is justified
only for high temperature range 7 > 6, , where
8, is the WS Debye temperature. In this case, the
Debye—Waller function 2q2Wp(0,0) >>1 and the
main contribution into the integral of Eq. (12)
comes from the region near ¢ = 0.

Another approximation is usually used for low
temperatures, when 2¢2W(n, £) is small. In this
case, the exponential of Eq. (12) is expanded in
2¢°W(n, t), giving an elastic term, one-phonon
terms, and multi-phonon terms.

In Ref. 7 it was reasonably noted that for strong
magnetic fields the frequency Q—,k is low, and one
can expand the displacement correlators in Q—,kt
even for temperatures T << 6, . Additionally, it
was shown that one can use the incoherent approxi-
mation. Taking this approach, we find

2
rcD

ith(
2AIW_(0,8)-W_(0,01 9 -2 — @ +——
74n° 5 T
fiw (14)
re=—SIE_ fra , @n ,+1),
Ne k

where x_ = ¢%I2/2 is the dimensionless parameter.
At @, >> w; , , we have '~ = V2 eE}O)l, with

eE](ro) = -\/(_mT/Ne) Z (mik + t,k) . (15)
k

The quantity EQ) is a measure of the average fluc-
tuational electric field acting on an electron. The
most important physics comes from the first term of
Eq. (14), proportional to 2. It is due to this term,
affecting the time integral of Eq. (12), the conven-
tional energy-conservation O function is replaced by
a heavily broadened Gaussian function.

For the high-frequency mode one can assume
n,, <<1 and |E+,k|2 U2, which gives

X
2q°W,0, 08 L
e k Tk

[«

exp (-iQ, 1), (16)

and 2(]2VV+(0,0) U X, where Q+,k U w, - There-
fore, we can keep the high-frequency Debye—Waller
factor exp (—xq) as it is and expand the DSF in
2(]2VV+(O, t), a procedure which is similar to the
conventional low-temperature expansion. Thus, we
have multi-phonon emission terms for the high-fre-
quency mode. Usually, the scattering events de-
scribed by terms proportional to exp (-iNw,t) are

forbidden at low temperatures T << fiw, (except
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for the term with N = 1), since a ripplon or a vapor
atom does not have enough energy in the laboratory
frame for such emission. In our case, the multi-pho-
non emission of high-frequency phonons is possible
because of the strong broadening introduced by the
low-frequency mode [Eq. (14)]. Such emission is
accompanied by the creation and annihilation of a
great number of low-frequency phonons.

A straightforward evaluation of all terms of the
expansion in 2¢> W,(0, t) gives the following result:

2Vnn
S(g, w) = x
Fe
o N2 g R (w - Nw )20
XZ 9 exp E[-x —7( > o % (17)
N! o x T 0
N=0 0 7¢ g

We have disregarded the small frequency shift
caused by the second term of Eq. (14). Contrary to
Ref. 7, here the WS DSF involves many quanta of
cyclotron motion (Nw,). Surprisingly, Eq. (17)
evaluated for the electron solid state coincides with
the DSF of a highly correlated electron liquid [11]
in which the electron motion is affected by the
quasi-uniform fluctuational electric field E, distrib-
uted as a Gaussian with VIE20= EI}O) and the colli-
sion broadening of Landau levels I'y; is disregarded
(F>>T,). The quantity ' can be called the
Coulomb broadening of the electron DSF, but it has
no relation with the Landau level broadening.
Moreover, according to [10,11], the quasi-uniform
fluctuational electric field reduces the collision
broadening of Landau levels. The result of Eq. (17)
explains the experimental observation reported in
Ref. 9 that the WS transition does not affect the
CR linewidth.

The first term (N =0) of Eq. (17) describes the
DC magnetoconductivity of the WS. In the extreme
limit I, >>T, , the electron DSF S(q, 0) O
01,/T,0 nS_S/ , which decreases the effective colli-
sion frequency and 0. .

When the fluctuational field is weak (', << W),
the CR linewidth is determined by the term with
N = 1. The frequency dependence of Y, (w) affects
the CR line shape. As a result, the CR absorption
approaches the Lorentzian shape only in the limit
F'c >> Yog(w,) where Y- 5(0) Hconst. In spite of the
frequency dependence of the parameter Y., , the
linewidth of the absorption curve at the half-height
is very close to Y- p(w,). Increasing the fluctuational
field £ makes nonlinear terms (N # 1) important,
changing significantly the density dependence of
the linewidth.
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4. Results and discussions

Employing the Wigner solid DSF found above,
the CR linewidth y ,(w,) can be written as

(eE)’[1 = exp (-fiwo/T)]T

Ver(@) = 2V fial . )
“ 1
xy N Fy (o N = 1],/T ), (18)
N=0
where

Py = [V exp (-0t da
’ . (19)
_ X ox [
Vs(x) =1+ —eEDlz w ?VZIQ D,

the coupling function w(x) is defined in Eq. (6).
For small broadening of the WS DSF (I' ., << 7iw,),
the main contribution into Eq. (18) is given by the
term with N = 1. Since F(0) does not depend
directly on the electron density n, , the CR line-
width determined by this term decreases with elec-
tron density Y g(w,) O 1,/T
Ref. 7.

For strong Coulomb broadening of the DSF
(. 07w terms with N # 1 play an important
role, changing the sign of the many-electron effect
on the CR linewidth: a decrease of the CR line-
width is turned into an increase. Therefore, the
same Coulombic effect (broadening of the electron
DSF) leads to the successive narrowing and broad-
ening of the CR linewidth.

