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ITpo piBusaHa Makkina—BiacoBa 3 HECKIHYE€HHOIO MaCOIO
(IIpedcmasaeno waenom-rxopecnorndermom HAH Vpainu M. 1. ITopmernkom)

Poseaanymo HeckiHuenns cucmemu cmoxacmuihul JuPepeHyiasvhur piéHAHb, UL ONUCYIOMD
PYT 83AEMOJNONUT YACTNUHOK Y 8unadkosomy cepedosuuyi. osederno meopemu ichysarms ma
edurocmi po3de’askie. Tarxoorc dosedeno epaHuuHy Mmeopemy OAs 610N0BIOHUT MIPOZHAYHUT NPO-
UYECIB8 Y BUNAOKY, KOAU MACE KOHCHOL YACTUNRKY NPAMYE 00 HYAA, G 2YCMOMA YACTMUHOK 3POC-
mae 00 HecKIHUeHHoCmi.

Karowost caoea: Mipo3uadni mporecu, piBasgaus Makkina—Biracosa.

Y poboTi posmisiiaeThesd y3arajgbHeHHs piBHsiHHS Makkina—BiiacoBa Ha BHIIAJIOK KOJH CYKY-
[IHA Maca B3a€MOJIII0YNX YACTUHOK € HeckiHdyeHHO. PiBHanua Makkina—-BiacoBa orpumyerncs
TaKUM 9UHOM: PO3IJIAAETHCA MOCTITOBHICTE PIBHAHD, IO 33/1aI0Th PYyX CKIHYEeHHUX CUCTEM B3ae-
MOJIIOYNX YACTUHOK Y BUIAJIKOBOMY cepejoBuiiii. [Ipu mpomy Maca KOXKHOI YaCTHHKHU MIPAMYE 10
HYJIs1, & KUTBKICTh YACTHHOK MPSAMYE JI0 HECKIHUYEHHOCTI TaKUM YUHOM, IO CYKYITHa Maca JacTH-
HOK TIocTifino mopisuioe 1. J[g moc/imoBHOCTI pO3B’I3KiB TAaKUX PIiBHSHDL JTOBOAUTHCA IPAHUYHA
TeopeMa, TPAaHUIHUIT BUIIQIKOBUIT IPoIeC € po3B’sa3KoM piBHsiHHs Makkina—Biacosa [1-3]. V na-
Hi#t pobOTi peasrizoBaHo Takuil IJIaH oTpuMaHHsd piBHsAHHA Makkina—BacoBa 11 BUIAJIKY, KOJIU
POBIIOILT MaC YaCTHHOK € JIOKAJTHLHO CKIHIEHHOIO Mipoto. Po3risinyTo Teopemu iCHYBaHHSI CJIa0KUX
PO3B’SI3KiB 1 TeOpeMu iCHYBaHHS Ta €UHOCTI CHJIBHUX PO3B’SA3KIB JJIst JOTPAHUIHUX 1 TPAHUIHUX
piBHsIHD. TakKOXK JOBEIEHO I'PAHUIHY TEOPEMY, KOJIU MAaCa KOXKHOI JaCTUHKU IIPAMYE 0 HYJIs,
a CyKyIHa Maca 3012KHa JI0 JIOKAJbHO CKIHYE€HHOI MipH.

HeckiHndyeHHi cucTeMu CTOXacTHYHUX JAudepeHIiaJibHUX PiBHAHBb 3i B3a€MOI€lO.
[Toznaunmo uepes YN npocTip JokaabHO cKindennux Mmip Ha R 3 Tomosorieo T rpy6oi 36ikHOCTI

(muB. [4]):

