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Annporanusi. We study a class of parabolic systems of the form
ve = div(F(|Dv|Dv). The function F satisfies a few technical hypotheses
which are satisfied, for example, by F(s) = s?72 with p > 1. Hence
our results extend the standard results for the parabolic p-Laplacian
operator. The method of proof is similar to the usual one but uses
some new ideas about Poincaré-type inequalities and a special Gehri-
ng inequality.
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1. Introduction

In this work, we examine the regularity of solutions to the parabolic
system

v = div(F(|Dv]) Do) (1.1)

under appropriate hypotheses on the function F. If F(7) = 7P~2 for some
p > 1, then solutions with bounded gradient are known to have Holder
continuous gradient; see, for example [3,4,8,9]. The arguments there
are readily adapted to somewhat more general F’s (in C?) as described

Cmamvsa nocmynuaa 6 pedaxyuro 14.12.2005

Some of the research for this article was performed while the author was on Faculty
Professional Development Assignment from Iowa State University to the School of
Mathematics, University of Minnesota. Portions of this paper were also written at the
Mathematical Sciences Research Institute in Berkeley, California. The author thanks
all three institutions for their support.

ISSN 1810 — 3200. © Iucruryr maremarnku HAH Ykpainu



G. M. LIEBERMAN 353

in [5, Chapter 7]. Here, we consider a more general class of functions. We
assume that F € C1(0,00) is positive and there are constants J € (0, 1]
and gg > 1 such that

TF'(T)
F(7)
for all 7 > 0. We also assume a technical restriction on the modulus
of continuity of F” (see (2.2b) below) which includes the results already
cited, but they include other equations as well. For example (see pages
313 and 314 from [14]), the function F' can map any interval of the form
(0,¢) onto (0,00), so our equation need not be singular or degenerate
in the usual sense. In addition, all previous proofs distinguish between
p>2and p < 2 for F(r) = 7P~2. There are certain qualitative differences
in the behavior of solutions in these two cases (a theme in |7]), but the
differences are not relevant to the Holder gradient estimate.

In Section 2, we give a basic Holder continuity result for the gradient
of a solution of (1.1) based on an alternative which we present in Proposi-
tions 2.1 and 2.2. We provide some preliminary results in Section 3: an
algebraic lemma and the observations that we can replace the ordinary
mean value of a function in Poincaré’s inequality by a more general mean
value (see [1, Lemma 2| and [18, Lemma 6.13]). Our regularity theorem
is derived from these propositions in Section 4. For the convenience of
the reader, we provide a brief proof of these propositions in Sections 5
and 6. In addition to the ideas about mean values, we use a parabolic
version [11, Proposition 1.3] of Gehring’s lemma [10, Lemma 3]. Thus,
our approach is closer to that for elliptic systems (see [19]) than the one
in [8,9].

Of course, most of this paper could have been written fifteen years
ago, and, in fact, most of it was. Recent work of Misawa [18] on regularity
for solutions of inhomogeneous equations indicates a renewed interest
in this problem, and we hope in future to extend his ideas to the full
range of functions indicated above. In particular, the proofs of regularity
(due to the present author) for a single inhomogeneous equation in [13,
Theorem 1] and [16, Theorem 1.6] have flaws. In [13], the oscillation of
Dv is not properly controlled if [v]; < 1, and the second to last equation
on page 558 of [16] is missing a factor of (Myr)=7/2.)

0—1<

<go—1 (1.2)

2. Assumptions and Main Results

Let F be a C1(0,00) function satisfying (1.2) for constants & € (0, 1]
and go > 1. We consider the function A defined by

AZ(p) = F(lp))ph, (2.1)
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and we define '

A = 0A2 Jop),.
Observing the usual summation convention that repeated Latin indices
are summed from 1 to N, and repeated Greek indices are summed from

1 to n, we see that these conditions guarantee that there are positive
constants A\g and Ay such that

AP, = NP (p))IE®  and AT < AoF(Ip]) (2.2a)
for all £ € R™. (In fact, \g = 6 and Ay = go, but we shall use these

conditions directly.) We also assume that there is a continuous increasing
function w defined on (0,1/2] with w(0) = 0 such that

af _ afB; w ‘p_pl|
A3 (p) — A (p)] < ( - )F<|p|> (2.2b)

for [p —p'| < (1/2)|pl.
Our main result is the following oscillation estimate, which implies
the Holder continuity of Dv in the scaled cylinders

Q(R,M) = {X = (z,t) : |x — xo| < R, —R*/F(M) <t —ty < 0}.

