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1. Introduction

The transmission problems often appear in different fields of physics
and technics. For instance, one of the importance problem of the elec-
trodynamics of solid media is the electromagnetic processes research in
ferromagnetic media with different dielectric constants. These problems
appear as well as in solid mechanics if a body consists of composite ma-
terials.

In this work we obtain estimates of weak solutions of the nonlin-
ear elliptic transmission problem near conical boundary point. Namely,
for weak solutions of this problem we establish the possible exponent in
the local bound of the solution modulus. Earlier the quasi-linear trans-
mission problem was investigated only in smooth domains (see works of
M. V. Borsuk [1], V. Ja. Rivkind, N. N. Ural’tseva [15], N. Kutev, P. L. Li-
ons [11]). Later other mathematicians are studied transmission problems
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in non-smooth domains in some particular linear cases (see the refer-
ences cited in [5,13,14]). General linear interface problems in polygonal
and polyhedral domains was considered in [13,14]. Regularity results in
terms of weighted Sobolev—Kondratiev spaces are obtained in [5] for two
and three dimensional transmission problems for the Laplace operator.
D. Kapanadze and B.-W. Schulze studied boundary-contact problems
with conical [8] singularities and edge [9] singularities at the interfaces
for general linear any order elliptic equations (as well as systems). They
constructed parametrix and showed regularity with asymptotics of solu-
tions in weighted Sobolev—Kondratiev spaces. We knew only one paper,
namely the D. Knees work [10], that concerns with the study of the reg-
ularity of weak solutions of special nonlinear transmission problem on
polyhedral domains. A principal new feature of our work is the consider-
ation of estimates of solutions for elliptic general divergence quasi-linear
second order equations in n-dimensional conic domains.

Let G C R™ n > 2 be a bounded domain with boundary dG that
is a smooth surface everywhere except at the origin O € 9G and near
the point O it is a conical surface with vertex at . We assume that
G = G4y UG- Uy is divided into two subdomains G4 and G_ by a
Yo = G N {zy, = 0}, where O € .

We consider the elliptic transmission problem

—i-ai(x,u, Vu) + b(x, u, Vu) = 0, z € G\ So;

[u]zo 0,
Slu) = (3], + pr=ro (F)u- [ultt ™2 = Az, u), = € N;

kB[U] = %—i_m%f}/(é_ﬂu ’u‘q+m_2:g(x7u)7 :UeaG\O
(QL)
(summation over repeated indices from 1 to n is understood); here:
[ ]
U(%) — U+(l‘) x € G+,
u_(z), zeG_;
a; \Y G
a;(z,u,uy) = Z_(x Uy Vi), @€ Gy, etc.;
a; (x,u_,Vu_), vecG_
o [uly, = u+(:n)‘20—u,(:z:)‘2 , where uy (z }20 lim  wuy(y);

G+oy—x€Xy



M. BORSUK 487

° % = a;(x,u,uz)cos(n,x;), where 7 denotes the unite outward
with respect to G4 (or G) normal to ¢ (respectively 0G \ O);

° [%] o denotes the saltus of the co-normal derivative of the function
u(z) on crossing X, i.e.

[8@4

_at -
%} 5 a; (x,uy, Vug)cos(n, z;

1Y
—a; (z,u—,Vu_) cos(ﬁ,xi)‘zo.

We obtain estimates of weak solutions to problem (L) near a conical
boundary point. Such estimates are sharp in the case of quasi-linear
equations with semi-linear principal part, namely for the transmission
problem

_dii (Ju|?a® (z)us;) + b(z,u, Vu) =0, ¢ >0, z € G\ Xop;

[ulg, =0, Slu]= [%]Eo + ‘—:i'a(%)u |u|? = h(z,u), x € Xo;

| Blu] = %—I—ﬁ'y(i)u'\ulq:g(m,u), x € 0G\ O
(WL)

(summation over repeated indices from 1 to n is understood).

Remark 1.1. The problem (W L) is the problem (QL) with a;(z, u, Vu)
= |u|%" (z)ug;, i=1,...n and m = 2.

We introduce the following notations:
e S™ 1 : a unit sphere in R™ centered at O;

o (rw),w = (wi,ws,...,wp_1) : the spherical coordinates of z € R"
with pole O;

e C : the rotational cone {x1 > rcos 9} with the vertex at O;
e OC : the lateral surface of C : {1 = rcos 4 };

e O : a domain on the unit sphere S"~! with smooth boundary 02
obtained by the intersection of the cone C with the sphere ™~ !;

o Oy =Qn{z, >0}, O =QN{z, <0} = Q= Q,UQ_Uoy; 09 =
Yo N

] 8926605”‘1, aiQ:Q—im’)C, 004 = 0+Q U oyp;
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Gl ={(r,w)|0<a<r<b weQ}NG: alayer in R?;

I ={(r,w) |0<a<r<bwedN}NAIG : the lateral surface of
layer GY;

¥ =Gb N {z, =0} C So;

Gy=G\G¢ Ty=0G\TY, ©y=%0\ ¢ d>0;

Q,=Gin{lz|=p}; 0<p<d

Fig. 1

We use the standard function spaces: C*(GL) with the norm Ut kG s
Lebesgue space Ly, (G+), m > 1 with the norm ||u4|/m, ¢, , the Sobolev
space WF™(GL) with the norm ||ut|km:c., and introduce their di-
rect sums CF(G) = CF(G4) + C*(G_), Lin(G) = Lp(Gy) 4 Lin(G-),
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WEM(G) = Wkm(GL) + WF™(G_). We define the weighted Sobolev
spaces: Vﬁ%a(G) for integer k£ > 0 and real a as the space of distribu-
tions u € D'(G) with the finite norm

1
k m
lellv, o = ( / Zr"*mw"’f)w%mdw>

G, 181=0

1
k m
+< / Z Ta+m(|ﬂ_k)|Dﬁu_|mda:>

G_ 181=0

1
and an,a’” (0G) as the space of functions ¢, given on dG, with the norm

H@Hka% = inf H@HV%Q(@, where the infimum is taken over all func-

aG)
tions ® such that ®|sc = ¢ in the sense of traces. We denote

WE(G) = Wh(G), WE(G) = VE(G), WL 2(0G) = V5,2 (0G).

Definition 1.1. The function u(z) is called a weak solution of the prob-

lem (QL) provided that u(z) € CO(G)NWL™(G) and satisfies the integral
identity

/{ai(a:, U, Ug )N, + b(x, uy uz)n(z)} do
G

+/:(w)u]uq+m_277(l') ds+/Mu\UIq+m_2n($) ds

m—1 pm— 1
>0 oG

:/g(:v,u)n(m) ds—i—/h(x,u)n(m) ds (II)

oG o
for all functions n(x) € C*(G) N Wh™(Q).
Lemma 1.1. Let u(z) be a weak solution of (QL). For any function
n(z) € C°(G) N WE™(Q) the equality

/{ai(:v, U, Uz ), + b2, 0, ug ) () } do
G§

= /ai(az,u, ug) cos(r, z;)n(x)dQ,
QQ
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+ [ (o = 2 afupre =)o) as

g
o(w) +m—2
+ (h(x, u) — mqu )n(:v) ds  (II)joc
=
holds for a.e. o € (0,d).

Proof. The proof is analogous to the proof of Lemma 5.2 [3, pp. 167
170]. O
Now we formulate our assumptions and main results.

Problem (WL).