Up 5 v e Ve Cl(R): /fdun—>/fdu, n — oo,
R R

ne C.(R) — mHOXKMHA HenepepBHUX (DYHKIIH 3 KOMIAKTHUM HOCIEM.
PosryisineMo HecKiHYEHHY CHCTEMY CTOXACTUIHUX JUpEpeHIialbHuX PiBHSIHD

dXy(t) = a(Xp(t), p(t))dt + b(Xk(t), p(t))dwi(t), — keZ,  te[0,T],
p(t) = 6x,0) (1)

keZ
Xi(0) =, keEZ
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Tyr Xi(t) 6yaemo iHTepuperyBaTH sIK IIOJIOKEHHsI k-1 YaCTUHKU y MOMEHT dacy t, Mipy
p(t) — sIK PO3MOJLI Mac 9aCTHHOK Yy MOMEHT 4acy t, pyHKIil a Ta b BiAIOBLIAIOTH 3a B3a€MOJIII0
YACTUHOK, U — sIK [MOYATKOBE IOJIOXKeHHs1 k-1 yacrunku. Bynemo BBaxkaru, mo {ug|k € Z} —

HECIaJHa YNCJIOBA MOCIITOBHICTE Taka, mo lim wug = +oo, lim wup = —oo.
k—+o0 k——o0

Baysasicenns 1. [lpu nosenenni pesyiabraTis mon0 pisasaHHs (1) HEOOXiAHO NepeBipsaTH, 110
Jutst gosiibaoro ¢t € [0,7] mipa p(t), BusHadena B Apyromy piBHsiHHI cucTeMu (1), € JIOKQJIBHO
CKIHYEHHOIO.

Teopema 1. Ilpunycmumo, wo a ma b € obmedcenumu ma HENEPEPBHUMU 30 CYKYNHICTIIO
BMIHHUT © tcHye cmaaa L > 0 maxa, wo

: L
lim sup p(0, [-=m, m])/m” < oco. (2)
m—o0
Todi ichye caabrut pose’szor pienanms (1).
Hosemenns Teopemu 1 JOCTaTHRO CTAHIAPTHE | BUKOPUCTOBYE JTOBEIEHHS IT€PETKOMITAKTHO-
CTi MOCJIIOBHOCTI allpoKCcUMaIiii po3s’s3ky Ta Teopemy CKOpPOXOJa PO CIHIbHUI IMOBIpHICHMI

IIPOCTIp.
[Tozraummo
7 1
pult,2) = P( sup w(s) > x) =2 / exp(—y2/20)dy, T ER, (3)
s€[0,t] 0 V2rt

e w — BiIHEPIBCHKUI IIpoIIEC.
Mae wmiciie HUXKUenolaHa TeopeMa iCHYBaHHsI Ta €JUHOCTI CUJILHOTO pO3B’s3Ky piBHsiHHS (1).
Teopema 2. Ilpunycmumo, wo:
1) Pynruia a nenepepena ma oOMeAHCENA:

||a||co := sup sup |a(z, V)| < oo;
zeRveM

2) dynruyin b nenepepera, obmestcerna ma 6i0dinena 610 HyAf:

blloo == b(z,v)| <oo,  inf inf [b(z,v)| > 0;
[Plloo := sup sup bz, v)| <00, inf inf |b(,v)]

3) dns dosinvrozo namypasvrozo n icnye konwcmanma Cpp, maka, wWo 0ia 006iAGHUT T, Y,
T1yeeey Ty Yly- -y Yn MAE MICUE HEPIBHICTIL

b(:c,zamk> - b(y, Zéyk) < Conlz =yl + Com > ok — url;
k=1 k=1 k=1
4) Pynruii a ma b maromo saacmusicms CKinveHHoCmi padiyca 63a€MO0ii:
Id>0 VexeR VveM: alr,v)=a(x,viu_qziaq), b(x,v) =b(x, V(34 uotaq));

de (WIp)(4) = v\ B), 4, B € B(R);
5) icnye mesunadkosa 3pocmaioua nocaidosricms {z, | n € Z} maka, wo:

lim z, = o0, lim 2z, = —00
n—00 n——00
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Ir>0 Vn € Z: H(1—2pw(T|\b||oo,]zn—ui\ — lla)|lccT — d/2)) > r. (4)
€7