Theorem 2.1. Let Ry and My be positive constants and let v be a
bounded weak solution of

vy = Do(A%(Dv))  and |Dv] < My in Q(Ro, My). (2.3)

If (1.2), (2.1), and (2.2) hold, then there are constants C' and p depending
only on 6§, go, A, A\, N, n, and w such that

O\ M
08¢ (r M) Pv < C My (R_o) (2.4)

for allr € (0,R).
We can also give an oscillation estimate in terms of the usual cylinders
Q(r) = {X s — x| <1, —r2<t—ty <0}

in a form only slightly weaker than the ones in Theorems 1.1’ and 1.1”
of [7, Chapter IX].

Corollary 2.1. Let Ry and My be positive constants and let v be a
bounded weak solution of

vy = Do(A%(Dv)) and |Dv| < My in Q(Rp). (2.5)
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If (1.2), (2.1), and (2.2) hold, then there are positive constants C and
determined only by d, go, \, A, M, n, and w such that

Zatii)ig

A (2.6)

oscq(rDv < CM0<

where F* (1) = max{F(7)'/2 1/F(r)'/?}.

Jloxazamenvcmeo. If F(My) > 1, (2.6) is clear when r > RoF(Mg)'/?,
$0 we may assume that r < ROF(M0)1/2 and then we set p = TF(MO)l/Q.
Then Q(r) C Q(p, Mp) and Q(Ro, My) C Q(Rp) so Theorem 2.1 implies
that

z rF* (M) \ "
0scq(r) DV = 0scq(p,m0) DV < CMO(Rﬁo) =CMo < Iéo 0)> .

If F(My) < 1, we set p = RoF(Mp)'/2. Then Q(r) C Q(r, My) and
Q(p7 MO) - Q(RO)a S0

F*(Mp)\"
OSCQ(T)DU < OSCQ(T’,MO)DU < CMQ(%)u = CM, <w> .

0

O

The proof of Theorem 2.1 is based on two simple propositions which
are proved in Sections 5 and 6. To state these propositions, we consider
solutions of the parabolic system

vy = Do (A7 (Dv)) and |Dv|< M in Q(R,M). (2.7)

The first proposition gives an estimate when |Duv| is large on most of

Q(R,M).

Prorosition 2.1. Let v satisfy (2.7) for some positive constants M and
R. If (1.2), (2.1), and (2.2) hold, then there are positive constants o < 1
and Cy determined only by 6, go, n, N, and w such that

{IDv] > (1 = o)M}NQ(R, M)| > (1 - 0)|Q(R, M)|  (2.8)

implies

r1/2
oscq(r,m)yDv < C1 (§> oscq(r,m)Dv (2.9)

for allr € (0, R).
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Usually, a related estimate on mean oscillations is proved, and we
shall do so as part of the proof of this proposition. This estimate implies
(2.4) by virtue of da Prato’s result [6, Theorem 3.Ib]; a little more care
is needed to infer (2.9).

The second proposition is an estimate on how fast | Dv| shrinks if (2.8)
fails.

Prorosition 2.2. Let v satisfy (2.7) for some positive constants M and
R. If (1.2) and (2.1) hold, then for any o € (0,1), there is a constant
n € (0,1), determined only by J, go, n, N, and o, such that

{[Dv| > (1 =0)M}NQR,M)| < (1-0)|Q(R, M)| (2.8)'
implies
sup  |Dv| <nM. (2.9)
Q(ocR/2,M)

3. Preliminaries

We now give some results which are used to prove Theorem 2.1 as well
as Propositions 2.1 and 2.2. A key step is the following algebraic lemma,
which is similar to Lemmata 5.1 and 5.2 of |7, Chapter X].

Lemma 3.1. Let U and V be tensors in R™ with |U| < |V| and suppose
that A and F satisfy (1.2) and (2.2a). Then there is a constant c1(0, Ao)
such that, for any k € [0, 1],

|[A(U) — A(V)| < ch(]V|)V1*”\U - V" (3.1a)
In addition, there is a positive constant ca(go, Ao) such that
[A(U) = AV)] - [U = V] > e F(V)|U = V2. (3.1b)

Finally, if (2.2b) also holds, then for any e € (0,1) and n > 0, there is a
constant c3(d,e,m, No,w) such that

AT (VU = VE) = A2 (U) + AZ(V)|
< F(VDIU = V(e + esVIT"U = V7). (3.1¢)
Jloxasameavcmeo. To prove (3.1a), we suppose first that |[U—-V| < [V|/2.
In this case,

1
SISV +rU = V) 1V (3.2
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so, after using the integral form of the mean value theorem for A(U) —
A(V'), we see that

[AU) = A(V)| < 280 F(VDIU = V| < 28 F(IV)IV]' U = V™.

