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To the spectral theory of the Bessel operator
on finite interval and half-line
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Abstract. The minimal and maximal operators generated by the
Bessel differential expression on the finite interval and a half-line are
studied. All non-negative self-adjoint extensions of the minimal oper-
ator are described. Also we obtain a description of the domain of the
Friedrichs extension of the minimal operator in the framework of exten-
sion theory of symmetric operators by applying the technique of bound-
ary triplets and the corresponding Weyl functions, and by using the
quadratic form method.
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1. Introduction
The one-dimensional Bessel differential expression was investigated in
the classical form

2 g
T=—gat s velN{1/2) (L1.1)

on the half-line R in numerous papers. Here, the parameter v € [0, 00) C
R is the order of the Bessel functions involved. When v = %, it is the
regular case. In particular, some results of spectral analysis were investi-
gated in the papers [4,9-11,17|. We especially mention papers of Everitt
and Kalf |9, 14] the most relevant to our interest. Here, Titchmarsh—
Weyl m-coefficient was explicitly computed in L?(R, ) using the classical
definition. From the Nevanlinna representation of this m-coefficient the
spectral function ¥ was obtained to describe the spectrum of the asso-

ciated self-adjoint operator in L?(R,). Additional analysis then yields
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the limit behaviour of the functions in the domain of the Friedrichs ex-
tension (see L. Bruneau, J. Derezinski and V. Georgescu [4], Everitt and
Kalf [9,14]) and Krein extension (see [4]).

In this paper we consider Bessel operator (1.1). Under the above
restriction (v € [0,1)) the endpoint 0 of the equation

2
—y(x) +

1
S hy(e) = M) (1.2
is the singular limit-circle case, with respect to L2(R;) or L?(0,b), except
for the regular case.
We study the minimal and maximal Bessel operators on a finite in-
terval and a half-line. We prove that the domain of the minimal operator
A(v, 00)min associated with 7, in L2(R,) is given by

dom(A(v, 00)min) = HE(RS), (1.3)

and we prove similar formula for the operator on a finite interval.

We investigate spectral properties of the Bessel operator by applying
the technique of boundary triplets and corresponding Weyl functions.
This new approach to extension theory of symmetric operators developed
during last three decades (see [6,7,12] and references in therein).

We construct a boundary triplet for the maximal operator in L?(R;)
and L2(0,b) and compute the corresponding Weyl functions. We deter-
mine the domains of (Friedrichs and Krein’s) extensions. In addition,
all self-adjoint and all nonnegative self-adjoint extensions of the minimal
Bessel operator are described. Also we obtained the Weyl functions on
half-line as a limit of corresponding Weyl functions of the operator con-
sidered in the finite interval. In particular, we obtained other proofs of
results of L. Bruneau, J. Dereziriski and V. Georgescu [4], Everitt and
Kalf 9,14].

2. Preliminaries

2.1. Boundary triplets and self-adjoint extension

In this section we briefly review the notion of abstract boundary
triplets in the extension theory of symmetric operators.

Let A be a closed densely defined symmetric operator in the separable
Hilbert space $ with equal deficiency indices

ng(A) = dimker (A" £4I) < oc.
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Definition 2.1 ([12]). A totality II = {H,o,I'1} is called a boundary
triplet for the adjoint operator A* of A if H is an auxiliary Hilbert space
and Ty, T’ : dom(A*) — H are linear mappings such that

(1) the following abstract second Green identity holds

(A*fag) - (fv A*g) = (Flfv FUQ)H - (FOfa Flg)Ha (21)
(i1) the mapping T := (Dg,T'1) T : dom(A*) = H & H is surjective.

First note that a boundary triplet for A* exists since the deficiency
indices of A are assumed to be equal. Moreover, ny(A4) = dim(#) and
A = A" | (ker (I'g) Nker (I'1)) hold. Note also that a boundary triplet
for A* is not unique. B

A closed extension A of A is called proper if A C A C A*. Two proper
extensions A; and Az of A are called disjoint if dom(A;) N dom(Az) =
dom(A) and transversal if in addition dom(A;) + dom(A3) = dom(A*).
The set of all proper extensions of A is denoted by Ext A.

With a boundary triplet II = {#,Tg,I'1} for A* one associates two
self-adjoint extensions A; := A* [ ker (I';), j € {0,1}.

Proposition 2.1 ([6,12]). Let Il = {H,o,I'1} be a boundary triplet for
A*. Then the mapping

Ext 2 A:=Ag — 6 :=T(dom(A)) = {{Tof,T1f}: f € dom(A)}
(2.2)
establishes a bijective correspondence between the set of all closed proper
extensions Ext 4 of A and the set of all closed linear relations C~(’H) in
H. Furthermore, the following assertions hold.

(i) The equality (Ag)* = A+ holds for any © € C(H).

(1) The extension Ag in (2.2) is symmetric (self-adjoint) if and only
if © is symmetric (self-adjoint).

(#i7) If, in addition, extensions Ag and Ay are disjoint, i.e.,
dom(Ag) Ndom(Ag) = dom(A), then (2.2) takes the form

Ao = Ap = A" | ker (1 — BIy), B €C(H). (2.3)

2.2. Weyl functions and extension of nonnegative operator

It is known that the classical Weyl-Titchmarsh functions play an
important role in the direct and inverse spectral theory of singular Sturm—
Liouville operators. In [6] the concept of the classical Weyl-Titchmarsh
m-~function from the theory of Sturm—Liouville operators was generalized
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to the case of symmetric operators with equal deficiency indices. The role
of abstract Weyl functions in the extension theory is similar to that of the
classical Weyl-Titchmarsh m-function in the spectral theory of singular
Sturm—Liouville operators.