Todi icnye edunuli cusvhutl po3e’azok pienanms (1).
Ilpuknax 1. s J0oKaIbHO CKIHYEHHOI MipH ¥ TO3HATUMO

A(v): = limsup M

n—00 2n

Axmo 2A(p(0))d < 1, ro mipa 1(0) 3a10BosIbHSIE IPUIYINEHHS 5 TeopeMu 2.
ITIpuknan 2. Hexait 1(0) — nesanexxua Bix {wg|k € Z} myacconiBcbka ToukoBa Mipa 3 iH-
rencusHicTIO M. Ilpunycrumo, mo

AC,, Ve, B] C R m([a, B]) < Cpp(B — a+ 1).

Tomi 3 iMOBipHICTIO 1 BUKOHYETBCS TPUIIYIIIEHHST 5 TeopeMu 2.

XapakTepu3allisi rPAHUYHUX TOYOK MOCJIiJOBHOCTI PO3B’A3KiB HECKIHYEHHUX CUC-
TeM CTOXaCTUYHUX AudepeHIiaJbHNX PiBHAHb. /[ KOXKHOTO N > 1 pO3risiHEMO HeCKiH-
YEeHHY CUCTEMY CTOXACTUIHUX TU(DEPEHIIATHHUX DIBHSHB

AXP(t) = a(XP(0), P (D)dt + dwi(t),  te[0,T], i€,

Nn(t) = %ZéXZ"(t)v te [OaTL (5)
i€Z

©"(0) = %u“-

Tyr nis mosisibHoro n € N mipa p" = ) dyr € IMyacCOHIBCHKOIO TOYKOBOIO MipOIO 3 iHTEHCHB-
k2
1€EZ
uictio nm(dzx), ne m — nesika o-ckiHdeHHa Mipa, BiHepiBcbKi nporecu {w;(+),i € Z} HezamexHi
B cykynHocti 1 Hesanexkui Bijx {u"|n € N}. Hagani ckpiss 6ygemo npumyckaru, 1mo m — Mipa
Ha R Taka, 1o

3C Vi, ] CR: m([e, 5]) < Cn(B — a+ 1). (6)

Mu posrisiaemo ciabki poss’sizku (5) 1 He TPUIYCKAEMO, IO PO3B’sI30K e€auHuil. Ko
byHKIIST 0 0OMekeHa Ta HeepepBHa 38 CYKYITHICTIO 3MIHHUX, TO iCHYBaHHs CJIADKOTO PO3B’SI3KY
BUILINBaE 3 TeopeMu 1.

Hwmxaenomana jiema mae 1ocTaTHi yMOBH CIa0KOI ITEPEIKOMITAKTHOCTI ITOCIiIOBHOCT] BUIIAI-
KOBIX Mipo3HadHux mporeciB p'(+) 3 piBusub (5).

Jlema 1. Ipunycmumo, wo dyruxuis a: R x M — R e obmesceroro ma HenepepsHoro 3a
CYKYNHICTIO 3MINNUT 1§ uKonyemves cnissionowenna (6). Todi nocaidoswicmo {p"(+), n > 1}
€ CAabKo BIOHOCHO KOMNAKMHOW AK Nocaidosnicmy sunadkosux esemenmise ¢ C([0,T], ).

Itst moBisibHOI Mipu A Ta GyHKHIT f HO3HAIIMO

O f) = / f(@)A(dz).
R
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Hosuagmvo wepes C2(R x [0,7T]) muoxuny dbynxmii f = f(z,t): R x [0,7] — R, mo
€ HemepepBHO nudepeHIiiioBHIME 3a t 1 ABiUl HemepepBHO AUQEPEHIIHOBHIMY 3a X, JJIS SIKHAX
icnye kommnakraa MHOKkuHa K C R Taka, mo supp f C K x [0,T].