On the other hand, if [U — V| > |V|/2, then

[A(U) - A(V)| < 2A0(IUIF(|U|) +E(V)IV]) < 4§0F(|V|)|V|
i %AOF(W'W'H'V'” < B gy - v

For (3.1b), we use the integral form of the mean value theorem for
A(U) — A(V) to infer that

1/4
[A(U) — AV - [U — V] 2>\0|UV]2/F(|V+T(UV))dT
0

For 7 € [0,1/4], we have (3.2), so F(|[V +7(U = V)|) > 279 F(|V]). We
immediately infer (3.1b) with co = A\g/22%9%.
In proving (3.1c), first we set

HY = ASP(V)(US - V) — A2(U) + AX(V) (3.3)

and we fix 6 € (0,1/2) so small that w(f) < e. If |U — V| < 6|V, then
the integral form of the mean value theorem for H gives

1
H| < /w(T'UVV') drF([V|)|U - V|
0
SwOF(VDIU =V]<eF(V)IU = V],

which implies (3.1c) in this case.
On the other hand, if |[U — V| > 6|V, then

AO 2

2
H] < MoF(VDIU = V] + =52 .

FOVDIVI< 8o (14 2 ) FV)IT = V]
Using the inequality |[U — V| > 0|V| in the forms |V| < |U — V|/6 and
U —-V| <0 MV|="U — V|77 gives (3.1¢c) in this case with c¢5 = Ag(1 +
2/(80))67". O



358 HOLDER REGULARITY...

We also consider an alternative mean value. For r > 0, we say that
¢ € L*>®(B(r)) is a weight on B(r) if ¢ is nonnegative and fB(r) Cdx = 1.
For a function u € L'(B(r)), we call the number fB(T) Cudx the (-mean
value of u. If ¢ is a weight on B(r), then [17, (6.18)| says that, for any
p > 1, there is a constant cy(n,p, ™ sup ¢) such that

/ |ulP dz < cor™? / | Du|? dz (3.4)

B(r) B(r)

for any u € WP with (-mean value equal to zero. In addition (by arguing
as in |15, Lemma 1.1]), there is a constant so(n,r" sup () such that

(n+2)/n
/ u?dx < So< / | Du|?™/ (n+2) dx) (3.5)

B(r) B(r)

for any u € Wh2n/(n+2)
Next, we define the integral average

1
wdX = —/de
7[ S|
S S

for any measurable subset S of R"*! with Lebesgue measure |S| and any
w € LY(S). We also recall that, for any measurable set S with positive

measure,
/ lu— U*2dz = inf /|u _IPde, (3.6)
LeR
S S

where U* = fyudX is the usual mean value of w.
Finally, we note that there is (at least) one weight ¢ for B(r) such that

¢ € C*(B(r)), ¢ and D¢ vanish on B(r), and |¢| + 7|D¢| + 72| D*¢| <
C(n)r—™. We call any such function a cut-off weight function.

4. Proof of Theorem 1.1

We follow the argument of [9] to prove spatial continuity. We first
choose ¢ from Proposition 2.1 and then 7 from Proposition 2.2, and
finally ~ so that C17Y/2 < p and v < an90/2/2 for the constant C from
Proposition 2.1. We now define R; = 7/Ry and M; = n My for any
positive integer j. If (2.8)" holds, then

sup  |[Dv[<n sup [Dv| < nMy,
Q(oRo/2,Mp) Q(Ro,Mo)
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and 2 2 2 2 2 2 2
o°R§ _ o° R} S o“nP Ry S Ri
AF(Mo)  4v2F(Mo) ~— 4y*F(My) — F(My)
It follows that Q(Ry, M;) C Q(ocRy/2, My) and hence |Dv| < Mj in
Q(R1, My). Similar reasoning shows that as long as (2.8)" holds with R
and M replaced by R;_1 and M;_1, respectively, we have |Dv| < M; in
Q(Rj, M;), and hence

0scq(r;,m;)Pv < 217 M. (4.1a)

On the other hand, if J is the first integer j for which (2.8) holds with R
and M replaced by R;_1 and M;_1, respectively, then we have

oscq(r, ) Dv <0 oscqr, ) Dv < 21 Mo (4.1D)

for any integer j > J.