Definition 2.2 ([6]). Let A be a densely defined closed symmetric opera-
tor in $) with equal deficiency indices and let 11 = {H,To,T'1} be a bound-
ary triplet for A*. The operator valued functions v : p(Ag) — [H,$H] and
M : p(Ag) — [H] defined by

-1

v(z) == (To | 91.) and  M(z) :=T17v(2), z € p(4p), (2.4)

are called the v-field and the Weyl function, respectively, corresponding
to the boundary triplet 11.

The ~-field (-) and the Weyl function M (-) in (2.4) are well defined.
Moreover, both (-) and M (-) are holomorphic on p(Ag) and the following
relations hold (see [6])

7(2) = (I + (= (Ao — 2)")(Q), (2.5)
M(2) = M(¢)" = (2 = O)v(Q)™(2),
Y(E) =Ti(Ao—2)"", 2 ¢€p(Ao). (2.7)

Identity (2.6) yields that M(-) is an Ry-function (or Nevanlinna func-
tion), that is, M(-) is an ([H]-valued) holomorphic function on C\ R
and

Imz-ImM(z) >0, M(z*) = M(z), ze€ C\R. (2.8)

Besides, it follows from (2.6) that M(-) satisfies 0 € p(Im M (z)) for z €
C\R. Since A is densely defined, M(-) admits an integral representation
(see, for instance, [7])

M(z) = Co +/ (t i - 1+tt2> dSu(t),  z€p(A),  (2.9)
R

where X)/(-) is an operator-valued Borel measure on R satisfying
Jz H#tszM(t) € [H] and Cy = C§ € [H]. The integral in (2.9) is under-
stood in the strong sense.

In contrast to spectral measures of self-adjoint operators the mea-
sure Xj7(+) is not necessarily orthogonal. However, the measure X,/ is
uniquely determined by the Nevanlinna function M(-). The operator-
valued measure Xy, is called the spectral measure of M(-). If A is a
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simple symmetric operator, then the Weyl function M (-) determines the
pair {A, Ao} up to unitary equivalence (see [7]). Due to this fact, spectral
properties of Ay can be expressed in terms of M(-).

Assume that a symmetric operator A € C()) is nonnegative. Then
the set Ext 4(0, 00) of its nonnegative self-adjoint extensions is non-empty
(see [32]). Moreover, there is a maximal nonnegative extension Ap (also
called Friedrichs’ or hard extension) and there is a minimal nonnegative
extension Ak (Krein’s or soft extension) satisfying

(Ap+2) ' < (A+2) ' < (Ag+2)7", z€(0,00), AeExta(0,00)

(for detail we refer the reader to [32]).
The following proposition characterizes the Friedrichs and Krein ex-
tensions in terms of the Weyl function.

Proposition 2.2 ([6,7]). Let A be a densely defined nonnegative symmet-
ric operator with finite deficiency indices in $), and let 11 ={H,Ty,'1}
be a boundary triplet for A*. Let also M(-) be the corresponding Weyl

function. Then the following assertions hold.

(1) Eatensions Ay and Ag are disjoint (Ag and Ap are disjoint) if and
only if

M(0) € C(H) (M(—o00) € C(H), respectively).
Moreover,

dom(Ag) = dom(A*) [ ker (I'y — M (0)T'g)
(dom(Ap) = dom(A*) [ ker (I'y — M (—o0)Ty), respectively).

(ii) Ap = Ak (Ao = Ar) if and only if
Lm(M(z)f, f) = 400, feH\{0}

10
(lm (M(z)f, f) = —o0, [fe€H\{0}, respectively).

rl—o00

(ii1) The set of all non-negative self-adjoint extensions of A admits
parametrization (2.2), where © satisfies

©—-M(0)>0 (© — M(—o00) <0, respectively). (2.10)
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2.3. Bessel functions

The general solution of the equation (1.2) is given by
y(z; \) = 1220, (V) + a2V, (V) (2.11)

where c1, co are arbitrary constants and J,,, Y, are the Bessel functions of
the first and second kind, respectively (see [1, Ch. 9], [32, Appx. 2], [19,
p. 284-285|). Recall that the asymptotic behavior of the Bessel functions
Jy(t) and J_,(t) for t — 0 has the form
— Y 0], Jl) = —— 1+ 0(2)]
2T (1 + v) T I'(l1—v) '
(2.12)

and the asymptotic behavior of the Bessel functions Y, () for ¢ — 0 has
the form

Ju(t)

2 t r 2"
v =2 | (5) +a]-mroe) vo=-"2 (3) o
T 2 T t
(2.13)
where v is Euler’s constant.
Moreover, for t — oo we have
VT ™ —§
Ju(t) = /2 cos (t — 4 —Z) + O(|t|"2),
J_u(t) = /2 cos (t+ 4 — T) + O(Jt|2), t—oo.  (2.14)

Yi(t) = \/Zsin (1 = 4~ 5) + 013,

We use the following properties of Bessel functions |1, Formula 9.1.28|
RO = —h), Yyt = -1i(0). (2.15)