Regarding the equation we assume that the following conditions are
satisfied:

Let >0, 0<pu<q+1,5s>1, {1 20,9120, h1 >0, B>s5—2
be given numbers;

(a) the condition of the uniform ellipticity:
a:&? < aﬁ(m){z{j <ALE% VareGyi, VEER™ ar, Ar = const > 0,

a’(0) = aég , where (5{ is the Kronecker symbol;

a, = min{a4, a_} >0,
a4, T € G+7
a= { ca we denote ¢ a* = max{a4, a_} >0,
a_, x -
’ A* =max(A_, Ay);

.. _ .. 1
(b) a¥(x) € C°(G) and the inequality (Z?,j:l laf (x) — aiﬁ(y)P)? <
A(|lz — y|) holds for x,y € G, where A(r) is a monotonically in-
creasing, nonnegative function, continuous at 0, A(0) = 0;

() [b(w,u, uz)| < apful®HVul> +bo(2); bo(x) € Lyya(G), n <p < 2n;
(d) o(w)>1vp>0on oy y(w)>1ry>0ondG;

(6) Oh(z,u) < 07 69((93;;“) < O;

ou

(f) lbo(@)] < fil2l?, |g(z,0)] < grlal*~", |h(z,0)] < halaf*~.
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We assume without loss of generality that there exists d > 0 such that Gg
is a rotational cone with the vertex at O and the aperture wy € (0, 27)
thus
n
rd = {(r,w)‘x% = cot? ? x3; € (0,d), wy = ?, wp € (0, 277)}.

i=2

(1.1)

Our main result about problem (W L) is the following statement. Let

)\:2—n+\/(721—2)2—|—419, (1.2)

where 9 is the smallest positive eigenvalue of the problem (NEV P) with
m = 2 (see Subsection 2.1).

Theorem 1.1. Let u be a weak solution of the problem (WL), the as-
sumptions (a)—(f) are satisfied with A(r) Dini-continuous at zero. Let us
assume that Mo = max & |u(z)| is known. Then there are d € (0,1) and
a constant Cy > 0 depending only on n,a., A*,p,q, \, i, f1,h1, 91, 10, S,
My, meas G,diam G and on the quantity fol Air) dr such thatVzx € Gg

u(@)| < Co(llullag+1y,c + fr + 91+ M)

A(l+q—p)

|z| @0 if s > Alﬁg“a
A(1+qg—p)
X || (q+§)2—“ 1n3/2(q+1)(ﬁ)’ ifs:%lfi;“v (1.3)
2|7, if s < ALHB,

Suppose, in addition, that coefficients of the problem (W L) are satisfied
such conditions, which guarantee the local a-priori estimate |Vulg g <
M for any smooth G' CC G\ {O} (see for example [1, §4] or [15]).
Then for Vz € G¢

A(itq—p)
|.T‘ (qu‘i)gH —17 ’lfS > )\1-01-3—;#7
. AQ+a—p) 4 _ N
Vu(@)] < Ci- 4 || wh? W@ (L), i s = AL, (1.4)
Bl if s < )\ﬁi;“

with C = ¢ <HuH2(q+1),G +fi+ag+ h1), where c¢1 depends on My, M
and Cy from above.

Problem (QL).
Regarding the equation we assume that the following conditions are
satisfied:
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Let
a reG
a=<{ " + ax > 0;
a_, x€G_,
a, = min{a4, a_} >0, a* = max{a4, a_} > 0;

qg+m—1

l<m<n, mn>p>n>m, q¢>0, k>0 s>1,0<u< 1
m—

be given numbers; ag(x), a(x),by(z) are nonnegative measurable func-
tions; a;(x,u,§), i =1,...,n; b(z,u,§) are Caratheodory functions G x
R x R"™ — R and h(z,u) is a continuously differentiable with respect to
the u variable function Xy x R — R but g(z,u) is a continuously differ-
entiable with respect to the u variable function dG x R — R possessing
the properties:

1) ai(z,u,§)& > alull[f]™ — ao(2); ao(z) € Ly/m(G);

2) || et + | 3G < g+ ooy

a(z) € L#(G);

3a) [b(w,u, §)] < aplul?HE[™ + bo(w); bo(z) € L

3b) b(z,u,&) = B(x,u) +g(x,u,§), w- B(x,u) > alu|Tt™;

bz, 4,€)] < aplult=€™ + bo(), bo(z) € Lx (G);
Oh(z,u) dg(z,u)
— K — 2 (-

g ou  — 0 ou — 0

5) o(w) > vy >0o0nop; y(w)>1ry>0ondG.

In addition, suppose that the functions a;(z,u, &) are continuously differ-
entiable with respect to the u, £ variables in Mg rr, = Gg X [— Mo, Mo] xR™
and satisfy in 9y v,

6) (m — 1uluGet — gfulfulley =1, n;

ou

7) lai(z, u, uy) cos(ﬁ),xi) — alul?|Vu|m2

i

< kol ol < d.
d

Our main result about problem (QL) is the following statement.
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Theorem 1.2. Let u be a weak solution of the problem (QL) and as-
sumptions 1)-T) are satisfied. Let us assume that My = max ¢ [u(x)| is
known. Let ¥ be the smallest positive eigenvalue of the problem (NEV P)
(see Subsection 2.1). Suppose, in addition, that h(x,0) € Loo(X0),
9(x,0) € Loo(OG) and there exist real numbers ks > 0, K > 0 such
that

I q m(g+m—1) _1 _m_
ky = 5289 ratm—1 ‘ao(gy”(m—l)(q-&-m) dr+ | rm—1 ’b0($)|m*1
¢ Ge Gg
1 _m__ 1 _m__
+ ;!h(ﬂ%o)!m*l ds + ;!9(9«“,0”’“*1 ds i (L.5)
e rg
n Tl mon) etmet 7( q+1§7 =
K =: sup {Q Gt ag || B e
0>0 ¥(0) | ”
—i—gliZHOz( )Hm m—1 GQ+Q( p)m”bo( )HZL ég
1 1
g(||g<x,o>| T+ @02 )} (16)
where
1
ﬂﬁ(m),qﬂm—l)_(l—u) ﬂm( ) +(m—1)(1—p) .
g oW > Ty T grm-T
(o) = o atm o g wm(m)  grm-1)(-p .  (1.7)
o ¢(m) g+m=—1 h’lE, s = C’(mn; ! Z:_m_l Ma
9 (m)  q+(m—1)(1—p)
o’ 5 < C(m) = ;n-i-m—l M,
m— m—2
C(m) = (m—1)"% max{1; 22D}, (1.8)

Then there are d € (0,1) and a constant Cy > 0 independent of u such
that

u(@)] < Co(lz/'mu(le)) 77T, Vzedd  (L9)

Moreover, if coefficients of the problem (QL) satisfy such conditions
which guarantee the local a-priori estimate |Vulo g < My for any smooth
G' cC G\ {O} (see for example [1, §4] or [15]), then there is a constant
C1 > 0 independent of u such that

1+
Vu(z)| < Chla| a5 pafnst (o), Ve Gl (1.10)



494 THE TRANSMISSION PROBLEM...

2. Preliminaries

2.1. The eigenvalue problem

Let Q C 8"~ ! with smooth boundary 9 be the intersection of the
cone C with the unit sphere S*~!. Let 7 be the exterior normal to OC at
points of 9 and 7 be the exterior with respect £, normal to Xy (lying
in the tangent to Q plane). Let v(w) be a positive bounded piecewise
smooth function on 99, o(w) be a positive continuous function on ¥. We
consider the eigenvalue problem for the m-Laplace—Beltrami operator on
the unit sphere:

a (dive, |V |2V ) + 9™ 24) = 0, w € N,

[Wleo =0, [alTuw22%] +ot)wi 0| =0 (vEVP)

IV 2% + @) =0,

\

which consists of the determination of all values ¥ (eigenvalues) for which
(N EV P) has a non-zero weak solutions (eigenfunctions); here

ay, TE Q+,
a =
a—, x€Q_,
a+ are positive constants.