To proceed, we fix a point X; = (xo,t;1) with tg > t1 > to —
TRZ/F(Mp) and let 7 < Ry/2. We use (4.1a) and (4.1b) with Ro/2
in place of Ry to define R; and Q(r, Mo, X1) in place of Q(r, Myp). By
choosing j so that R; < r < R;_1, and setting 6 = log; /., (1/7), we see
that

N
[Du(y, t1) — Do(o, t1)| < OMO(R—O) (4.2)

as long as |y — xo| < r.

We prove the continuity in time via a different approach. Setting
B = B(r), we let ¢ be a cut-off weight function in B and we define W (¢)
to be the (-mean value of Dv(-, X). The triangle inequality implies that

Du(X) — Du(zo, )] < CM(RLO)Q LW - W) (43)

for any X € Q(r, Mp). In addition, an integration by parts along with
the weak form of the differential equation in (2.7) gives

W (1) — Wi (to) = /Dac iy, to) dy — /Dac vi(y,t) dy

/ / Das (AL (DoY) = AZW(s))] ay
because D¢ vanishes on 0B and A(W (s)) is independent of y. It follows
that

(W (t) = W(to)| < Cln)r—""? / [A(Dv(Y)) — A(W(s))|dY.
Q(r,Mo)
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Next, we use (3.1a) with x = 0 to infer that

W) — W (k)| < Crm-2 / PR Do(Y) — W(s)]? dY, (4.4)
Q(r,Mo)

where h = h(Y) = max{|Dv(Y)|,|W(s)|}. Noting that 0 < h < M, and
that W(s) = Dv(z1, s) for some x; € B(r), we infer that

W (t) = W (to)| < Cr="2|Q(r, Mo) | F(Mo) My~ [MO(R%) ar

- CMO(RLO)M.

Combining this estimate with (4.3) and (4.2) yields (2.4) with pu = 66
because the inequality is obvious for r > Ry /2.

5. Proof of Proposition 2.1

We always assume in this section that v is a solution of (2.7) and that
A and F satisfy (1.2) and (2.2a). Further assumptions will be made as
needed.

Our first step is an mean oscillation estimate for a related constant
coefficient problem. To state this result, we write {w}r = fQ(R,J\_/I)w ax.

Lemma 5.1. Let V' be a tensor such that M/2 < |V| < M. If v solves
—0; = Da(AS(V)Dgt?) in Q(R/2, M), 5 =v on PQ(R/2,M), (5.1)

then there is a constant C1, determined only by n, N, X\, A, go, and §
such that

+4
/ Do — {Do},2dX < 01<%>” / Do~ V[2dX (5.2)
Qp.) Q(R/2,M)

for all p € (0, R/2).

oxasameavcmeo. Since v satisfies a system of constant coefficient di-
fferential equations, a straightforward modification of the Campanato
technique ([2]; see |9, Lemma 3.2| or |7, Theorem IX.6.1] for details of
the modification) implies (5.2). O

Our next step is a reverse Holder inequality. The statement is the same
as |9, Lemma 3.3] but the proof is essentially that of [19, Lemma 6.1].
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Lemma 5.2. Let V be a tensor such that M/2 < |V| < M. Then there
are positive constants n and Cy, determined only by J, go, A, A, n, and
N such that

14+n
][ |Dv — V|*T1dX < @( f |Dv — VPdX) . (5.3)

Q(R/2,M) Q(R,M)

Jlokasameavcmso. Fix X1 € Q(R, M). For brevity, we write K(r) for
Q(r, M, X1). We now choose r > 0 so that K(4r) C Q(R, M) and we set
ty = t1 — 4r2/F(M). We define w by w(X) = v(X) -V - (z — 11), we
take ¢ to be a cut-off weight function in B(X7,4r), and we set

wo =1 2F(M) / CwdX,

K(4r)

w=w—wy, W({t)= / ((z)w(x,t)de.
B(

x1,4r)