Also recall |32, Appx. 2| that the Bessel function Y, of the second kind
is given by
Ju(t —J . (t
v, () = 2oosTv =T () g (2.16)

sin v
Next, we need formulas (9.1.29) from [1]

21,(2) =1a2"fua(2) + (p = va) ful2),
2f,(2) = ~laz fu1(2) + (0 +va) fu(2), (2.17)
in which f,(z) = 2PG,(12%) where G,(-) is one of the Bessel functions
Ju(4), Yo (4), H,El), H,£2) or a linear combination, and p, ¢, [ do not depend
on v.
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Applying formula (2.17) for [ = 1, ¢ = 1/2, p = 0 to the functions
f, = 212G, (x+/Z) where G, (-) is one of the Bessel functions J,(-), Y, (-),
we obtain

[fo, 2], = Ve 0, [fon 2] = =V, g,

(2.18)
and
[fy,xl/z_y]x _ —\/E.%'l/Q_Vfl,_l, [f_ijl/Z—z/]m _ \/gxl/2—uf_y+17
(2.19)

where [f, g](z) :== f(x)g' (x) — f'(x)g(z), for all z € R,.

3. Bessel operator S(v;b) on the interval

In what follows, we need the following auxiliary lemma.

Lemma 3.1 ([17, p. 318-319]). Let Tk be the operator in LP[0,00) of
the form

T : [ s / K(a,t) f(1)dt, (3.1)
0

and its kernel K(x,t) has a degree of homogeneity -1, i.e. K(Ax,At) =
ALK (z,t), (A > 0). Then the operator Tk is bounded in LP[0,00) and
1ts norm s

ITicllp = | Tl oo = / K (L) rdy. (3.2)
0

Suppose further that 7 is the operator of integration, Z: f — fg f(t)dt.
Then

T

72 = / (x — D) F(1)dt. (3.3)

0
Also assume that Q : f — x%f(x)

Lemma 3.2. The operator Q>

xT

QL% : f s % / ( — ) f(t)dt, (3.4)

0

is bounded in L?[0,b] for each b € (0,00], and ||QT?||2 = 3.



A. Yu. ANANIEVA, V. S. BUDYIKA 167

Proof. Let

3.5
0, t>x. (3:5)

Noting that K(\z,\t) = A"'K(x,t) and applying Lemma 3.1 to the
operator T = QZ? we obtain

1

T 4
Q22 = |Tulle = [ 101 2 = [(1- 0 Par =3 (30)
0 0

O
Let H?[0,a] be the Sobolev space on [0, al.

Lemma 3.3. Let H2[0,1] = {f € H*[0,1] : f(0) = f'(0) = 0}. If
f € H3[0,1] then the following relations hold:

f(x) =o(z"?),  fl(a)=o('?), (3.7)

Proof. Since f € ﬁg[@, 1] then f'(z) = [ f"(t)dt. Therefore, by the
0

Cauchy—Bunyakovsky inequality
x 2 T
!f’(x)!2<< / !f”(t)\dt> <o [1f@Pd = o) = ofw). (35)
0 0

ie. f'(z) = o(z'/?), which proves the second estimate in (3.7).
Further, since f € H§[0,1], we get f(z) = [, f'(t)dt. Hence,

1f(z)| < / |7/ (t)]dt < /o(t1/2)dt = o(z%?) asz— 0. (3.9)
0 0

The first estimate in (3.7) is proved. O

Let Dg be a minimal differential operator of the 2nd order, generated
in L2[0, a] by differential expression —d?/dx?,
dom(D) = H3[0,
= {f € H*[0,d] : f(0) = f'(0) = f(a) = f'(a) = 0}. (3.10)

Define by S(v;b) := S(v;b)min the minimal operator generated by the
differential expression (1.1) in L?(0,b) (b < 00).
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Proposition 3.1. Let S(v;b) be the minimal Bessel operator generated
by (1.1) in L?(0,b), b < oo for v € [0,1). Then the following assertions
hold.

(1) The deficiency indices of S(v,b) are ny(S(v;b)) = 2.
(1) The domain of the operator S(v;b) is given by
dom(S(v;b)) = HZ[0,b].

(7i1) S(V;b)max = S(v;b)* and

] 510, 8] + span{z!'/2 2127} v € (0,1),
dom(S(v;b)") = 72 i 1/2 ,.1/2 —
510,b] + span{z*/*,2*/*In(z)}, v =0.

(3.11)
Proof. (i)-(ii) We denote r := 1> — 1 and note that
1 3
0<u<1<:>—1</<a<1. (3.12)
Then x admits the representation £ = 2(1 — ¢), where ¢ > 0. The

function u € ﬁg [0,b] admits the integral representation u(z) = [ (z —
t)u” (t)dt. Therefore,

Quie) = () = o [ (@~ (0t = QT(DFw) (). (313)

2
0

By virtue of Lemma 3.2, this yields

1
—Uu

2
€ L

1Qull s = ]

= ez Diul,2 < 1QZ . - | Diul
4 4
= SIDRullze < Slullmgon. (314)

Since r admits the representation k = 2(1—¢) with e > 0, relation (3.14)
implies the estimate

3 4
lkQullzz = |s] - [|Qullz2 < 5 (1 —¢) - Sllull rzpos
= (1 =o)l[ull oy v € HF[0,8]. (3.15)
Estimate (3.15) means that @ is strongly D3-bounded. Therefore, by

the Kato—Rellich theorem (see [15]) ny(S(v;b)) = ni(D3) = 2 and
dom(S(v;b)) = HZ[0,b).
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(4i7) Since
Fl2E g

where the equality is understood in the meaning of the theory of distri-
butions, and z'/2* € L2(0,b), then