Under conditions of the experiment of Ref. 9,
the Debye frequency of WS phonons w;, 1 ®, and
therefore the requirement W , < @, is met only for
the long-wavelength part of the phonon spectrum.
According to Eq. (14), in this regime I, ¥ 7o, and
the terms of Eq. (18) with N >> 1 should be
dominant. In evaluating Eq. (18) numerically we
use E}-O) found by Monte Carlo simulations [19] for
a broad range of the Coulomb coupling parameter
e? Vi, /T. The full linewidth of the CR calculated
according to Eq. (18) is shown in Fig. 1. When
varying the electron density n  the holding field is
fixed at E; =275 V /cm. It is clear that the contri-
bution from the linear term (the approximation of
Ref. 7 — dashed curve) cannot explain the experi-
mental data. On the other hand, the contribution
from all terms (solid curve) behaves in good accord-

¢ » in accordance with

Fizika Nizkikh Temperatur, 2001, v. 27, No. 6

100

7=0.062K

CR linewidth , MHz
D
(e

e
——m - - ——

Fig. {. CR linewidth vs n_: data from Ref. 9 (circles), WS
theory [Eq. (18)] (solid curve), approximation of Ref. 7
(dashed curve).

ance with the data. The deviations of the experi-
mental data from the proposed model appearing at
high densities are assumed to be caused by the
substantial increase of the WS Debye frequency
Wy, > W, and Q+,k for the short-wavelength part of
the phonon spectrum.

It is interesting to compare the new WS theory
with the old linewidth vs E_ data of Refs. 5, 6,
where the electron density n, was varied according
to the saturation condition E g = 2men . For compa-
rably high temperatures (T = 0.72 K), in addition
to the electron—ripplon scattering, we take into
account the electron interaction with vapor atoms.
The half-width data and the corresponding theoreti-
cal curves are shown in Fig. 2. The theoretical
curve, including all nonlinear terms exp (INw,)
(solid curve), describes the data nicely. For the low
temperature regime of Fig. 3 (I'= 0.4 K) the
interaction with vapor atoms can be disregarded.
Both figures (2 and 3) show that the contribution
from terms with N > 1 is crucial for strong holding
fields (high electron densities). The holding field
dependence of the electron—ripplon coupling Vq is
not strong enough to explain the sharp increase of
the linewidth data, taking into account the only
linear term with N =1 (dash curves). The inclusion
of many cyclotron motion quanta Nw, (N >> 1)
makes the WS theory (solid curves) close to the
data and the half-width behavior similar to the one
of the semi-classical half-width (dotted curves).

It is instructive to note that exciting many high-
frequency phonons with energy ) ﬁth > Nhw, in
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Fig. 2. CR half-width AB vs the holding electric field
(Ep = 2men): data from Ref. 5 (circles), WS theory [Eq. (18)]
(solid curve), approximation of Ref. 7 (dashed curve), semi-
classical theory (dotted curve).

a single scattering event involving a ripplon or a
vapor atom is a pure many-electron effect, since at
low temperatures T < /i, neither a scatterer nor an
electron have enough energy for this excitation. In
a liquid state of the electron system, it is a quasi-
uniform electric field E, created by many other
electrons that makes the electron scattering inelas-
tic in the frame moving along with an electron orbit
center. In this frame, a heavy helium vapor atom
moving with the velocity —ug (here ur is the drift
velocity of an electron orbit induced by E ) have
enough kinetic energy, and electron scattermg on
higher Landau levels becomes possible if the energy
exchange in the moving frame ﬁqu UeE fl is larger
than the level spacing 7w,

In the WS theory, it is the inclusion of a great
number of low-frequency WS phonons (Q_ P <<T/ )
with the distribution function 7_ k Hr, Q. r>>1
that makes possible the emission of many high
frequency phonons. One can find the proper multi-
phonon terms with conventional & functions by
expanding the exponential of Eq. (12) in both
2¢°W_(n, t) and 2q2W+(n, t). The explanations
given just above describe a complicated phenome-
non, involving not only many electrons but also a
great number of WS excitations, in terms of simple
scattering events. Still, the quantity in Eq. (17)
represents the DSF of the electron crystal which
does not depend on the interaction with scatterers.
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Fig. 3. Low temperature CR half-width data and theory. The
notation is the same as in Fig. 2.

3. Conclusions

Establishing a relation between the effective col-
lision frequency and the electron dynamical struc-
ture factor, the conductivity theory of the Wigner
solid presented here takes advantage of methods
developed for the theory of thermal neutron scatter-
ing. The important point is that a 2D electron
system represents a moving target whose DSF is
analyzed, while scatterers (ripplons and vapor
atoms) play the role of thermal particle fluxes,
since their properties are well known.

The existence of strongly separated phonon mo-
des of the electron crystal in a high magnetic field
[Q_ B << T/ and Q,,>w, >> T /%] allows one
to combine the conventlonal high-temperature ap-
proximation for the solid DSF (applied to the
low-frequency mode only) and an exact evaluation
of the contribution from the high-frequency mode.
The low-frequency mode is shown to affect crucially
the result that comes out for the high-frequency
mode, causing a strong broadening of the DSF and
strengthening the contribution from multi-phonon
terms.

We have shown that under the conditions of the
CR experiments with SEs conducted up till the
present [5,6,9] the many-electron effect is very
strong, and the multi-phonon emission terms of the
high-frequency mode disregarded previously can do-
minate the usual one-phonon term. The inclusion of
all these terms leads to a DSF of the Wigner solid
which practically coincides with the DSF of a 2D
electron liquid whose properties are affected by a
quasi-uniform fluctuational electric field E; of the
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proper strength [11]. The CR linewidth calculated
for the electron—ripplon scattering regime agrees
well with the data of Refs. 5, 6, 9, eliminating the
discrepancy between theory and experiment re-
ported in Ref. 9.
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