Definition 2.1. Non-zero function v is called a weak eigenfunction of
the problem (NEV P) provided that ¢ € C°(Q) N WI™(Q) and satisfies
the integral identity

m721 8’¢ 877 . m—2
Ja{ivour oS S oy} ao
Q

+ / o (@)™ 2 do + / (@)™ 2 do = 0

(0] o

for all n(x) € C°(Q)NWL™(Q); here: 1 =1, ¢; = (Sinwy ...sinw;_1)%;
1> 2.

Remark 2.1. We observe that ¢ = 0 is not an eigenvalue of (NEV P).
In fact, setting n = ¥ and ¥ = 0 we have

/a|Vw¢]mdQ+/J(w)\w|mda+/7(w)w\mda:0 =0,

Q 00 o0
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since a > 0, o(w) >0, y(w) > 0.

We characterize the first eigenvalue J(m) of the eigenvalue problem
for m-Laplacian by

Joal Voo™ dQ + [ o ()™ do + [oqv(w)|y]™ do

pewhm(Q) Jq aly|™dQ
P#0

I (m) =
(2.1)

Theorem 2.1. Let Q C S™ ! be a bounded domain with smooth boundary
00. Let y(w), w € 0N be a positive bounded piecewise smooth function,
o(w) be a positive continuous function on og. There exist the eigenvalue
¥ > 0 and the corresponding weak eigenfunction 1.

Proof. The proof is similar to Theorem 8.20 [3]. O

Now from the variational principle we obtain
The Friedrichs—Wirtinger type inequality. Let 9 be the smallest
positive eigenvalue of the problem (NEV P) (it exists according to The-
orem 2.1). Let Q C S"~L. Let v € WY™(Q) and satisfies the boundary
and conjunction conditions from (NEV P) in the weak sense. Let v(w)
be a positive bounded piecewise smooth function on 0), o(w) be a positive
continuous function on agg. Then

[atuiman < g{ [avouraas oo+ [ fy<w>|w|mdo}
Q Q

00 o0
(W )m
with the sharp constant %.

Remark 2.2. In the case m = 2 we consider the value A by (1.2); there-
fore the Friedrichs—Wirtinger inequality will be written in the following
form

)\(/\+n—2)/a1/12(w) dQ < /a\wa\QdQ+/a(w)w2(w) do
Q Q

g0

4 / VW) do, Yip(w) e WIQ) (W)

[2}9]

satisfying the boundary and conjunction conditions from (NEV P) in the
weak sense; o(w) > 19 > 0, y(w) > 1y > 0.
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Corollary 2.1. Let 9 be the smallest positive eigenvalue of the problem
(NEVP). Let v(z) € WY™(GY) and v(-,w) satisfies the boundary and
conjunction conditions from (NEV P) in the weak sense. Let vy(w) be
a positive bounded piecewise smooth function on 02, o(w) be a positive
continuous function on og. Then for any o € (0,d) and ¥V «

1
/aro‘\vmday < 5{ /aro‘+m]Vv]m dx—i—/ro”rm—arfii lv|™ ds
r

Gy g =0
+/ra+M—:Tfff)l ]v|mds}, (2.2)
I

provided that integrals on the right are finite. In particular,

< =
/a’v| dz (m){ /a|Vv| dzx - /Tm 1|v| ds

G§ G§ D0
W) m
+/rm—1|v| dS} (H—W)m
g
as well
/CL|’U|mdl‘§ C(m,n,z?,G){/a\medx—}—/ Orgbi)l\vmds
r
G G Yo
VW) m
+/rm—1|2) ds} (F—W)m
oG

Proof. We consider the inequality (W), for the function v(r, w), multiply
it by r**"~1 and integrate over r € (0, 0). Hence it follows the desired
(2.2). Setting oo = 0 we get (H — W)y,. The inequality (F' — W), is the
consequence of (H — W),,, and the Poincaré inequality. O

Corollary 2.2. Let v € C°G) N \?Véfz(G) and v(-,w) satisfies the
boundary and conjunction conditions from (NEV P) for m = 2 in the
weak sense. Let o(w), w € 0¢g; v(w), w € 9N be positive bounded piece-
wise smooth functions with o(w) > vy > 0, y(w) > vy > 0. Then

1
/CL?“a_4v2 dx < m{ /ara_2|vv|2 dx

Gy Gy
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—i—/r“_?’a(w)vQ(x) ds+/ra_3fy(w)v2(:):) ds}, Va, (2.3)
=4 T
where X is defined by (1.2).
Proof. Multiplying (W)y by r" 5% and integrating over r € (0,d) we
obtain the required (2.3). O
2.2. One auxiliary integral inequality

Lemma 2.1. Let G¢ be the conical domain, Vv(p,-) € WL™(Q) for
almost all p € (0,d) and

Ve = [avolmdr+ [ 2% ppmds+ [ X ppras < oo (2)
G b3 re
Let ¥(m) be the smallest positive eigenvalue of the problem (NEV P) and

~v(w) be a positive bounded piecewise smooth function on 0%, o(w) be a
positive continuous function on og. Then for almost all o € (0,d)

2 V(o). (2.5)

mum

av%|vmm_2dﬁg < (m—1)" max{l 23(m= 1)}
QQ

Proof. Writing V(p) in spherical coordinates

0 Q
+/Q T ( / (@lo(rw)l™ d")dr
0

%

—l—/rnml( /a(w)|v(r,w)|m da)dr

0 oo

and differentiating with respect to ¢ we obtain

V(o) = o / a|Vo(o,w)™ d2
Q

+g"—m—1( / Y(w)lo(e,w)[™ do + / a(w)!v@,w)lmdU)-

o0 00
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Now using the Young inequality with p = m, p’ = 5 we have

av%]Vu]m_Q dQ, = " av%\vmm—z - dQ
Q, Q
= ”Q/a<g> <%|V1}|m_2) r:QdQ <
o [uf 2 e ()]
Ve > 0.

Further, applying the Friedrichs—Wirtinger type inequality (W),,, we ob-

tain

ov —
/CWE’VM 2dQ,

Qo
- mz;g(jn){ /a(w)‘v(gg’w)‘mdeL/v(w)‘v(QQ’W)‘mdU}

[<(0] oN

+lgn/a{ﬁ‘%‘m+(m 1)e” m- T % " 1|V |(m= 2%}

ds2.

r=0

But, by [Vv|? = v2 + 5|V, v[? and ‘%| < |Vwul, we get from above

ov e
/avE]VM 2dQ,

Qo
g0 ™ m m
gmﬁ(m){ [o@lotew)m do + / (@)lo(o,w)] da}

g0

L ot o ()

Q

Now we choose
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and therefore

ov —
/ng |Vo|™2dQ,
QQ

g™ m m
gmﬁ(m){ [o@ltewlmdo+ [r@lutew) da}

a0 [2/9)
mﬂim)gnﬂ/a’vﬂ(m2)%{(‘%‘2)2%1) +(vf)%}

Applying yet the Jensen inequality (see e.g. [7, Theorem 65)), by |Vv|? =
v2 + r%|ku|2, hence it follows

_|_

ds.