{a:l/2+”, x1/2_”} C dom(S(v;b)max) = dom(S(v;b)*),

and ker (S(V b)*) = {224V 21/27vy ¢ L?(0,b). In addition, it is clear
that Ho [0,0] € dom(S(v;b)*) and dlm(HO[O b))/ dom(S(v;b))) = 2.
On the other hand, since ny(S(v;b)) = 2, we have dim(dom(S(v;b)*)/
dom(S(v;b))) = 2n+(S(v; b)) = 4 by the first Neumann formula. There-
fore, formula (3.11) is valid. O

Consider the quadratic form s'(v;b) associated with the operator

S(v;b),

s (v;b)[u] == (S(v;b)u, u), dom(s'(v;b)) = dom(S(v; b)) = HZ|0, ).
(3.16)
It is clear that S(1/2;b) = —D3.

Proposition 3.2. (i) Letv € [0,1). The closure s(v;b) of the quadra-
tic form s'(v;b) is given by

s(v;b) = s(1/2;b) + kq, dom(s(v; b)) = H[0,0],  (3.17)

where

| dx. (3.18)

b b
u\xr 2
5(1/2;b)[u]:/|u’(:v)!2dx, Q[U]:/’ (x2)
0 0

(13) The domain of the Friedrichs extension Sg(v;b) of the operator
S(v;b) for v € ]0,1) takes the form
dom(Sr(v;b))

[ HZ[0,b] + span{z'/*¥(x — b),22(z — b)}, ve(0,1),
| H2[0,b] + span{az'/2(z — b), 22 Inz(z — b)}, v =0.
(3.19)

Proof. (i) By Hardy’s inequality

o

s b)[u] = w72z + (2 — 1/4)

o
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< W' () F2(0p) (1 + 1407 = 1)), we Hg[0,8]. (3.20)

Thus HZ[0,b] C dom(s(v;b)).
We prove the converse inequality. Suppose first that v € [1/2,1).
Then

(=

s(v;b)[u] = [[u' (t)|[72(0 ) + (¥* — 1/4)

dt > [[u(1)[|72(0) (3:21)

[e=]

for u € HE[0,].
If v € (0,1/2), then for u € H}[0, ]

=

s(vib)[u] = [0/ ()][72(0 ) — (1/4 = v

0
> [[d ()20 + (@7 = Dllu' ) F2(0) = 4V2Hul(t)”%2(o,b)' (3:22)

So on H{[0,b] the energy norm of S(v;b) is equivalent to the norm
of space H[0,b]. Since H2[0,b] = dom(S(v;b)) is dense in the energy
space of the operator S(v;b), then dom(s(r;b)) and HE[0,b] coincide
algebraically and topologically.

(i7) We note that H3[0,b] C H{[0,b]. If u(x) = 224" (2 — b) then
u' € L?(0,b), but u(-) € dom(S(v;b)) = HZ[0,b]. By the construction of
the Friedrichs extension and the equalities (3.11), we obtain

dom(Sp(v;b)) = dom(S(v;b)*) Ndom(s(v; b)) = dom(S(v;b)*)
N H[0,b] = HZ[0,b] + span{az'/?" (z — b), 2%(x — b)}.
The case v = 0 is considered similarly. O

The case v € [0,1/4/2) in Proposition (3.2) can be treated by means
of KLMN-theorem. Indeed, since v € [0,1/+/2) then x < 1/4. Therefore,
applying Hardy inequality one gets

b
Ikqfu] /’””2|u|2da: < x| / W/ Pde < (1 )tpalul, € HA[0,8].
0

(3.23)
Hence, the form xq is strongly th—bounded. Therefore, KLMN-

theorem [15] yields dom(s(v;b)) = dom(tpg) = H}[0,b)].
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4. Bessel operator A(v;b) on the interval

Here consider the Bessel operator A(v;b) generated by the expression
(1.1) in L?(0,b), b < oo with the domain

dom(A(v;b)) = {f € H?[0,b]: £(0) = £'(0) = f(b) =0}, v € [0,1).
Proposition 4.1. (i) The operator A(v;b) has equal deficiency in-
dices ny(A(v;b)) = 1,
(ii) and dom(A(v;b)*) = {f € H?[0,b] : f(b) = 0}.
Proof. 1t is easily seen that S(v;b) C A(v;b) C S(v;b)* and
dim(dom(A(v; b))/ dom(S(v;b))) = 1.

But by Proposition 3.1 ny(S(v;b)) = 2. Hence, by the second Neumann
formula implies ny (A(v;b)) = 1. O

Proposition 4.2. Let A(v;b) be the Bessel operator generated by the
expression (1.1) in L?(0,b), b < oo for v € [0,1) with the domain (4.1).
Then

(1) Boundary triplet of the operator A(v;b)* can be selected in the form
of
. 1
H=C, T¢"f=[f22™),

F'fibf = {_(27/)_1[]0’1‘2_”]03 Ve (Oa 1)? (4'2)

[f,xélnaz]g, v=0.

(13) The corresponding Weyl function M, (-) is

I(1-v) J_v(bVz) v
Myy(z) =  2PTO)hbva) "5 ve 0D, (4.3)
vt \) = 1 vE L aYolyE) :
2 2J0(b\/g) g

where v is Fuler’s constant.

