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IToOymoBa TOYHHX PO3B’ A3KIB
HeJHIHHUX PIBHSHD TiNepOOJiYHOTO THILY

IIpedcmasneno unenom-xopecnondenmom HAH Yxpainu A.I. Hikiminum

Posznsinymo nidcmanosxu, siki pedykyiomn pienanns u, =a(t)uu, +b()u> +c(t)u do cucmemu ssuuaiinux duge-
penyianvnux pisnsins. 3anpononosano eexmusnuil memoo inmeepyeanns pedyxosanux cucmem. Iokasano, wo
ix inmezpysanns 3600umvcs 00 iHMezPYSanHs CUCTIEMU JIHILIHUX PIGHAHD ©] = ®(t)w;, Wy =Dy(t)w,y, de (L),
@, (t) — dosinvui naneped 3adamni QyHKyi.

Kniouoei cnosa: ougpepenyianvii pisnsiist, nerinitini 2inepOoniuni pieusimisl, yaazaivhene 6i00KpemieHst SMIHHUX.

YV npaniit po6oTi po3rIAAaEThCs 3a1a4a MOOYIOBU TOYHUX PO3B’SI3KiB HEJIHINHOTO PIBHSIHHS Ti-
1epOOJIIYHOTO TUITY

utt=a(t)uuxx+b(t)u92[+c(t)u, (1)
ne koedittientu a(t), b(t), c(t) € dyukiismu Biz t.

Y pob6otax [1—4] ayist piBHSIHB 3 TTOJIIHOMIHAIBHOO HEJIIHITHICTIO BUKOPUCTOBYBABCSI METO/L
oGYI0BU TOYHUX PO3B’SI3KIB 3 y3araJbHEHUM BiJIOKPEMJICHHSIM 3MIHHIX

k
u= Y y;(t)o;(x), (2)
i=1
SIKUW TPYHTYETHCSI Ha BijillyKaHHI CKIHUEHHOBUMIPHUX IIPOCTOPIB, iHBAPIaHTHUX BiJIHOCHO
BifmoBiiHOTO udepeHItiabHOTO orepatopa. [Ipu 1boMy cucrtemMa KOOPAWHATHUX (DYHKINIH
¢;(x) 3amaBanacs anpiopHo, a /11 BU3HaYeHH:A PyHKIIA Y;(¢) 3acTOCOBYBaBCs METOJ] HEBU3HA-
yeHnX KoedirieHTiB. Y Takuii crocid 6yj11/1 OTPUMAaHI Taki CUCTEMU KOOPJAMHATHUX (DYHKITIN 17151
piBuauus (1) [4]:

1, x, 2%, axumo a(t) i b(t) — nosinbHi GyHKIT;
1, x, 2%, 23, axmo a(t):—%b(t);
1, x, 2%, 23, 24, axuo a(t):—gb(t).
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SIBHe 3a/laHHs CHCTEMU KOOPAMHATHUX (DYHKIIIIT 3HAYHO CIIPOIILYE MPOIIEAYPY MOOYI0BU TOUHUX
PO3B’SI3KiB, ajie He TapaHTYE BiINTyKaHHS BCiX PO3B’A3KiB BULY (2).

VY pobotax [5, 6] s momryKy TOYHUX po3B’sI3KiB piBHsAHHS (1) BUKOPHUCTOBYBaIaCs IMijICTa-
HOBKA BULY

u=d(x)w(t)+ f(t,x), 3)

ne Hesigomi Gynkmii d(x) i f(¢,x) BU3HAYAIMCS 3 YMOBH, 10 TicTaHOBKA (3) PEAYKYE PiB-
nanug (1) 10 3Bugaitnoro audepeHIiaTbHOTO PiBHSHHS 3 HeBiloMoI0 hyHKIieo @ (). 3a joro-
MOTOTO TiZICTAHOBKY (3) 3HaliieHi HOBi CCTeMU KOOPAMHATHUX (DYHKIIIH /1711 TOUHUX PO3B’SA3KiB
piBastaHA (1). Tax, y Bunajaky

a(t):iib(t), oeR, a%0,123,
-

cHUCTeMy KOOPAMHATHUX (DYHKIIIii yTBOPIOIOTL PyHKIL 2, x%, a akuo a(t)=-2b(t), To Taky cuc-
Temy yTBOpIoIoTh byHKiii 2, 2 In x| .