=0

ov —
/cw% Vo|™2d0,
2,

Egn—m m m
gmﬁ(m){ [o@ltewlmdo+ [r@lutew) da}

oo o0

_l’_

1
9 . —— g”/aVv[m
mi(m)  min{1;2%m-0"'} J

r=g
Substituting here € from (2.6) we get the desired inequality (2.5). O
In the case m = 2 we establish the more exact statement:

Lemma 2.2. Let G& be the conical domain and Vv(o,-) € La(Q) a.e.
0 € (0,d). Assume that for a.e. o € (0,d)

V(p) = /arQ_"]VUIde—l—/Tl_”a(w)v2(x) ds
Gg =
+/7‘1”’y(w)v2(x) ds < 0o. (2.7)
g

Then

/a(gv% + n;2v2>

Q r=e

where X is defined by (1.2).

dQ < =V'(o), (2.8)

Proof. The proof is similar to the [3, Lemma 2.35] proof, if we use in-
equality (IV)a. O
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We need also the well known inequalities:

/ﬁ@gc/mwﬂwmm,vm@ewﬂmmvrgm; (2.9)
r G

/U2 ds < / (5|Vv|2 + %cmﬂ) dz, You(r) € WY(@), V§ >0, (2.10)
oG G

where C, ¢y depend only on n, G, T

2.3. Quasi-distance r.(x)

Further, we define the function r.(x) as follows. We fix the point
Q = (-1,0,...,0) € S" 1\ Q and consider the unit radius-vector [ =
0Q = {-1,0,...,0}. We denote by  the radius-vector of the point
z € G and introduce the vector 7. = 7 —el, Ve > 0. Since el ¢ G& for
all € €]0,d[, it follows that re(z) = |7 —el] # 0 for all z € G. It is casy
to see that r.(x) has the following properties (see in detail [3, §1.4]):

1. 3h > 0 such that: re(x) > hr and r-(z) > he, Vo € G, where
h_{L if 1120,

sin %, ’Lf 1 < 0.
2. If x € Gy, then re(x) > % for all € €]0, g[
3. lim,_g+ 7e(x) =1, for all xz € G.

4. |Vr? =1, and Nr. = L.

Te

Lemma 2.3. Let v € C*(G)NWYG) and v(-,w) satisfies the boundary
and conjunction conditions from (EV P) in the weak sense. Let o(w) >
o0 >0, y(w) > >0 and X be as above in (1.2). Then for any e >0

1
/CLT?2T2’1}2 dx S m{ /ar?2’vv|2 dx
G

d d
E0 F0

Proof. Multiplying both sides of the Friedrichs—Wirtinger inequality
(W)2 by (0 +&)* ?r"~3 and integrating over r € (£, o) we obtain
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/ alo+e)* 220 dx

G
1
< m{ / a(o+¢)*?|Vo|* da + / r o+ &) Py (w)v® ds
G T2
+ / r o+ e)* 2o (w)v? ds}, Ve>0
=5/

or since g+ € ~ 1

1
/ CLTEa_27"_2’U2 dx S m{ / a’]"?_2|v’[}|2 dx
GQ

o/2 0/2
+ / r o 20 (w)v? ds + / o2y (W) ds}, Ve >0.
o2 Lo

Letting p = 27%d, (k =0,1,2,...) and summing the obtained inequali-
ties over all k£ we get the desired inequality (2.11). O

3. Local estimate at the boundary.
The maximum principle

Applying the Moser iteration method (see e.g. [6, §§ 8.6, 8.10] or [4])
we derive a result asserting the local boundedness (near the conical point)
of the weak solution of problem (QL).

Theorem 3.1. Let u(x) be a weak solution of the problem (QL). Let
assumptions 1), 2), 3a), 4), 5), 6), (1.6) be satisfied and, in addition,
h(z,0) € Loo(X0), g(x,0) € Loo(0G). Then the inequality

¢ —ne/t s TEE
sup Ju(a)| < (1_%)m/t{g Julls g + 07T - faoe) | 5o
z€G|

= s(1-2)my T
"y ge e P bo() 5 e

+ o ()]

3

S

+ 0 (g, 0)1 2 o + 10z 0T 5) b, p>n>m (3.1)

holds for any t > 0, s € (0,1), o € (0,d) and ¢ = q:_n;il, where C' =
C (1, 10,, 6,00, 0 1,12, a2 2. 5 )| o 5 () 2. ).
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We consider also one in a possible case of the deriving Lo (G)—a
priori estimate of the weak solution to problem (QL).

Theorem 3.2. Let u(x) be a weak solution of (QL) and assumptions
1), 3b), 4), 5) hold. Suppose, in addition, that h(z,0) € L ; (¥o),
g(x,0) € Lj]_~1(6G), 1< j < 2=L. Then there exists the consta;z;lMo >
0, depending only on meas G, meas G, meas¥o, n, m, |[bo(7)|L, (@),
IO, e ToG O, e o 0 0@l @ such tha
lull 2o (@) < M. a

Proof. The proof is similar to [3, Theorem 9.11]. O

4. Global integral estimates

Theorem 4.1. Let u(x) be a weak solution of the problem (QL). Let us
assume that Mo = max & |u(z)| is known. Let assumptions 1), 3a), 4),
5) with vy > 0 be satisfied. Suppose, in addition, that

ap(z) € Li(G), bo(x) € Li(G), h(x,0)€ Li(Xo), g¢g(z,0)€ L1(90G).

Then the inequality

7amfl

/a|u|%‘vu|md$+/ U(w) |u‘mn11(Q+m—1) ds
G Yo

i / y(w) |u’%(q+m—1) ds < ¢(Moy, ax, vo,q, m, i, n, meas G)

rmfl

oG

X < /(ao(x)—i-bg(x))dx—i-/|h(x,0)|ds—|—/\g(:c,O)]ds) (4.1)
G S oG

holds.

Proof. At first we make the function change

m—1

i .
qg+m-—1

u=vlv with ¢ =

By virtue of the assumption 6), the identity (/I) takes the form:

/ (Ai(E,02)11a, + B, v, v0)7) d
G
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+/ ’Y(w>v|v\m’2n(az) d3+/0(w)v|v|m2n(a:) ds

,rmfl Tmfl
oG

Yo
:/g(x7v)77(x) d$+/H(x,U)T]($)dS (43)
oG 2o

and the identity (I1),. takes the form

/(Ai(x,vx)nri + B(x,v,vw)n> dx +/ () v]v|m_277(:c) ds

T.m—l
Ge rg

[ o zya s = [ i) costr (o) d,

m

0

QQ
+/g(1:,v)n(az) ds+/7-((:c,v)77(x) ds (4.4)
re e

for a.e. o € (0,d), v(z) € C°(G) N Wh™(G) and any n(z) € C°(G) N
WL (G), where

Ai(z,v,) = ai(z, v|o[ L ¢|v] Loy,
B(z,v,v,) = bz, v|v[ L, ¢|v| oy, (4.5)
G(z,v) = g(z,vlo[7h),  H(z,v) = h(z,vfo[H).
We verify that coefficients A;, ¢ = 1,...n do not depend on v explicit.
In fact, by the change (4.2) and the assumption 6), we calculate

0A; _ 80/7;(«’1:7/11175) . 2(‘02‘% "U) + aai(x,u, ) . (’UQI%)

v u  ov 9¢; g
_10a; _3 Oa u Oa & Oay
— ¢—1Y% Do wlpls™3. 22 — . 22 _ Sy, 2T
1 Oa; m—1 0Oqg; u Oa; m—1
. ) ). - Z. . 1) =) =
(gu ou =) q b ou ) v Ou (g—i—(g 1 > ’

because of (4.2).
Our assumptions regarding problem (QL) take the form:

1) Ai(z,ve)ve, > ac™ Vo™ — %|v|1_§ao(x); ao() € L/ (G);

wJZﬁm%HJZaﬁﬁw
i=1 i=1 '

a(z) € L_e_(G);

-1

2 1 1
< as™ V| + alx);
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30)" [B(x,v,v2)| < aps™ o] L |Vo|™ + bo(2);  bo(x) € Ls (G),

OH(z,v) <0 0G(z,v)

! T\ ) < .
) ov — ov  — 0

7) }Ai(:z:, v) cos(M, x;) — acm_1|Vv|m_2§jfL‘

< Kl Jal < d;
Qq

We consider integral identity (4.3) and we put n(z) = v(x). Then we
have

/<.Ai(x, Uy ) Vs, + B(x, v, v5)v) da
G

+/ (w) |v|mds+/a(w) o™ ds

rm—l Tm—l
oG

Yo
= /g(a:,v)v(x) ds—i—/H(w,v)v(w) ds.
oG 3o

With regard to assumptions 1)’, 3a)’, 5)’, since ¢™ 1 (1—qu) < 1 by (4.2),
we obtain

<m_1(1—§u){ /a]Vv]md:c+/%]v|mds+/:é—aﬂlﬂmds}

oG

G Yo
1
< /|vb0(m) d:v+g/]v|1_§a0(x)dx
G G

+/M@mwmm+/mmmumm
Yo oG

1
From My = supq |u(x)|, by the change (4.2), it follows that |v(x)| < M .
Therefore we get

/a]Vv|md:E+/ arflu_z)l ]’U|mds+/ 7(0‘_})1 lv|™ ds
r rm
el

o oG

< ¢(My,m, q, p, meas G) - < /(ao(x) + bo(x)) d:n—{—/|h(:n,0)|ds
G

o
+/!g(az,0)|ds>. (4.6)
oG
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Returning to the function u(z) by (4.2) we obtain the desired estimate
(4.1). O

For the problem (W L) we obtain a global estimate for the weighted
Dirichlet integral.

Theorem 4.2. Let u(z) be a weak solution of the problem (WL). Let
assumptions (a)—(e) be satisfied with a function A(r) that is continuous
at zero. Suppose, in addition, that

bo(z) € W2(G), / o 1h2(3.0) ds < oo,
Yo
/ro‘_lg2($,0)d8<oo, 4—n<a<2

oG

Then |u(x)]9tt € \;Véﬁ(G) and

/a(ra2|u|2q|Vu|2 + Ta74|u|2(q+1)) dx
G

+ / r® 3o (w)|u*H) ds + / r@ 3y (w) u?H) ds
o oG

{/ (2T + (1 + r*)bi(2)) da
G

~|—/r°‘_1h2(1’,0) ds+/7“a_192($a0) ds}’ (4.7)

>o oG

where the constant C > 0 depends only on as, o, A, i, ¢, n and the domain
G.

Proof. Making the function change (4.2) we consider the integral identity
for the function v(x) :

[ (50 @)o i, + B v, v} do

+/Mv (x) ds+/Lw>U77(x)d3

r r

oG
/Q’:Uv ds—l—/va ds. (II)
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Setting in this identity n(x) = r®2v(x), with regard to

My = 127200, + (0 = 2)re P —lo(a)
€
we obtain
</ar?_2\V1}]2d$—|—/7“_17"?_20(@112(:6) ds
G 3o
—1,.a-2 2 2-« a—4 2
+ [ rTrd  y(w)v(z)ds = ¢ 5 ard™(xz; — €l;)(v*)y, dzx
oG G

+¢(2—a) /(aij(:n) - aij(O))r§_4(aji — eli)vgv(z) do
G

- g/(aij(:c) — a"(0))re vy, vy, dx — /B(m, v, v.)r% 20 (2) da
G G

+/r?_21)(x)7'{(x,v) ds+/r§‘_2v(az)g(x,v) ds. (4.8)

>o oG

We transform the first integral on the right by integrating by parts:

) 2
/ar?_4(xi - 511-)% dz
& 1
ov? ov?
= /a+r§‘_4(a@i —ely) 01:): dx + / a_ro N x; — ely) 31;: dx
Gy G-
= —/av2 aa (re=Y(@; —ely)) do + / arvireH(a; —el;) cos(T, x;) ds
i
G Plen
+ / a_v2ro™z; —ely) cos(T, x;) ds = —/av2 3(1- (r?_4(:vl- —el;)) dx
oG — G ‘
+ / av?re(z; — el;) cos(T, ;) ds
oG

+ [a]x, /v2r?4(xi —el;) cos(T, ;) ds, (4.9)
Yo
because of [v]y, = 0. By elementary calculation we have:
1) 2 (reHai — ely)) = 2™ + (a — 4)(z; — sli)rg‘*f”“%:li —

ox; \'e
(n+a-— 4)r§‘_4;
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2) because of cos(7, a;i)|20: cos(xy, ;) = O,

(x; —el;) cos(7, mi)‘zoz 07 (x; — Eli)|20: (xn — 6ln)‘20: mn‘EO: 0,
since ¥y = {x, =0} NG and [,, = 0;
3) from the representation 0G = T3UTy and (x; — €l;) cos(7, x;) }Fd:
0

—esin P =

— . Wo
/av2r? Ny — ely) cos(T, ;) ds = —Esm?/av ro~t ds
oG rg

+ /avzr?4(:1ci —el;) cos(, ;) ds.

Ty
Hence and from (4.9) it follows
2—« o ov?
5 /arE Hay — Eli)a_fvi dx
G
2 a)(4—n—
:( a)(2 n a)/aro‘42d1‘—e sm—/av ro=4 ds

G

9 _
+ 2a/av2r°‘ Yz i—sli)cos(ﬁ,xi) ds (4.10)
Ly

From (4.8), (4.10) we obtain following equality:

sm—/av reT 4ds

+/7“_17“§‘_20(w)1)2(x) ds+/r_1r§‘_2fy(w)vz(a:) ds

c/ara 2]Vv|2d:r—|—s<
el

o oG
9 _
= 2a§/av2ro‘ Yz — ely) cos(TW, x5) ds
)
2 a)(d—n—
+§( a)(2 o a)/ar?4v2dx

G
+¢(2—a) / (aij(x) —a”(0))re (2 — eli)vg;v(x) dx
G
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— q/ (a" (z) — a" (O))r‘?*szivxj dx — /B(x, 0,02 )8 20(x) da
G G

+/r§‘_2v(m)H(:U,v) ds—{—/r?_Qv(:r)g(:E,v) ds. (4.11)
Yo oG
Now we estimate the integral over I'y. Becauseon 'y : r. > hr > hd =
(a—=3)Inr. < (a—3)In(hd), since a < 2, we have r&3|p, < (hd)>3
and therefore:

2 — 92—
5 ag/avzr?_4(:vi —el) cos(M, ;) ds < 5 ac/ar?_?’UQ ds
Fd Fd
9 _
< 5 ag(hd)o‘_3 /av2 ds < c/(v2 + |Vo?) dz, (4.12)
Ty Gq

by (2.10). Now, in virtue of assumption (c¢) and the function change
(4.2), we have

v - B(z,v,v.)| < aus®|Vu|* + bo(z)|v]. (4.13)

Therefore using the Cauchy inequality we deduce the following

/B(w, v, v2) S 20(z) da
G

SucQ/ar?2|Vv|2dx+/r§2]v|b0(x) dx
G
0
2

G
< pg? / ar® 2 |Vo|* dz + ar2re 2% dg
G G
1 _
+ Ta*/r%? 202 () dx, Vé>0. (4.14)
G