Proof. (i) Let f,g € dom(A(v;b)*). Integrating by parts, we obtain
(A(v;b)*f,9) — (f, A(v;b)"g)
b T -
= lim [/ (—f”(ff)g(x) + 4f(fﬁ)) g(x)dx

e—0

)
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b 21
- /f(»’ﬁ) (-9”(95) T 49(“’)> dx]
= lim {—f(a)m-i- f’(E)@} :

On the other hand it is easily seen that

(LY £, T0g) — (Ty P £,1%0g)
= i [ (5 +v)ebse) - abrw)

Comparing this formula with the previous one we obtain the Green’s
formula

(AW b)"f.9) = (£, AW b)*g) = (7" £, T g) - (5" 1. T g).

The case v = 0 is considered similarly.

(7i.1) First we consider the case v € (0, 1).

By the asymptotic relations (2.12) z'/2.J, € L?(0,b) and z'/2J_, €
L?(0,b). Therefore

b

rw =t (nteve) - 00k @) e 2oy, @
I (by/7)

It is easily seen that f,(b) = 0, and hence f, € dom(A(v;b)*) and

(A(v;b)* — z)f, = 0. In other words, deficient space 91,(A(v;b)) of the

operator A(v;b) generated by the vector f,.

Using the asymptotic behavior of the Bessel functions (2.12) and
formula (2.18) we obtain

[xl/sz(x\/E),xl/%”]o _ ili)% [21/2x1+ujy+1(x\/5)
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= lim

z—0

Zl+u/2x2(1+u)
21+ T(2 + v)

(1+ 0(1722))] =0,

[371/2J—u(33ﬁ),$1/2+y]0 — lim [—zl/QazH”J_V_l(a:ﬁ)]

z—0
) Z—I//221+1/ ) z—u/221+1/

Similarly, using the asymptotic behavior of the Bessel functions (2.12)
and formula (2.19) we obtain

[ml/QJy(x\/E),xl/Q_”]O = — lim [21/2.%1_”1],,_1(35\/5)}

z—0
zy/2 9 ZU/2
= — lim 2,,1711()(1+0(1U )| = =YL (4.6)

[$1/2J,,,(:U\/§),:r:1/2_”]0 = — lim [21/2561_”J_(l,_1)(:n\/§)]

z—0

Z—V/2+12V—1:E2(1—l/)
= — lim
z—0

T2 (1+ O(x2z))] = 0.

From the formula (4.2), (4.4) and (4.5), (4.6) we arrive to the relation

21+V Jl/(b\/g) -5. vibe _
e R e R

Hence, by (4.7) and Definition 2.2 follows fist part of the formula (4.3).
(79.2) The case v = 0.
By the asymptotic relations (2.12) and (2.13) z'/2Jy € L?*(0,b) and
z'/2Yy € L?(0,b). Therefore

1
v2vT(v)

rylf, = 22 (47)

ok Yo(bv2) >
Fw) =t (Blov) - PV VA ) € 200 @
It is easily seen that f,(b) = 0, and hence f, € dom(A(0;b)*) and
(A(0;b)* — 2)f, = 0. In other words, deficiency space M,(A(0;b)) o
the operator A(0;b) generated by the vector f,.

Using the asymptotic behavior of the Bessel functions (2.12) and
formula (2.18) we obtain

[ml/ZJo(x\/E), :cl/Q}O = ig% [mzl/Qh(a:\/E)
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z—0

= lim [:”222(1 —I—O(x2z))] =0, (4.9

[:cl/QY()(x\/E),xl/H”]O = lim [le/QYl(x\/E)}
= lim [ m\f \/5(1 + O(sz))} =—

z—0

2
—

Similarly, using the asymptotic behavior of the Bessel functions (2.12),
(2.13) and formula (2.15) we obtain

(22 To(av/2), 2" In(2)] = lim [Jo(2v/2) +xIn(x) - Va T (2v/7)]
IL‘2 n\xr
= lim [<1+ 12( )z> (1+O(x2z))} =1, (4.10)

(20 (@v/2), 22 In(w)] = Tim [Vo(2v/Z) + 2In(z) - V2Y1(2v/2)
SHHACOISEreS

2
:Mﬂ)ﬂ}
0 2
From the formula (4.2), (4.8) and (4.9), (4.10) we arrive to the relation

o= D sy 2 VD () )

T Yo(bvz)’ R R (V)
(4.11)
Hence, by (4.11) and Definition 2.2 follows the second part of the for-
mula (4.3). O

Proposition 4.3. Assume v € [0,1). Let I,5 = {#,T5°, 1"} be a

boundary triplet of the form (4.2) for the operator A(v; b) and M,.(+)
18 the corresponding Weyl function. Then

(1) The domain of the Friedrichs extension Ap(v;b) of the operator
A(v;b) has the form

dom(Ap(v;b)) = ker (T5?) = {fedom(A(y b)*): 2]y = }
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(ii) The domain of the Krein extension A (v;b) of the operator A(v;b)
has the form

dom(Agk(v;b))

{f€d0m<A<v;b>*>:<2v>—1[f,x:jif” S

ve(0,1),
{f € dom(A(0;b)*) : [f,:cl/2 In(x)]o = In(b)[f, xl/z]o}

)

(4.13)
Proof. (i) First we consider the case v € (0,1)

Using the asymptotic behavior of the Bessel functions (2.14), we ob-
tain

24°T(1 + v
My;b(ioo) ’ ( )