We use 9 to denote a C2(K(4r)) function which vanishes on the
parabolic boundary of K (4r) with 0 < ¢ < 1 in K(4r) and ¢» = 1 on
K (7). In addition || < C(n)r=2F(M) and | D3| < C(n)/r. With q¢ > 2
to be further specified, we then use ¥%w as test function in the weak form
of the equation for v. Some simple rearrangement, along with Lemma 3.1,
yields

Sy + F(M) / |Dw|?*y?dX < Cq*r~2F(M) / 0?2 dX. (5.4)
K(4r) K(4r)

for

Sq = sup / |w|*? dex.
to<t<ty
B(X1.,4r)x{t}
We now choose ¢ = 4 and conclude from (5.4) and Holder’s inequality
that

31 n/(n+2)
/ |Dw|?dX < Cr—ng/(””’/( / ]u_)|2dac) dt.
K(r) t2 “B(X1,4r)x{t}
(5.5)

We then invoke (5.4) with ¢ = 2 to infer that

Sy < CF(M)r2 / |w)|? dX.
K(4r)
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Now, (3.4) tells us that
/ lw — W (t)|? dz < Cr? / |Dw|? dx
B(X1 4r) B(X1,4r)
and it is clear that

[wo —W(H)|[ < sup  [W(r)—W(r).

ta<T/<T<t1

The differential equation for v shows that

Wi(r) - Wi(r') = / / Do ()(A2(Dv) — A2(V)) dX,

7' B(X1,4r)

and then (3.1a) with x = 0 and Hoélder’s inequality imply that

1/2
|W(7‘)—W(7‘/)|§C7“< ][|Dw|2dx> .

K'(2r)

It follows that
Sy < CF(M) / |Dw|?dX. (5.6)
K(4r)

If we use (3.5) in place of (3.4), the preceding argument shows that

t /(n+2)
( ]w|2dx> dt < C / |Dw|*/ ("D ax.  (5.7)
l2 “B(Xy,4r)x{t} K(4r)

Upon combining (5.5), (5.6), and (5.7), we infer that, for any 6 > 0,

(n+2)/n
][ |Dw|?dX < 9][ |Dw|*dX + C(0) ( ][ | Dw|?/ (n+2) dX) ,

K(r) K (4r) K(4r)

and then [11, Proposition 1.3| implies (5.3) if € is sufficiently small (deter-
mined only by n). O

Lemma 5.3. In addition to the hypotheses of Lemma 5.1, suppose that
A has the form (2.1) and that (2.2b) holds. Then, for any ey € (0,1),
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there is a constant Cs determined only by n, N, §, €9, go, A\, A, and w
such that

|Do — Dv|? dX
Q(R/2,M)
n
< |eo + C3 <M2 ][ \Dv—VPdX> ] / |Dv—V[?dX (5.8)
Q(R,M) Q(R,M)

for n the constant from Lemma 5.2.

Jlokazameavcmeso. We define H by (3.3) with Dwv in place of U and rewri-
te the differential equation in (2.7) as

—v; + DoAY (V)Dgv') = Do (HP).

By using ¥ — v as test function in the equations for ¥ and v and then
using (3.1c), we find that

/Dv—Dvy2dX< FOD? / |H|*dX,
Q(R/2,M) Q(R/2,M)

< 50/ |Dv — V|?dX + C/M_"]Dv —V[*MdX.
The proof is completed by applying Lemma 5.2. O

We now give a useful weak version of the differential equation. Set
t1 =to— R?/F(M), let ¢ be a nonnegative C'(Q(R, M)) function which
vanishes on OB(R) x (t1,t), let T’ be a nonnegative increasing C'([0, 00)),
and define H by

s

H(s) = / oT (o) do.

0

(The choices for I' and v will vary depending on the context.) If we
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multiply the equation for v* by D.,(I'(|Dv|)D,v*)?), we find that

/ |Dv|F(|Dv|)a®’ Do| Dv| Dg| Du|T"? dX

Q(R,M)
+2 / |Dv|F(|Dv|)Ta®’ D | Dv|Dgipyp dX
Q(R,M)
+ / A Dy Do’ Ty dX + / Hy? dx
B(R)x{to}
Q(R,M)
=2 / Hiny dX+/ H? da.
B(R)x{t1}
Q(R,M)

where the argument |Dv| is omitted from I', IV, and H, and we define

F'(|Dv|) DavtDgv?

aozﬁ _ 5015 +
F(|Dv])  |Dol

Now the matrix [a®’] is symmetric and satisfies the matrix inequalities
61 < [a*P] < gol. It follows that

/ H¢2dx+g / I'F|Dv||D|Dv||*? dX
B(R)x{to} Q(R,M)
+ Ao / F|D*0|?Ty? dX < / Hy? dx
Q(R,M) B(R)x{t1}
+ / HiyppdX +C / §|DU\F1Dw\2dX. (5.9)
Q(R,M) Q(R,M)

Now we prove the crucial estimates which allow us to show that the
mean oscillation of Dv decreases sufficiently fast. (This lemma is based
on [8, Lemma 4.4].)