Ba dopmyomo Ito as gosimbnoi f € C21(R x [0,T]) Maemo Take criBBimHOmenHs:

0.0 = [ (o) + 2o t)alo " (0) 4 30 )t o)+
R

ST R, 1) du(h). (7)
1€Z
CropsiMyBaBI 1. — 0O Ta OOTPYHTYBABIIN I'PAHUYHUIT Tepexin B piBHsHHI (7) OTpUMaEMo
TaKUil PE3yIbTaT.
Teopema 3. I[Ipunycmumo, wo GYHKUIA @ 00MeEHCEHA MG HENEPEPSHA 30 CYKYNHICINIO 3MIH-
Hux 1 sukonyemuca cnissionowenns (6). Hexal p(-) — dosiavna caabka epanusmna mowka no-

caidosnocmi {p" (), n = 1}, wo poseasdaemvcs sk nocaidosHicms 6unalKOBUT eAeMEHMIE NPO-
cmopy C([0,T],M). Todi daa dosiavnoi f € C>H(R x [0,T])

), £, 1) = (u(0), 7, 0) +
[0 % 22 S)alelo) 4 G200 )onls) s, e 0.7 )

0
Hexait @g(x), s < t, ¢ € R, — po3B’a30K DIBHsIHHSI

{ dpst(x) = alpst(x), p(t))dt + dw(t),  tels,T],

9
@Ss(i) =, ( )

ne w(-) — mesamnexunii Bix p(-) BinepiBepkuii nponec. Tyt u(-) 3 Teopemu 3.
[Mosuauumo A(z,t) = a(x, u(t)), Ey, — MaTeMaTndHe CHOJIBaHHS 3a BIHEPIBCHKOIO MIipOIO.
Jlema 2. Hexati p(t),t > 0, susnaueno e meopemi 3. IlIpunycmumo, wo SUKOHAHT YMOBU
nemu 1, pynwuia A(z,t) € dudepenuitiosrnorn sa x, npunomy dynxuia AL (x,t) obmescena. STrxuo
pynxuin g € C2(R), mo dan dosinvrozo pircosanozo S € [0,T] dynruyia f, wo eusnavena
PIBHICTNIO

f(t’ l‘) = Ewg(@tS(x))7 te [Oa S]’ (10)
3a400680ADHAE CNIBEIOHOULEHHA
vee[0,S]  (u(t), f(, 1)) = (u(0), £(+,0)). (11)

Inest noBenennsi. 3 reopemu 1.12 B [5] Maemo, 1m0 icHy€e PO3B’sI30K PIBHSIHHS
1
filx,t) + folz ) A(z, ) + S fra(@,0) =0, t€[s,S5),  weR, (12)
f(@,8)=g(x), zeR,

i 3 obeprenoro pisasinns Kosmoroposa sumiusae, 1mo po3s’s3ok (12) 3agososbHsie pisaicts (10).
Axbu dyukiis f 3amoBosbHsIa yMOBH TeopeMu 3, To dbopmyra (11) sumusamia 6 3 (8). Oyn-
KIlist f He 3aJI0BOJIbHSIE YMOBU TEOPEMU 3, OCKIJIbKI He Ma€ KOMIIAKTHOTO Hocist. JIjist oBeieH s
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JleMu MoxKHa HaGmmsuTH dynKiio f nocmigosuictio dyukmii {f,,n = 1} € C*YHR x [0,7]) Ta
OOrpyHTYBaTU IpaHUYHUil 11epexis y piBHsiHHI (8).

Hozuaummo A o f~1 o6pas mipu A upu BimoGparenui f.