TakuM YUHOM, BiJIIITYKAHHS CHCTEM KOOPAMHATHUX (DYHKIIIN 3BOJAUTD 3a/1a4y 1M0OYI0BU TOY-
HUX PO3B’s13KiB piBHAHHSA (1) 10 iHTETpYBaHHS BiAITIOBITHUX CUCTEM 3BUYAIHUX Mu(epeHIiaib-
HUX PiBHSHb JPYTOro MOpsiIKy. Y AaHiil poOOTi 3alIPOIIOHOBAHO e(hEeKTUBHII METO/I IHTErpyBaH-
Hs pelykoBaHux cucreM. [lokazano, 30kpema, 1110 iHTETpyBaHHS TaKUX CUCTEM 3BOJIUTHCA /IO 1H-
TErpyBaHHSI CUCTEMU 3BUYANHUX [uepPeHITialbHUX PIBHSIHD

w =Dy(t)wy, wy =Py(t)w,, (4)
ne @(t), ®,(t) — nosinbHi Hanepes 3axani GyHKIil. Y 6araTbox BUMagKax cucrema (4) Moxe
Gy Ty MpoiHTerpoBaHa.

1. Penykiis piBHsiHHA (1) 10 cucTeMH IBOX 3BUYaHUX AU epeHIiaJbHuX PiBHSIHB. Po3-
TJITHEMO TPU BUTIA/IKU.

I. Bunazgox a(t):%b(t), oeR, a#0,1,23.
-

[TigcranoBka
u=w,(t)x? +wy(t)x" ()
penykye piBasaHA (1) 10 cucTeMu piBHSIHD
w1,’=[4_2aaw1+c:|w1, (6)
o
wy =[(a-2)(a—3)aw, +c|w,. @)

Pipnanns (7) € miHIHAM BIAHOCHO @, 171 BitoMuX (YHKIII aw, 1 ¢. AHalorivHO piBHAHHA
(6) € miniiiHUM BIAHOCHO @, /1A BitoMuX aw, i c. Hexait
4-20

aw +c=0(1), (8)

(=2)(o=3)aw;+c=Dy(1). )
Toxi cucrema (8), (9) nepenuineTses Tak:

W) =®(1)wy, 0y =Py(t)wy, (10)
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ne ®y(t), Py(t) — neaxi gyukuii Bix & Otxke, interpyBanus cuctemu (6), (7) 3a ymoBH, 1110
aw, i ¢ 3a10BOJIbHAIOTH (7), 3BOAUTLCA 10 inTerpyBanna cuctemu (10). Posriuanaroun (8), (9) ax
CHUCTeMY PIBHAHD 3 IBOMa HEBIIOMUMHU 4w, i ¢, BII3HAYMMO, 110 BOHA € CyMICHOIO /LISt TOBLIBHUX
dbynkuiit @(¢) i Py(¢). Tomy mokHa BBaxkary, 110 B cucremi (10) ®(¢) 1 ®y(¢) € noBiabHUMUI
Hanepes 3aganumMu pyHKIigMu. s moOyaoBr TOUHUX Po3B’sI3KiB piBHSHHS (1) BasKIMBO, 11100
obuzBa pisHsHHs cuctemu (10) Oyuu iHrerpoBauMu. TakKuM 4nHOM, TOOYI0BY PO3B’SI3KIB CHUCTE-
Mmu (6), (7) MOKHA TTIPOBECTH 32 TAKOIO CXEMOIO.

a) Bubupaemo yosinbHo Gyukiii @(¢) i @y(¢), ans sskux obuasa piBusinus cuctemu (10)
€ IHTerPOBHUMU.

6) Posp’sazaBum cuctemy pisusub (8), (9), 3Haxoaumo aw, i c:

_ o(Dy—Dy) oo 20, N o(o—3)D,
(a-1D(a-2)>" (a-1(0-2) (a-1)(a-2)

B) IIpoinTerpyBasiiu cucremy piBHsAHD (10), BU3HAUMMO 11 3araqbHUI PO3B’S30K:

(11

Wy =GP +Co@y, Wy =03y +C4Y,
e ©(x), @o(x) 1 yy(t), Yo(f) — dpyHnramenTasbHi CUCTEMU PO3B’SA3KiB BiJIIIOBIIHO IEPIIOTO i

Jpyroro piBHsHHA cuctemu (10).
r) Adxuo @, —P, #0, To 3 nepuoi pisHocti (11) orpumaemo

a(t)= 0Dy~ D) , 012+c§¢0, (12)

(=1 (0 =2)" [1@; + 295 ]
Zie ¢ i ¢, PO3LIANAIOTHCS K MapaMeTPU.
n) Axmio dyskimii a(t) 1 ¢(¢) BusHavaotbes 3a popmysamu (12) 1 (11), To po3B’si3koM piB-
HAIHHS € (QYHKITIS

2 o
U=(C1Q1+CoP) x” +(C3yy +cWp) X,
ae 012 +c§ #0,acy1c, — MOBLTbHI CTATI.
Posrianemo, nanpuknaz, unanok ®,(t)=-A i ®,(¢t)=-B, ne A, B — crani, A<0, B<O0,