24T (1 + v)
= lim M,.
r(1 ) NG zﬂl 2(2)
= — lim (b\f) — lim (Zb —2) < (=z)¥
z——00 J,,(b\/g) z—+00 (zb\/—x)
. cos (zb\/—x + & — 7)
lim : (=x)”
z—+oo | cos (iby/—x — ”7” -
e—i(ibv—z+5—7) 1
— i (e o)
x——+00 e i(iby/—z—5—7) 4 0(1)
e " lim (—z)” = £ lim x
T—+00 eWT x—+o00
=— lim 2" = —oc.
T—>+00
The case v =0

Using the asymptotic behavior of the Bessel functions (2.14), we ob-
tain

o z\/i 7 Yo(iby/)
A [—m 2 +§J§(z‘b\/§)_ ]
. T, 7 sin(biv/r — %)
=t [ mm s G

= lim

i [ o] -
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So by the Proposition 2.2 the relation (4.12) is valid.
(73.1) First we consider the case v € (0, 1).

From (4.3) taking into account the asymptotics of the Bessel function
(2.12), we obtain

-0 | 204VD(14v) J,(by/z)

s I'(1—v) TA+v)d o ] b
S0 [ 2wl 4v)4r T —v) AT T

Myp(0) = lim Myy(z) = lim [ LA —v)  Jo(bvz) ‘ZV}

The first part of the relation (4.13) follows from the Proposition 2.2.
(7i.2) The case v = 0.

MO;b(O) - 21—1>H—10 MO;b(z) - z]i—() —In \ég + gm - fy:|
= lim [—ln‘/E T2 <1nb‘2/g+7> —7] = In(b).

The second part of the relation (4.13) follows from the Proposition 2.2.
O]

Remark 4.1. Note that for v € (0,1) the solution z'/2t¥ ¢
dom(Ap(v;b)), while the solution z'/27* ¢ dom(Ap(v;b)), so z!/?*¥
is the principal solution at 0 (see [8, Def. 11.5]). Similarly, for v = 0 the
solution z1/2 is the principal solution at 0, while /2 In z is not.

Proof. Indeed,
[$1/2+V7x1/2—l/]0 = lim {(; . I/> $1/2+u$—1/2—u

z—0
- <; + V) :E1/2V$1/2+V} =2v#0.

Therefore, by Proposition 4.3 /27 & dom(Ap(v;b)).
The case v = 0 is considered similarly. O

5. The Bessel operator A(v;o0) on the half-line

Here consider the minimal Bessel operator A(v;o0) generated by the
expression (1.1) in L?(Ry) for v € [0, 1).

Proposition 5.1. Let A(v;00) be the minimal Bessel operator generated
by the expression (1.1) in L?*(Ry) for v € [0,1). Then the following
assertions hold.
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(1) The operator A(v;oo) has equal deficiency indices ni(A(v;00))
=1

(ii) The domain of the operator A(v;o0) is given by

dom(A(v; oc)) = HA(R,); (5.1)
(7i7) A(v; 00)max = A(v;00)* and

dom(A(v; 00)%)

_¥ﬁmw+wwWWWﬂmwmﬂMML v e (0,1),
| H(

R+) + span{xl/ch(x),:rl/2 ln(x)w(:v)}, U= 0, (5-2)

where p,1 € Cg°(Ry).

Proof. (i) See [19, p. 284].
The statements (ii)—(éi7) follow from the proof of the corresponding
statements (i7)—(ii¢) of Proposition 3.1. O

Remark 5.1. Note that it is proved in [4] that the functions f €
dom(A(v, 00)) satisfy conditions (3.7) while the statement (5.1) was not
obtained. This follows from (5.1) and Lemma 3.3.

Next we compute the Weyl function and the corresponding spectral
function of the operator A(v, o) using the boundary triplet technique.

Proposition 5.2. Let A(v;00) be the Bessel operator generated by the
expression (1.1) in L2(Ry) for v € [0,1) with the domain (5.1). Then

(1) The boundary triplet of the operator A(v;00)* can be chosen as

H = (Ca ngof = [f)x%+y]0a

ﬁmf:{—@@lww%ﬂm ve (1), (63
[f,xz2 Inz]o, 0;

(13) The corresponding Weil function M,.o(-) has the form:

i(l—v)r__ T(1-v) v
il )mz, ve(0,1), L€C\R,
—ln(%)—l—%—’y, v=0, ’

MV;OO(Z) =

(5.4)
where v 1s Fuler’s constant.
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(791) Spectral function X,(t) of the operator A(v;o00)g = A(v;00)* |
ker (" is given by

tu+1
5, (1) = Cvigr, v e(0,1), (5.5)
t/2, v=0,

where
1 T —v)sin((1 —v)m)
Cv = o v4T'(1 +v) ’ (5.6)

Proof. (i) Let f,g € dom(A(v;00)*). Integrating by parts we obtain

(A(v;00)" f,9) = (f, A(v;00)"g)

= lim {~f(€)g (&) + f(€)9() | .

e—0

On the other hand it is easily seen that

(LY, g% g) — (T "°°f, Iy

Comparing this formula with the previous one we obtain the Green’s
formula

(A o0)"f.9) = (. Alwsoc)'g) = (LY £T5g) = (TF*£,T79)
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The case v = 0 is considered similarly.

(73.1) First we consider the case v € (0, 1).