Teopema 4. Hexat u(-) — dosiavha caabka epanusna mouka nocaidosnocmi {u™(+),
> 1}, wo poseaadacmovea ax nocaidosnicmo sunadkosur eaemenmie npocmopy C([0,T],90).
IIpunycmumo, wo suronyromves ymosu meopemu 3 ma aemu 2. IHosnaqwumo pi(x) = por(x), de
wot(x) — pose’asox pisnanna (9). Todi

vte[0.7]  p(t) = Ew(mopi()7h). (13)

Saysaoicenna 2. Pyuxiis ¢ (x) BumipHa 3a (¢, z,w).

Baysaorcenns 3. Jlerko 6auuru, mo u"(0) 5 m, n — oo, orsxe, w(0) = m.

Ines nosenenns. Ilepersopusmm (11), orpumaemo, mo s goBimbHoi bynkiii g € C2(R)
Ma€ MicIie piBHICTH

(u(t),9(-) = (Bum o (1), g())-

Beincn p(t) = Ey(m o ()71,

PiBusanus Makkina—BiacoBa 3 HECKIHYEHHOI0O MAacO0 Ta IPaHUYHA Teopema. 3
TeopeMu 4 BUIUIMBAE, 1O KO fi(+) € TOBLIBHOK CJIAOKOK TPAHUYHOI TOYKOK MOC/II0BHOCTI
{w"(-),n = 1}, ro {pi(z), u(t),t € [0,T],x € R} € po3B’si3k0OM cucTeMH DiBHSIHD

do(z) = alpe(x), u(t))dt + dw(t), z € R, te0,T],
pu(t) = Emogy(-)~1, (14)
wo(x) = =, z € R.

IToznaunmo

Mo = {u € M: V]a,b] C R: p(fa,b)) <Cb—a+1)}, My = Mc.
>0

Teopema 5. IIpunycmumo, wo:

1) pynruyia a: R x M — R € obmesrceroro ma nenepepenorn 3a CyKynHicmio 3minHuL;

2)¥C >0 3L > 0 Yu € MeVey, x2 € Rla(zr, p) — a(ze, 1)| < Clry — xaf;

3) m € M.

Todi ichye caabrul poss’sasox pienanns (14).

[test moBeieHHST TEOPEMU TIOJISATAE B OTPUMAHHI aIlPiOPHUX OIIHOK Ha PO3B’sI3KM, HAOINZKEHH]
piBasiaHst (14) DOC/IOBHICTIO PIBHSAHB 31 CKIHUEHHOIO CYKYITHOIO MACOI0 YaCTUHOK, JOBEJICHHI
EPEIKOMITAKTHOCTI OTPUMAaHOT TTOCJIIOBHOCTI pO3B’si3KiB, 3acTocyBaHHl Teopemu CKOPOXOJIa PO
CITLIbHUI IMOBIpHICHUI TPOCTIp Ta I'PAHUYHOMY IE€PEXOJIi.

Bsenemo kmac dyHkItin

Z={f e C*R)[supp f C [-L,1], |fllo <1, |f' o0 <L, [f"lloc < 1}. (15)

Bresiemo merpuky na Mo -

Poo(H, V) = sup sup
reR fezZ

/ F (@ + ) (u(de) — v(dz))
R
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Teopema 6. [Ipunycmumo, wo:

1) pyrryia a: R x M — R e obmesrceroro ma Henepepsroro 3a CYKYNHICmMIo 3MIHHUL;

2)VC >0 3Lc >0V € Me Vo, 2 € R |a(xr, p) — a(ze, p)| < Lol — x2f;

3)3IK >0V € RVu, v € My |a(z, p) — alz,v)| < Kpoo(p, v);

4) m € M.
Todi ichye edunut cuavhuli poss’asox (14).

s oBeieHHsT TEOPEMU JIOCTATHBO MEPEBIPUTHU MOTPAEKTOPHY €IUHICTD PO3B’SA3KY Ta CKO-
pucraruch Teopemoio b Ta Teopemoio Amana-Baranabe.