A# B . 3aranbunii po3s’sizok cucremu (10) mae Burssij

w| = c1ch(\/Wt)+ czsh(ﬂt) , Wy = cgch(\/Et)+c4sh (\/ﬁt),

JI€ C4, Cy, C3, €4 — MOBLTBHI cTasi. 3 hopmyn (12) i (11) orpumyemo

a(t):(oco‘(;1 B) [1ch(ﬂt)+c2sh(ﬂr)] , (13)
o(t)= 2B _o(a=3)A ‘ (14)

(a-D(a-2) (au—1)(o—2)
Taxum unHOM, piBHAHHS (1), B skoMy byHKIIS a(f) BU3HAYaeThes 3a popmysoio (13), a
dbynxiig c(t) — 3a popmynoio (14), mae Takuii po3B’A30K:

= [c1ch (Mt) +cysh (Mt)} 2+ |:03ch (\/Ht) +¢ysh (\/ﬁt):l x*

Ae 012 +C§ #0,acy1 ¢, — MOBLTBHI CTATI.
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I1. Bunasiok a(t)= —%b(t) )
[TincranoBka
U= w1(t)x2 + w2(t)x3
penykye piBasgaud (1) 10 cucTemMu 3BuYaiinnXx AuepenItiaTbHuX PiBHIHb
w] =(bw,+c)w;, w5 =cw,.

[1s1 cucrema ananoriuna cuctemi (6), (7) 111 iHTEerpyBaHHS TTPOBOJIUTHCS TaK CaMO.
II1. Bumagok a(t)=-2b(t).
[TincranoBka

u=1w,(t)x> In|x|+w, () x>
penykye piBasgaud (1) 10 cucTemMu 3BuYaiinnx AuepenIiaTbHuX PiBHIHb
w] =(~2bw, +c)w,, wy =(-2bw, +c)w, +bw; .

[HTerpyBanH4 1€l cUCTEMU TTPOBOIMTHCS aHAJIOTIYHO iHTerpyBaHHIO cuctemu (6), (7).
2. Penykuis piBHaHHA (1) 10 cucTeMu TPhOX 3BHYANHHMX au(epeHIiaJTbHUX PiBHSHbD.
ITincranoBka

u= wz(t)x2 +w (t)x+wy(t)

peaykye piBHsHHA (1) 10 cucTeMu PiBHIHD

wy =[(2a+4b)wy +c|w,, (15)

w] =[(2a+4b)wy +c]w,, (16)

w] =[2awy +clwy +bw?. (17)
Hexait

(2a+4b)wy +c=D,y(1), (18)

2awy+c=D (1), (19)

ne D(t), ©y(t) € nesxkumu pyHkuisivmu Bix ¢. Inrerpysanus cucremu (15)—(17) 3a ymoBy, 110
BUKOHYIOThCA criBBiHOMeHHS (18), (19), 3BoAnThCA 10 iHTETPYBAHHSA CUCTEMU JIIHIHHNX PiBHSIHD

” ” ” 2

wy =Dy(t)wy, wy =Py(t)wy, wy =Py()w,+bwy. (20)

Beaxarumenmo, 1o B cucremi (20) @,(¢) i ®o(¢) — noBinbHI Hanepes 3aiani PyHKILI, 114
akux piBHAHHSA cuctemu (20) € inTerpoBauMu. Po3s’sg3asmm cuctemy (18), (19), 3Haxonnmo

1 1

aw, 25((1)1—(7), bw2 :Z((I)Q_(I)l)’ (21)
ne ¢=c(t) — nosisbHA (DYyHKITIS.

Posruisinemo cucremy piBHSHD

w0y =@y ()wy, W) =@y(t)wy, Wy =Py(t)w, (22)
6 ISSN 1025-6415. Dopov. Nac. acad. nauk Ukr. 2017. Ne 7
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i BU3HAUMMO i 3araJibHUI PO3B’SI30K:
Wy =C1P1 +CoPy, Wy =C301+C4QPy, Wy =C5Y1+ Yo,

ne ©(x), @o(x) 1 yy(t), Wo(t) — PynmamenTanbti cicTeMy PO3B’A3KiB BiAIOBIIHO 11€PIIOrO i
TPETHOTO PiBHAHHA cucTeMu (22). 3HaX0AMMO 3araJIbHUH PO3B’sI30K TPETHOTO PIBHSAHHS CUCTEMU

(20):

bw? bw?
0o =y [V ity [Y2TE oy + gy (23)
w W
ne W(t)=yWs —WiVy, @ =C301+C40y,
1 _
b=z(q)2 — @) (10 +0y05) (24)
3 nepinoi piBHOCTI (21) oTpUMy€EMO, 1110
1 _
a(t)=5( @1 =)0 +295) " (25)