Lemma 5.4. Let 0 < 1/4, €, and ¢y be positive constants and suppose
that

1
{Dv}r| = §M, (5.10a)

][ |Dv — {Dv}p|*dX < eM?. (5.10b)
Q(R,M)
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Then

Do — {Dv}orf?dX < (e1 + C40™) / \Dv — {Dv} g2 dX,

Q(OR,M) Q(R,M)
(5.11)
where 1 = 2(eg + C3e™) and Cy = 4C1[1 + €1].

Joxasamesvcmeo. Let v solve (5.1) with V' = {Dwv}gr. Then we have
from (3.6) and the triangle inequality that

|Dv — {Dv}gr|* dX
Q(OR,M)
<2 / |Dv — D5*dX + 2 / |Dv — {Dv}gp|* dX.
Q(BR,M) Q(OR,M)

We estimate the first integral on the right-hand side of this equation by
using Lemma 5.3, (5.10) and the observation that increasing the region of
integration of a nonnegative function increases the integral. Estimating
the second integral via Lemma 5.1 then gives

|Dv — {Dv}gr|* dX
Q(OR,M)

<e / |Dv — V[*dX + 200" / |Do — V|?dX.
Q(R,M) Q(R/2,M)
Now the triangle inequality implies that
|IDo—V|[*dX <2 / |Dv—Do|* dX +2 / |Dv—V]*dX.
Q(R/2,M) Q(R/2,M) Q(R/2,M)

We estimate the first integral here via Lemma 5.3 and the second integral
by increasing the integration region to conclude that

/ |Do — V[2dX < 2[e; + 2]C10™™ / |Dv — V]*dX.
Q(R/2,M) Q(R,M)
Combining all our estimates yields (5.11). O

Our next lemma is a restatement of [8, Lemma 4.5] in our present
language.
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Lemma 5.5. There are positive constants 6 and & such that if
3
[{Dvir| =2 7M (5.12)

and if (5.10b) holds, then, for every nonnegative integer i, we have

1 1
(Dbl = (5 + g ) M. (5.13)

/ |Dv = {Dv} gy > dX < 07F7/ / |Dv — {Dv} pepy|* dX, (5.13b)
Qlil Qlil
where R(i) = 0'R and Q[i] = Q(R(i), M).

Jloxasameavemeo. Choose 0 so that [C1+1]0 < 1/4, then set eg = 07+3 /4
and & = min{eo/Cy, 0?71 /64}.
Then (5.11) implies (5.13b) for ¢ = 0. In addition,

{Dv}or — {Dv}r| =

/ (Do — {Du}g] dX‘

Q(OR,M)
< / D — {Dv} g dX < 62 / D — {Dv} | dX
QORM) QURM)
1/2 .
< 9”2< / |Dv — {Dv}g|? dX> <9220 < M

Q(R,M)

and therefore (5.13a) holds for ¢ = 1.

If conditions (5.13a) hold for all 7 less than or equal to some positive
integer k£ and (5.13b) holds for all i < k, then Lemma 5.4 with R(k) in
place of R along with the argument outlined above implies (5.13b) with
1 = k. An easy induction argument shows that

|Dv — {Dv} g |* dX < 0%,
Q(R(k),M)

so {Dv}ret1) — {Dvirm| < O "=2(03k/2)1/2 < 2=(-+3) " and hence
(5.13a) holds also for i = k + 1. O

Next, we show that condition (2.8), with suitable o, implies that Dv
stays close to its mean on most of Q(R/2,M) and that this mean is
comparable to M. This result is the same as [8, Lemma 5.1| but the
proof is rather different.
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Lemma 5.6. Given a positive number e, there is a constant o € (0,1)
such that if (2.8) holds, then