Now we use the representation G = GEUG,;. At first we estimate integrals
over G3. By assumption (b) and the Cauchy inequality, we obtain:

/ (a7 () = a"(0)) (re ™ v, va; + 78 (i — eli)v()uvay) da
G
< A(d) /G(T?_2|VU|2 + 7273Vl - fu(x)|) da

G§
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3
<2
-2

A(d) / a(re Vol + 12%?) de. (4.15)

G

Now we estimate integrals over G4. By assumptions (a), the Cauchy
inequality and taking into account that r. > hd for r > d, we obtain:

/(aij(x)—aij(()))(r? 20g,00; + 18 @i — eli)o(x)vy,) da
Gy
3
< A*/ (5o 2IVel + 12~ of?) da
Ggq

§C(A*,h,a,d)/(|Vv|2+v2) dr. (4.16)
Gy

Next, in virtue of assumption (e),

1
vG(z,v) :vg(x,0)+02~/%d7§ (2, 0)] - [v].  (4.17)
0

Further, by the Cauchy inequality and because of v(w) > vy > 0,

1
9(,0)] - o] = (8 —
-1 .
y(w)v? +25 ” g*(x,0), Vd>0;

taking into account that r. > hr (see Subsection 2.3) we obtain

4 1
/r?_Qvg(x,v) ds < 3 /T?_Q;’y(w)vz ds

oG oG

1 a—1_2
+M/T g°(z,0)ds, Vd§>0. (4.18)
oG

Similarly, because of o(w) > 1y > 0,

1
/r?_QvH(x v)ds < — /ro‘ 2;0(&))1]2 ds

3o 3o

g

1 —172
— @ . (4.1
+25V0/r h*(xz,0)ds, Vd§>0. (4.19)

3o
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Taking into account that ¢ < 1 and 4 —n < a < 2 as a result from
(4.11)—(4.19) we obtain:

1
(1 — pug) / ar® 2| Vu|* dx + / ;r?”a(w)ﬁ(w) ds

G 3o
1 3
+/;r?—27(w)v2(1‘) ds < EA(d)/a(T?_QVU|2+r§‘_4v2) d
oG Gd
1) 9 o o
+§/ar25 “dw+0/ (IVol* +v%) do + o 5 B (x) da
G
L a—1_2 a—112
+ 2(5V0{ /T g («T,O)dS—i—/T h (J:,O)ds
9G S
+é{ /r“—ﬂ (w)v 2ds—i—/ a2l (w)vzds} V3 >0. (4.20)
2 e T'Y s . .
Yo oG

In virtue of the inequality r. > hr, we have r&* < h=2r=2r2=2. Hence,
by Lemma 2.3, from (4.20) it follows

C(l—ug){ /ar?2|Vv\2da:+/%r?2a(w)v2(x)ds

G Yo

+ / %r?“%(w)v%) ds} < ¢(A wo) (6 + A(d)) { / ar® 2| Vu|? dx

oG G
+ [t oo ds + / Iy %<w>v2ds}
Yo

+C/ (IVo]* +0?) b (x

1 a—12 1 ~1p2

— 0)d — R ) 0)d

—i-%yo/r 9°(z,0) 8+25V0 r (x,0)ds,
G o

V§>0, Ve>0. (4.21)

Because of 0 < 1 < 1+4¢, we can choose § = m(l ps) and next d >
0 such that, by the continuity of A(r) at zero, ¢(\,wo)A(d) < 1(1 — ug)
Thus, from (4.21) we get
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1 1
/QT?Q\VUde + / ;r‘?*za(w)zﬂ(m) ds + / ;r?iQV(w)ﬁ(x) ds

G o oG

SC’(a*,a,)\,p,,q,n,d){/(\VU!2+02)dx+/rabg(x)dac
G G

Yo Yo

1 1
+— [ g (x,0)ds + — /Ta1h2(9070) ds}, ve>0. (422)
oG o

We observe that the right hand side of (4.22) does not depend on e.
Therefore we can perform the passage to the limit as ¢ — 40 by the

Fatou Theorem. Hence it follows that v(z) € W._,(G) and

/ar“_Q\VUPdm+/7°‘X_3a(w)v2(m) ds+/r°‘_37(w)v2(x) ds

G 3o oG

gC’(a*,a,)\,,u,q,n,d){/(\Vv|2+02)da:+/r°‘bg(x)dx
G G

1 1
+ V_() Ta_192($70) d3+ V_O Ta_th(xﬁo) ds} (423)
oG o

Further, returning to the integral identity (ﬁ) and setting in it n(x) =
v(x), we get

/<§aij(a:)vxjvxi + B(z,v,v5)v) der/@UstJr/@des

G oG Yo
= /Q(m,v)vds—l—/H(:c,v)vds.
oG 3o

By the ellipticity condition (a), inequalities (4.13), (4.18)—(4.19) for a =
2, 6 = 2, hence it follows

(1 —ug)/a|VU\2dx
G

< c(a*,uo,diamG){ / (Jv]* + b3(z)) da:+/ralgz(x,0) ds
G oG

+/r0‘_1h2(x,0)d8}- (4.24)

>o
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Now, using the inequality (2.3) and returning to the function u(x), by
means of the function change (4.2), from (4.23)—(4.24) we get the desired
estimate (4.7). O

5. Local integral weighted estimates

Now we will obtain a local estimate for the weighted Dirichlet integral.

Theorem 5.1. Let u(x) be a weak solution of the problem (QL) and
My = max g |u(z)| be known. Let ¥(m) be the smallest positive eigen-
value of (NEV P). Let assumptions of Theorem 4.1 and 7) be satisfied.
Suppose, in addition, that there exists real number ks > 0 defined by
(1.5). Then there are d € (0,1) and a constant ¢ > 0 independent of u
and depending only on m,n, s, q,d,9(m), k1, ks, meas Q and My such that
for any o € (0,d)

7nmfl

/a]u\%\VuV” dm+/ ow) |u\%(q+m_1) ds

G§ 0

+ / ) ) s < ep(e) (5.1)

g
where (o) is defined by (1.7)—(1.8).

Proof. By virtue of Theorem 4.1 (see (4.6)), we have that

V(o) :/a|VU\mdx+/;§L—w)l|vmds

+/ V@) 1m ds < 00, o€ (0,d). (5.2)

rm—l

g

Therefore we can set n(x) = v(z) in the identity (4.4) after the making
the change (4.2)):

/ <Ai(x, Vg) Vs, + Bz, v, vx)v(x)> dr + / :Tflwi lv|™ ds

G§ 0

+ / :rgz,ui)l lv|™ ds = /Ai(:v,vx)cos(r, x;) - v(zx) dQ,
Q2

I
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+ /g(x,v) ~v(z)ds + /H(az,v) ~v(z)ds. (5.3)
g %6

By assumptions 1)’, 3a)’, 4)’, 5), 7) and since ¢uu < 1, we obtain

(1= V(@) < [ folo(o)do+ ¢ [ o' ao(a) da

—i—kl/rs1]v|dQQ+gm1/aVv]m2-v% s,

Q0 Qo

+/]h(x,0)|-|U\ds+/|g(x,0)|'|v|ds. (5.4)
»e re

Applying Lemma 2.1 from (5.4) it follows that

(1—cp)™ V(o)

< " m - 1) max{1;270 ). —2_V(g)
mm (m)
1
—i—g/\vll_gao(a:) d:v—l—/|v|b0(x) dx+klgs_1/|v\dﬂg
G G Q