Saysaoicenns 4. Hosemennst Teopem 5 Ta 6 crpaBemIuBi 1 A1 PIBHSIHHS

do(z) = alpe(x), v(t))dt + dw(t), r €R, t € 10,7,
v(t) = Eymo py(-)71, (16)
300(1") =z, T e R7

OTKe, 3a HPUILYIIEHb TeopeMu 6 iCHYIOTh €uHi cuiibHI po3B’si3ku piBHsiHb (14) Ta (16). IIpo-
nec {pi(x), x € R, t € [0,7]} 3 (14) ¢ BumipHuM BiIHOCHO BiHEpiBCHKOI biabTparii, oTikKe,
napa {¢(z), pu(t)), x € R, t € [0,T]} rakox 3a0B0sbHsI€ piBHsAHHS (16). Tomy poss’sisku pis-
uanb (14) Ta (16) 36iratorbest 1 3 Teopemu 4 BHIIMBAE, IO JOBLIbHA CIabKa IDAHUYHA TOUYKA
nocrigosrocti {u" (), n > 1} € HeBUIIAIKOBOIO.

3 teopeMm 4 Ta 6 BUIIMBaE TaKUil Pe3yJIbTaT.

Teopema 7. Hexati {u"(-), X;'(:),1 € Z} — dosiavni pose’asku pisnans (5). Ipunycmumo,
wo:

1) gynruyia a: R x M — R e obmesrcernoro ma Henepepenoro 3a CyKynHicmio 3mMiHHuL;

2) Pynryin a = a(x, u) e nenepepero dudepenyiliosHor 3a T, NPUHOMY

vC >0 ILe >0 Y e Mo Ve e R lal.(x, )| < L

3) 3K > 0Vr € RVu, v € My |a(z, p) — a(z,v)| < Kpoo(p,v);

4) m € My.
Todi nocaidosricmv miposnaurnux npoyecie {u"(-),n = 1} C C([0,T],M) crabro 36izaemovca do
MiPo3HauHo20 npouecy V(-), Axul OUHUM YUHOM BUSHAMAEMBCHA 3 pieHanHa (14).

Ilpukaan 3. Hexaii,

a(z,p) = g1 (/ 92(y — x)u(dy)>,

R

IPUTIOMY:
1) dyskmis g1 € CH(R), dyukuii g1, ¢} € obMexkenmMu;
2) dynxuis ga € CH(R).
s takol byHKINT ¢ BUKOHAHI IPUIYINEHHsI BCIX IMOIEPE/IHIX TEOPeM.
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O6 ypaBHennn Makkuna—BisacoBa ¢ 6eckoHe4HOI Maccoii

Paccmompennvi 6eckoneunvie cucmemv, Cmoracmuyeckur oudPeperyuarvoHuT YpasHeHutl, ONUCHEaA-
e dBUINCEHUE B3AUMOICTCMBYIOWUT “acmuy, 8 caywatinol cpede. lokazanv, meopemvs cy-
weemeosanusa u eduncmeennocmu pewenud. Taxoice dokasana npedeavhas meopema OAsL COOM-
8EMCMBYNOUULT MEPOSHAYHBLL NPOUELCCO8 6 CAYUGE, K0204 MACCA KAHCAOT “YaCUYD, CIMPEMUMCA
K HYAI0, G NAOMHOCTND YACNUY, 603DACNGEM K DECKONEUHOCTU.

Karouesnie caosa: Mepo3HadHbIe MPOIECCHl, ypaBuenne Makknna—Biacosa.

M. V. Tantsiura

Institute of Mathematics of the NAS of Ukraine, Kiev
E-mail: mtan@meta.ua

On the McKean—Vlasov equation with infinite mass

We consider infinite systems of stochastic differential equations that describe the motion of interacti-
ng particles in a random environment. Theorems on existence and uniqueness of the solution are
proved. We also obtain a limit theorem for corresponding measure-valued processes in the case where
the mass of each particle tends to zero, and the density of particles grows to infinity.

Keywords: measure-valued processes, McKean—Vlasov equation.
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