M < [{Do}npl < M, (5.14a)
][ |Dv — {Dv}po|* dX < eM? (5.14b)
Q(R/2,M)

Jloxasamenvemeo. With 6 € (0,1/4) at our disposal, we take I'(7) = (7—
(1 —260)M )4 and we note that there is a positive constant C' determined
only by go such that F(|Dv|)/C < F(M) < CF(|Dv|) if I'(|Dv|) > 0. We
now choose 9 so that |Dy| < 4/R and || < 16F(M)/R* in Q(R, M),
Y =1in Q(R/2, M), and ¢(-,t3) = 0. Writing

A(k,r) ={X € Q(r, M) : | Dv(X)| > k},
we conclude from (5.9) that
|D?v]?dX < COM?R2|Q(R/2, M)|. (5.15)
A((1—8)M,R/2)

Now, let hg be an increasing, C''(R) such that ho(7) = 0 for 7 <
3M/4, ho(t) = 1 for 7 > 7TM/8, and h{ < 16/M on R, and set h =
ho(|Dv|)Dv. Then |Dh| < C(n, N)|D?v|. To proceed, we let ¢ be a cut-
off weight function in B(R), we write W (t) and Wy(t) for the (-means of
Du(-,t) and h(-,t), respectively, and we set

w=R*F(M) / ¢(x)Dv(X)dX.
Q(R,M)

Since |[h—Wo () < C(n) M D |h— Wy (1)[**/ (1), (3.4) implies that
|hO_W(t)|2d;c < C(‘B(R)|M)2/(n+1) / ’Dh‘Qn/("Jrl) da
BR/2)x{t} B(R/2)x{t}
and hence
|h—W0(t)‘2 dX < C(|B(R)|M)2/(n+1) / |Dh|2n/(n+1) dX.
Q(R/2.M) Q(R/2,M)

Now, we set

S = A((1 - 0)M,R/2), S=A(3M/4,R/2)\3.
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Since |Dh| =0 on Q(R/2)\ A(3M/4,R/2), we have

Q(R/2,M) S %
Taking # = 1/4 in (5.15) then gives
n/(n+1)
/!Dh\%/("“’ dX < C|g|t/iy </‘Dh|2dx)
S S
< Cval/(n+1)]\4211/(n+1)1;37211/(n+1)|Q(R7 M)’

A similar argument with § = o shows that

/‘Dh‘2n/(n+l) dX < Co_n/(n—H)M2n/(n+1)R—2n/(n+1)’Q(R, M)’
b

Since o < 1, we conclude that

/ \h—=W@)?dX < Co/ "D M2|Q(R/2, M))|. (5.16)
Q(R/2,M)
To simplify the notation, we use || - || to denote the L%(Q(R/2, M))

norm. It then follows from the triangle inequality that
1Dv —w|| < [[Dv = hl[ + [[h = Wo| + [[W = Wo| + [[W — w]|.

Since Dv = h on X, we have

/ |Dv — h|?dX = / |Dv — h|? dX,
Q(R/2,M) Q(R/2,M)\E
SO
|Dv — h||* < CoM?|Q(R/2, M))|. (5.17)

Next,
Ih — Wo|? < Ca/ I M2|Q(R/2, M)

by (5.16). From Jensen’s inequality and the estimate |[(| < CR™", we
have

to
W — W =/

t1

2

((z)[Dv — h)(X) dz| |B(R/2)| dt

B(R/2)

<C / |Dv — h|? dz < CoM?|Q(R/2, M)|.
Q(R/2,M)
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Finally,

W —w|| < |Q(R/2,M)| sup [W(r)—W ().

t1 <T<T'<tg
We then estimate W(7) — W(7’) as in the proof of Theorem 2.1. From

(4.4) and Holder’s inequality, we now infer that

5/2
W (r)—W(r)| < C’M15< ][ |Dv — W (t)[? dX) .

Q(R/2,M)
This integral is estimated via (5.16) and (5.17); we conclude that

(W (r) — W ()| < Co®/Cnt2 .
Combining all our inequalities then yields

/ |Dv —{Dv}gps|* dX < Co®/CPFIMP|Q(R/2, M)|,  (5.18)

Q(R/2,M)

which implies (5.14b) provided o is sufficiently small.