+/]h(m,0)]'|v\ds+/|g(m,0)\ Jvlds. (5.5)
EQ FQ

Further, by the Young inequality and inequality (2.2),

1 1 (1-9)(1=s—m) (A=) (m+s—1)
—/]v|1§a0(x) dr = - / (r = ]v|17§) . (r T ao(m)) dx
S S
G G§
1-— -1 m
< / (—grl_g_m|v\m + mte—? r1_§|a0(m)|m+<71) dx
mg mg
G
Lgl—cv(g) 4 m+te—1 /rl—cyao(x)ymfil dz; (5.6)
~ a,ms¥(m) ms ’

Gg

/|v|b0(m)d:v:/(r_%]ﬂ)(r%bo(m)) dx

Gg G
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1 —1 m
< /(—rlmm L rﬁ|bo(x)|m) dz
m m

Go
1 -1 m 1 m
P — 1 V _— m—1 b m—1 d
~ asmi(m) e () + m—1)" bo ()] .
G§
1 _1 m 1 m
- "W(o) + 2 | rEbg(2) [T de. (5.7
a*mﬁ(m)g (o) + m—1)" bo ()| z. (57)

Now we estimate the integral over 2, on the right in (5.5). By the Young
inequality with V§ > 0 and inequality (H — W)y,

o 1/|v|dn < o™ 1/<v|+|vU|>

Q, G§

< 6p°! /(v[m + |Vu|™) dz + ¢(k1, ¢ m, 8) - meas Q - p*T7 71

o
CYYO
m

0 -
< (14 Vo) + clhn o, ) mensr g1
< V(o) + elkr, & m, ay, 9(m) meas Q) - 8° 11, (5.5)
if we choose § > 0 in a reasonable way.
Further, by the Young inequality with V4 > 0, we have

/|v xO\d5<—/|v|mds—|—

EQ

e _m_
51M/|h(x,0)|m1 ds.
o

Applying again inequality (H — W),,, we obtain

/]’U|m ds < E/ (Jo]™ + mv|™ Vo)) da

% Gg

< E/ (mlv|™ + [Vo|™) dz
G§

5 5
—/vymdsg55/|v\mda;+—5/\wmds
m m

£ & &

< a%z- (9— + —)V(g).
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Therefore, if we choose § = o™~ !, hence it follows that Ve > 0

m—1

]. _m
/ b, 0)] - ol ds < 10"V () + 7t / (e, 0)7 ds. (59)

= =

). In the same way Ve > 0

where ¢; = i(ﬁ %

—1 1 _m_
[l plds < g™ Ve + 2 [ Jigla,0) 1 ds. (.10
g g

Thus, from (5.5)—(5.10) with regard to (1.8) it follows that
oC(m)
mz?i(m)

m + S — ]- 1—¢ _m 1—m m 1 m
+——— [ " Clag(x)|mte-T dx + ¢ T |bo(z)| =T dz
m—

mg™m

(1 —=sp)(1=6(0) V(o) < V(o)

Go G§

C*stlJrn glfmm ( /—|h($,0)|m_l dS—l—/ _|g(x7 O)|m—1 d3>7
m T r

%8 rg
(5.11)

q
where §(0) = const(m, ax, ¢, 9(m)) - (o + 0" + 0" + = 1Qq+m—1)

s > 1, ¢* = const(ky, ¢, m, q, ax, J(m), meas Q). We observe that f 5 9 do
< 00. Thus, from (5.11) in virtue of assumption (1.5) we have the Cauchy
problem for the differential inequality:

{ V'(0) = P(o)V(0) + Q(0) 20, 0<o<d,

V(d) < Vo, (CF)

1
where P(p) = ig(@~mg?ngn) (1—sp), Qo) = ko*™™2; k = const(ks, m

q,9(m)). We estimate now:

V- faontaes [ S [ 2

Gd Ed Fd

/a]Vv|mda:+/ G 1] | ds —i—/zrg—ci)llmmds

G Yo oG

c(My, m, q, 1, meas G) - ( /(ao(x) + bo(z)) d:r+/|h(x,0)|ds
3o

G
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+ / 9(x,0)| ds + 1> =V (5.12)
oG
in virtue of (4.6) The solution of problem (C'P) is the following inequality

d d T
V(o) < %exp(—/P(T) dT) +/Q(T) exp(—/P(f) d§> dr. (5.13)

(see [3, Theorem 1.57, §1.10]).
Direct calculations give:

po e 4
= exp(—/P@)ds) < (g) .exp</$d£>;
o 0

d

d 1 1
§(€)\ mommi—om ] MO (m)(1—sp)
< kexp e 0 Cm) T T cim) dr
0

e

d 5 1
mym (m)(l—gu)
:k‘exp( /%)Q IR

—0

- ; —Cm)_
9m (m)(1—
% m(s—W)
d 9™ (m)(1—cp)
In o s = C(m)

d mﬂ% ) (1 d
Vo - exp <— [P© dé‘) <w () 5 ( / @ d§>
o 0
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—
’ )
0
mﬁ%(m)(lﬂﬂ) ™
o om s > W?
1
% MM d o ﬂ%(m)(l—ﬂt). (514)

o Om) Ing, s= W’
o™, s < %?

where ¢ = const(m, s,9(m)). Thus we proved the statement of our theo-
rem. O

For problem (WL) we establish the estimate with best possible expo-
nents.

Theorem 5.2. Let u(x) be a weak solution of the problem (W' L) and X
be as above in (1.2). Let assumptions (a)—(f), be satisfied with A(r) that
s Dini-continuous at zero.

Then |u(z)|7™t € W1_ (G) and there are d € (0,1) and a constant

C > 0 depending only on n, s, A, q, i, Vo, ax, G, X9 and on fol @dr such
that ¥ o € (0,d)

[t il o)

G§
+ / o (w)|uf?0T) ds + / P y(w) Y ds
¢ g
cof [pomaey 2 Loy Ly
< |ul de+ f{ +—g1 + —h]
IZ0) 140
G
p2A(1=p). if s > A1 — pc),
x { pM(1=ns) 13 (%), if s = A1 —ps), (5.15)
0%, if s < A1 — ps),
where ¢ = fq-

Proof. The proof is similar to above. We use sharp inequality (2.8) and
therefore we obtain the estimate with best possible exponents. See also
proofs of Theorems 4.18, 7.21, 10.39 [3]. O
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6. The power modulus of continuity
at the conical point for weak solutions

Proof of Theorems 1.1, 1.2. We consider the function ¥(p), 0 < ¢ < d
that is determined by (1.7). By Theorem 3.1 (about the local bound of

the weak solution modulus) with ¢ = m for |v| = \u]%, we have
sup |v(z)|™ < C{o™"|[vlly, ge + K™ (0)}, (6.1)
x€G8/2

m(p—n) ) 1
K(g) = 7149 - [lao(a) | gz< + 0TV o (@) 5

(I, )15 + G, )15 ).
p>n>m. (6.2)

1

+0' R o) 7

Hence, in virtue of inequality (H — W),, with regard to the notation
(2.4), we get

o G/ @) dr < £ IV < Co ), (63)

by inequality (5.14). From (6.1)—(6.3) it follows

sup lv(z)| < C{o' ™ y(0) + K(0)}, (6.4)
meGg 2

Now, in virtue of assumption (1.6), it follows K(p) < Kgl_%d}(g).
Therefore hence and from (6.4) we get [v(z)| < Coo' " m (o), = € Gg/Q.
Putting |z| = 3 we obtain