By the asymptotic relations (2.12) and (2.13) z/2J, € L*(Ry) and
z'/?Y,, € L*(R,). Therefore

fo(w) = 2% {Jy(av/2) + Yo (2v/2) } € LA(Ry). (5.7)

It is easily seen that limg_,~ f.(z) =0, and so f, € dom(A(v;00)*) and
(A(v;00)* — 2)f. = 0. In other words, deficiency space M. (A(v;00)) of
the operator A(v; o) generated by the vector f,.

Using the asymptotic behavior of the Bessel functions (2.12) and
formula (2.18) we obtain

{ml/QYy(x\/E),xl/H”]
0
_ [x1/2 Ju(xy/z) cos(vm) — J_p(2/2) p1/2+v

sin(v) ’ 0
poltv
- _ L v/2
sin(vm)I'(1 — v) (58

Similarly, using the asymptotic behavior of the Bessel functions (2.12)
and formula (2.19) we obtain

[$1/2yy(x\/5)7x1/2—u]
0
_ [x1/2 Ju(xy/z) cos(vm) — J_p(z/2) 212

)

sin(vm) 0

v cos(vm) V)2

- sin(um)2v-10(1 +v) ‘ (5:9)

From the formula (4.5), (4.6), (5.3), (5.7) and (5.8), (5.9) we arrive to
the relation

. iv2vtt
Vo = L —v/2. 1
N O R (5-10)
Voo _cos(vm) 23 em1=v) 22
e ( + Zsm(wr) > 2T'(1+4+v) dsin(vmr) 2¥I'(1+v) (5:11)

Hence, by (5.10), (5.11) and Definition 2.2 follows first part of the for-
mula (5.4).

(7i.2) The case v = 0.

By the asymptotic relations (2.12) and (2.13) /2Jy € L*(Ry) and
z'/?Yy € L*(R,). Therefore

f-(x) = 22 {Jo(av/2) + iYo(zv/2)} € LA(RY). (5.12)
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It is easily seen that lim, ,~ f.(z) =0, and so f, € dom(A(0;00)*) and
(A(0;00)* — 2)f, = 0. In other words, deficiency space DN, (A(0;0)) of
the operator A(0;c0) generated by the vector f,.

From the formula (4.9), (4.10), (5.3), (5.12) we arrive to the relation

: 2
ry>°f, = ——i; (5.13)
o o2
F(l)’ fo=1+1- - [ln <\g§> + 7] . (5.14)

Hence, by (5.13), (5.14) and Definition 2.2 follows second part of the
formula (5.4).

(#3i) Since M. (t + ty) is bounded in the rectangle (0, 00) x (0,yo),
then its representing measure is absolutely continuous and by Fatou’s
Theorem for v € (0,1)

! _ 1 e 1 F(l — V) t(1—v)myv
Z0) = 0 Moo+ 10) = 5 T (e ¢ )
_ 1 F(l — V) v i(1—v)
- w24 (1 4 v) Tm(e )
1 (1 —v)sin((1 —v)m)

= t’ = Cut”.
27 v4T'(1 4+ v) v

The case v = 0 is considered similarly. O

Remark 5.2. In addition for v € (0, 1) the Weyl function M,..(-) ad-
mits an integral representation

T ¢
My.oo(2) = A, + C, ~ 5.15
oo(2) + /(t—z 1+t2> (5.15)

where the constant C), is given at (5.6) and

I'l—-v)

v = 21/4?(1_’_”)008((1 — I//2)7I')

Similarly, for v = 0 the Weyl function Mp.oo(-) admits an integral
representation

17/ 1 ¢
Moo (2) = Ag + = — " \a, 1
000(2) 0+2/<t—z 1+t2> (5.16)

where the constant

Aoz—%—v—kan,

v is Euler’s constant.
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Remark 5.3. Let us note that for Bessel operators the formula similar
to (5.3) has been appeared for v € (0,1/2) U (1/2,1) in [16, Theorem 2]
and for v = 0 in [16, Theorem 3.

Remark 5.4. Formulas (5.4) and (5.5) were obtained by W.N. Everitt
and H. Kalf in [9] using the classical definition of the Weyl function.

Proposition 5.3. Let II,.oo = {H,T5™, ']} be a boundary triplet for
the operator A(v;o0)* of the form (5.3) for v € [0,1), My.xo(-) is the
corresponding Weyl function. Then

(1) The domain of the Friedrichs extension Ap(v;o0) of the operator
A(v;00) has the form

dom(Af(v; 00)) = ker (If')

:{fe@ﬂﬂwmm;mﬁﬁbzq.(mm

(ii) The domain of the Krein extension Ax(v;o00) of the operator
A(v;00) has the form
dom(Ag (v;00))

{{fedom(A<v; 20)") ¢ [f 220 = 0}, ve (0,1),
{fedom(A(0;00)*) : [f, z2]o = 0} =ker ([7™®), v =0.

Proof. To prove these statements we use [6].
(i) For v € (0,1)

Il -v)

s — T ) — T (=) ~\>"Y)
M. 00 (—00) lim M, (2) = lim [e BT +7) ( x)]

’ z——00 T—00

= _ i 1 F(l—l/) (71)1/1/ _
TS (L)Y 20T (1 + ) S
And for v =0
_ | N
Mo;o0(—00) = Jlim My o(2) = lim [ —7—In <2
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So by the Proposition 2.2 the relation (5.17) is valid.
(73.1) First we consider the case v € (0,1).