Otxe, po3’si30K piBustaust (1), B sikomy dynkiii a(t) i b(¢) BusHavaioThest 3a hopmyaamu
(25), (24),a c¢(t) € noBibHOIO (DYHKIIEIO, MAE BUTJISI]T

u :(01(p1 +C2(P2)x2 +(C3(p1 +C4(p2)x+w0 y

Jie W, BU3HavaeThcA 3a hopmy.Jiolo (23).
TakuM YMHOM, MiJICTAHOBKH, PO3IJISTHYTI B JIaHiii poOOTi, 3BOAATD 3aj1a4y MOOYI0BH TOYHUX
PO3B’s13KiB piBHAHHA (1) 10 iHTErpyBaHHS CUCTEMU PiBHSIHD

w{, = (1)1(t)w1, wg = (1)2(1:)(02 ,

e wy; i wy — gyHkuii Big ¢, a ®(¢) i ®y(¢) — nosiabHi Hanepes 3agani GyHkuii. [nTerposHi
PIBHSIHHSI TAKOTO TUITY 100pe BUBYeHi. /[0 HUX HasleKaTh, HAPUKJIA/, y3arajabHeHe piBHsHHs Jle-
JKaH/[pa, BUPOJIsKEHe TillepreoMeTpruyHe PiBHSIHHS, 2 TAKOXK piBHsIHHA beccesis i piBHaHHS MaTbe.
Hosinbruii Bubip dynkitiit ®(¢) i ®y(¢) mae MOKINBICTh OyAyBaTH PO3B’SI3KHU, 1[0 MAIOTh Ha-
nepe/; 3ajlati BJIaCTUBOCTI.

Mertoz 100y0BY TOUHUX PO3B’A3KiB piBHstHHs (1), Bukmagenuii y . 1 1 2, MOKHA 3aCTOCY-
BaTH /10 HOOYZ0BM TOYHUX PO3B’SI3KIB HEJIIHIMHOTO PiBHAHHS

Uy, = aun, + (O +bf (E)u” +g(Ou+h(t), (26)

ne koeditientn f(¢), g(t), h(t) € dbyuxiismu Bix ¢, a koediientn a i b — craui, BiaMinHi Bix
uyss. PiBusuus (26) BuBuanmocs B [7], a Bunagox f=a, g=const, h=const — y [2]. ¥V [7]
BU3HAu€eHI BCi Mi/ICTAHOBKU BUJLY

u=10,(t)+d(x)wy (0),

gKi perykytoTh (26) 710 cucTeMu 3BUYaHUX AMDEPEHITiaTbHUX PIBHSHD JPYTOTO TIOPSIKY 3 He-
Bitomumu pynkuiamu w(t) , wy(¢) . Pexykosani cucteMu MaloTh TaKuil caMuil BUTJIA, 1110 1 CUC-
TeMU, HaBeZieHi B I1l. 11 2, a ToMy 1X iHTerpyBaHHS ITPOBOAUTLCS aHATIOTIUHO.
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INOCTPOEHME TOYHBIX PEITEHMI1
HEJIMHENHBIX YPABHEHUY TUTTEPBOJIMYECKOTO TUIIA

PaccMoTpenbl 10/ICTAHOBKY, PeAYIIUPYIOIe ypaBHeHue u, =a(t)uu +b(t)u2 +c(t)u K cucreMe OOBIKHOBEHHBIX
i xx x

nuddepeninanbubix ypasaenni. [peanoxken adexTHBHBIN METOI MHTETPUPOBAHMS PELYITUPOBAHHBIX CUCTEM.

ITokazano, 4TO UX UHTETPUPOBAHKE CBOJIUTCS K MHTETPUPOBAHUIO CUCTEMbI JIMHEMHBIX YpaBHEHUM w{' =0,(t)wy,

wé’ =D, (t)w,y, TAC @(t), Dy(¢) — IPOU3BOJIbHDIC HALICPE/ 3aaHHbIe dyHKRIIAN.

Kmouesvie caosa: ugdepenyuanvioie ypasuenus, Heiuneinvle 2unepooiuueckue ypasuenus, 06oouentoe pas-

Oenenue nepemenioix.
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CONSTRUCTION OF EXACT SOLUTIONS
TO NONLINEAR EQUATIONS OF THE HYPERBOLIC TYPE

Substitutions that reduce the equation w, = a(t)uu,, +b(t)u? +c(t)u to a system of ordinary differential equations
are considered. An efficient method to integrate the corresponding reduced systems is proposed. It is shown that
their integration can be reduced to the integration of a system of linear equations w; = ®,(t)w;, w) =®,(t)w,,
where @,(¢) and ®,(¢) are arbitrary predefined functions.

Keywords: differential equations, nonlinear hyperbolic equations, generalized separation of variables.
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