We now use the triangle inequality, followed by (2.8), Holder’s inequali-
ty and (5.18), to see that

(Do} gjol = ][ Do dX — ][ Dv — { Do} gys| dX
Q(R/2,M) Q(R/2,M)
Z [(1 o 0,)2 o 00'5/(4n+4)]M,

which yields (5.14a) upon taking o sufficiently small. O

To prove (2.9) from the mean oscillation estimate of Lemmas 5.5 and
5.6, we suppose that X is taken so that (2.8) holds. With £ and &’ positive
constants to be determined, we take o from Lemma 5.6 corresponding to
£/2 in place of €. If X € Q(R, M) and | Xy — X1| < 'R, then



370 HOLDER REGULARITY...

|Q(R/2, M, X1) \ Q(R/2, M, Xo)| < C(n)'|Q(R, M)|
and therefore

e
[Dv = {Dv} o2 dX < |Q(R, M) (Cm)e' +5)
Q(R/2,M,X1)

It follows that

|Dv = {Dv}x, ryol” dX < eM?
Q(R/2,M,X1)

and {Dv}x, gja| > 3M/4 if € and €' are sufficiently small. We then
conclude that

r\1/2
/ |Dv—{Duv}x,,2dX < C(}—%> / |Dv—{Dv}x, gl dX
Q(r,M,X1) Q(R,M,X1)

for any r < R and any X; as above. We then infer (2.9) from |6,
Theorem 3.1.b| (see also [17, Lemma 4.3| for an alternative approach).

6. Proof of Proposition 2.2

The proof of Proposition 2.2 is essentially the same as for the case of
the parabolic p-Laplacian system ( [8, Proposition 3.3] and [9, Propositi-
on 2.2]). We follow the proof the corresponding result for a single equati-
on [13, Lemmata 1.2-1.4], which is based on the proofs in [8,9]; the major
difference is that [13] uses Moser iteration rather than DeGiorgi iteration.

First, we introduce some notation. For 6 € (0,1/2), we write

S(6) = {X € QR M) : |Du(X)| > (1 - )M},
S(0,t) ={x € B(R) : |Dv(x,t)| > (1 —6)M}.

We also set t; = tg — R2/F(M) and ty = tg — o R?/(2F(M)), where
o€ (0,1) is fixed.

Lemma 6.1. If (2.8)" holds, then there is t' € (t1,t2) such that |S(o,t")]
< (1-3%)IB(R).

Jloxasamenvcmeo. The proof of [13, Lemma 1.2] implies that

(1_2) inf |S(o,8)| < (1 —0)|B(R)],

2 t1<s<to

and the proof is completed by noting that (1—0)/(1—0/2) < 1—0/2. O
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Next, we define v = (1 — (¢/2))/(»*2) and we note that v € (1/2,1).

Lemma 6.2. If (1.2), (2.1) and (2.8)" hold, then there is a positive
integer r such that

sup |S'(2770,t) N B(vR)| < v|B(vR)|. (6.1)

t2<t<to

Joxasamenvemso. Let t' be as in Lemma 6.1 and let t” € (ta,1). Now
we define ¥ by

is) = 1n+(1 - (S/Ma) + 21—7“0)'

(This is the same function ¥ as in [8] and [13] since the argument of the
logarithm here is less than one if s < (1 — ¢)M.) With I’ = 200’ and 1)
independent of ¢, it follows from (5.9) that

t//
P2U?dX < / VAU dX + CF(M)/ / U|Dy|?dX.
B(R)x{t"} B(R)x{t'} ¥ B(R/2)
Now take 1 so that ¢ = 1 in B(vR) and |Dvy| < C(v)/R and estimate

the terms in this inequality as in |13, Lemma 1.3| (with v in place of v/2)
to infer (6.1) for r sufficiently large. O

To prove Proposition 2.2, we set w(r) = (71— (1 —-0)M), with 0
to be further specified. Then for ¢ > 2, we set I' = w?~? and we take
¢ € CYQ(R, M)) with support in B(vR) x (,t1] such that

v R?
X)=1lif|z|]< =R and t > t) — ————
8F (M)
o R?
and we set @ = ¢"+2w. Tt then follows from (5.9) with ¢ = (((*+2)a—n)1/2
that

0scst, lals Sl IDd s S in QMR M),

sup / w?dx + / |D[w?/2¢~™?) |2 dX
to<t<to
B(R)x{t} Q(R,M)

<C'q2w / w2 dX.
Q(R,M)

The proof is completed by arguing as on pages 507 and 508 of [13] (with
w in place of Dyv).
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