[o(2)] < Colz|'"m4(|z), = € Gf. (6.5)

Finally, because of (4.2), from (6.5) we establish the first desired estimate
(1.9).
Repeating verbatim the Theorem 10.35 [3] proof we obtain the in-
equality
Vo(z)| < Cilz|"mo(lz]), =€ G, (6.6)

But since, by (4.2), |[Vu(z)| < |[v[s~Vu(z)| from (6.5)-(6.6) we establish
the second desired estimate (1.10).
The Theorem 1.1 proof is similar. O
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7. Example

Here we consider two dimensional transmission problem for the Lapla-
ce operator with absorbtion term in an angular domain and investigate
the corresponding eigenvalue problem. Suppose n = 2, the domain G lies
inside the corner

GOZ{(T,M)‘T>O; —?<w<?}, wp €]0, 27[;

O € 9G and in some neighborhood of O the boundary dG coincides with

the sides of the corner w = —% and w = =2. We denote

Fi:{(r,w)\r>0;w:i%}, Yo={(r,w)|r>0; w=0}

and we put o(w)|y, = 0(0) = ¢ = const > 0, ’y(w)\wzi%o = yr =
const > 0. We consider the following problem:

dixi (Ju|9ug,) = agr—2u|ul? — pulu|?|Vul?, =€ Go\ Zo;
[ulg, = 0. [alul?84]y, + pro(O)ulul? =0, = € X; (AL)
0
\aiai|ui|q% + ﬁ’yiuﬂuﬂq =0, zely \ O

where ag >0, 0 < pu<14¢q, ¢>0; ax € {0;1}; ax > 0. We make the
function change (4.2) and consider our problem for the function v(z) :

Av + u§v_1|Vv|2 =ao(l+q)r %v; <= %q, x € Go \ Xo;

[v]s, =0, [a%]zo + (14 q)o(0) m) =0, x € Xo;

aiai%’—f+(1+q)vi”ﬁ7@zo, xelyi\O.

We want find the exact solution of this problem in the form v(r,w) =
r*y(w). For 1(w) we obtain the problem

P (w) + %W(w) + {1+ ps)® —ap(1+q) } - P(w) =0,
e (-5.0)U(0.5):

[¢]u—o =0, [ag’(0)] = (14 q)o(0)¥(0);

torardl (£9) + (1 +ghevx (£9) = 0.
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We assume that »2 > ag ﬁ_—;?g; and define the value
1 2
T — %2_a0(+7q). (7.1)
14+qg+p

We consider separately two cases: u =0 and p # 0.

: In this case we get

Yy (w) = Acos(Yw) + By sin(Tw), (7.2)

where constants A, B1 it should be determined from conjunction and
boundary conditions; namely, they satisfy the system

(1+¢)o(0)-A—a T -By+a-T-B_=0;

{(1+ @)v4 cos (TY) — agra; Tsin (T4L) } - A+ {(1 + q)y+ sin (T42)
+ ayayYcos (TL) } - By =0;

{1+ @)y=cos (T) —a_a_Tsin (T) } - A— {(1 + q)y—sin (T%)
+a_a_Ycos (T¥)}-B_=0.

The Dirichlet problem: ay =0, v+ # 0.
Direct calculations will give

Y+ (w) = cos(Yw) F cot (T%) sin(Yw), T = {wlo, ?fo(O) = 8;

where T is the least positive root of the transcendence equation

1
2 ar +a_

2r

and from the graphic solution we obtain WLO <T*< o

The corresponding eigenfunctions

o) = cos(%), if0(0) =0
V) {cos(T*w):Fcot(T*%)-sin(T*w), if ¢(0) # 0.

?

The Neumann problem: ay =1, v+ = 0.
Direct calculations will give:

v ooy ifo(0) =0;
T*, ifo(0) #0,
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where T is the least positive root of the transcendence equation 7 -

tan (T'4) = ajigf 0(0) and from the graphic solution we obtain 0 <
T < wio The corresponding eigenfunctions

_ Jagsin (%), if ¢(0) = 0;
val) = {COS<T*CU) + tan (T*4) - sin(T*w), if o(0) #0

Mixed problem: oy =1, a— =0; 74 =0, 7~ = 1.
Direct calculations will give: T =77, where 1" is the least posi-

tive root of the transcendence equation

a4 tan <T%> —a_ cot <T%) 1 ; qa(()).

The corresponding eigenfunctions

)

e (0) = cos(Iw) + tan (1) -sin(w), w e [0, 7]

_(w) = cos(T*w) + cot <T*%) -sin(Tw), we [—?, 0} .

The Robin problem: ay =1, v+ # 0.
Direct calculations of the above system will give:
1) = = 2 — 41 (w) = axsin(T*w), where T* is the least positive

¥-
root of the transcendence equation

wo T+
T -cot (T—) =—-(1 —
0 ( 2 ) ( + q) a4
and from the graphic solution we obtain wlo <T*< i—:
2) X £ 2 — A # 0 and from (7.2) it follows that 1+ (0) # 0;

>
further see below the general case p # 0.

u# 0]: By setting y(w) = %’((:)), we arrive at the problem for y(w)

Y+ (14 )y (w) + (14 pe)s? —ap(l +q) = 0,
w € (=90) U (0,9);

a+y+(0) — a-y—(0) = (1 + ¢)o(0);

| Fararys (£9) + (1+¢)yz =0.
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Integrating the equation of our problem we find

y+(w) =T tan {7 (Cy — (1 4+ ps)w)}, V. (7.3)
From boundary conditions we have
wo 1 (1+q)v+
=4(1 — F = arctan ————. 4
Ct (14 ue) 5 T arctan oranT (7.4)

Finally, in virtue of the conjunction condition, we get the equation for
required s :

apay T tan {(1+ pe)TL} — (14 ¢)7+
arar? + (14 q)yy tan {(1 + ps)T4 }
_a_Tt 1+ Yol (1 + 1
a—a_Ttan {(1+ pg)TL} — ( qi <+qam% (75)
a_a_ T+ (1+q)y- tan{ (14 u)Y } T

a4 -

+a_ -

where 1 + u¢ = 1+q+“ Further, from (7.3) and (7.4) we obtain

1 1
y+(w) = T tan {T%—;M (i% — w) F arctan %} (7.6)

and, because of (In(w))" = y(w), hence it follows

1+q+u(

= 1+ + T

w
+ 50 w) F arctan

. (1*‘qut}‘

atra+l
(7.7)
At last, returning to the function u, by (4.2), we establish a solution of

(AL)

= 1 1
ux(r,w) = r1+a cos TFeTa {Ti—}l_j——'q_ a (i? - W) F arctan 4( ai_aqi);i }7
(7.8)

where 7" is defined by (7.1) and s is the smallest positive root of the
transcendence equation (7.5).

If we consider the Dirichlet problem without the interface: as+ = 0,
ar =1, 0(0) =0, then we can calculate from (7.5) and (7.8)

~ - 2
= Cosﬁ <E> ; A \/(W/wo) +ao(l+q+ M).
1+qg+p

wo
It is well known result (see [2, Example 4.6, p. 374]).
Now we can verify that the derived exact solution satisfies the estimate
(1.3) of Theorem 1.1. In fact, in our case we have: the value A for (1.2)

is equal ¥ = wlo and therefore

u(r,w)

1+
lu(r,w)| < A < rwo 1+q+u < rjo <1fq>2
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since ag > 0 and

(1]

2]

[11]

[12]
[13]
[14]

[15]

1 14+qg—p
I+g+p = (1+9)2°
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