My (0) = lim Myioo(2) = — lim [ei(l_”)”r(l_y))-z”}

z——0 z——0 21/4”F(1 + v
, 1 I'l-v)
R 1 . Y = .
z—1>H—10 |:(—1)V 2V4VF(1 + I/) i :| 0

By the Proposition 2.2 first part of the relation (5.18) is valid.
(73.2) The case v = 0.

M0 = i Mot = i [ =1 (5)] = 0

By the Proposition 2.2 second part of the relation (5.18) is valid. O

Remark 5.5. Formula (5.17) was obtained by W. N. Everitt and H. Kalf
in [9] and by L. Bruneau, J. Dereziiiski and V. Georgescu in [4] using the
classical definition of the Friedrichs extension.

Remark 5.6. The Krein extension (5.18) was described in similar form
by L. Bruneau, J. Derezinski and V. Georgescu using the property of
homogeneity of the operator and its extensions (see [4, Remark 4.20]).

Corollary 5.1. Let v € (0,1).

(i) All self-adjoint extensions of the operator A(v;00) defined in L?(R )
are given by

A(v;00)p = A(v;00)* | dom(A(v;00)n), heRU {0}

dom(A(v; 00),) = {f €dom(A(v; 00)*) : [f, 22 ¥ +2vhz2 ]y = 0}.
(5.20)

(i7) Extension A(v;o0) is non-negative, A(v;o0), = 0 if and only if

h > 0.

Proof. (i) Using boundary triplet (5.3) one obtains the proof by applying
Proposition 2.1(#i7).

(74) From Proposition (5.3) it follows that M. (0) = 0 and A(v;00)g
is the Friedrichs extension, then by virtue of the Proposition 2.2 (i),
the extension A(v;00)), is a non-negative, A(v;00), > 0 if and only if
h > M,(0)=0. d
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Corollary 5.2. If v = 0, then the operator A(0;00) defined in L*(R,)
has a unique non-negative extension
A = A(0;00)" | dom(A),
1
2

. (5.21)
dom(A) = {f € dom(A(0;0)*) : [f, 22y = 0} = ker ([7°™).

Proof. According to (5.19) we obtain

lm Mo.eo(2) = Mp,eo(—00) = —00.

AR
Similarly, (5.19) implies

lim Mo;oo(z) = MO,OO(O) = +00.
z10

By Proposition 2.2, Ap(0;00) = Ak (0;00). This completes the proof.
O

Proposition 5.4. (i) Letv € [0,1). The closure a(v;o00) of the quad-
ratic form a' (v; 00) associated with the operator A(v;o0) takes the
form

a(v; 00)[u] = a(1/2;00)[u] + wqlu], dom(a(v;00)[u]) = Hy(R+),
(5.22)
where

7 u\xr 2
a(1/2; 00) /\u \2da, qfu] :/|(2)|dx. (5.23)

X
0

(ii) The domain of definition of the Friedrichs extension Ap(v;o00) of
the operator A(v;00) for v € [0,1) takes the form

dom(Ap(v;o0)) = HA(R4) + span{a'*™o(a)}, ¢ € C(Ry).
(5.24)

(7i1) Let v € [0,1). For the closure a(v;00) of the quadratic form
a'(v;00)p, associated with the operator A(v;o0)y the following de-
composition is valid

dom(a(v; 00)n)[u] = Hg(Ry) + span{z'/>“p(x)}, ¢ € C5°(Ry).
(5.25)
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Proof. (i) By Hardy’s inequality for u € H}(R4)

a(v;00)[u] = |/ ()72, ) + (V* — 1/4) / ‘uitzwdt

<l N2,y (1 + 4% = 1)), (5.26)

Thus H¢(R4) C dom(a(v;00)).
We prove the converse inequality. Suppose first that v € [1/2,1).
Then for u € H(R4)

a(v;00)[u] = [[u/ ()72, ) + (¥ = 1/4) dt > v/ ()| r, )
0
(5.27)
If v € [0,1/2), then for u € H}(R,)
a(v; 00)[u] = [lu' ()72 m,) — (1/4 -
0

> ' ()72, ) + @2 = Dllv' (0172, )

— 42| ()22, .

So on HE(R4) the energy norm of A(v;o0) is equivalent to the norm
of space H}(R.). Since H3(R.) = dom(A(v; o)) is dense in the energy
space of the operator A(v; o), then dom(a(v;00)) and H{(R4) coincide
algebraically and topologically.

(i3) We note that HZ(Ry) C HS(Ry). If u(x) = z'/**Vp(x), where
¢ € C°(Ry) then o/ € L?(R4), but u(-) € dom(A(v;o0)) = HZ(Ry).
By the construction of the Friedrichs extension and the equalities (5.2),
we obtain

dom(Ap(v;00)) = dom(A(v;00)*) N dom(a(v; 0o)[u))
— dom(A(vio0)) N HY(R+) = HE(R,) + span{a'/2p(x)}.
(iid) Let

_J1, zelo,1],
o) = {O, x € [2;+00). (5:28)

Then proof follows from [18, Theorem 1] and from the fact that
212 () € HY(R,). O
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Corollary 5.3. Note that the domains of the Friedrichs extensions in
(5.17) and (5.24) are coincide.

Proof. So [f, :z:%‘“’]g =0, it is easy to see that

[f,:c%Jr”]O = lim <(; + l/> :c”_%f(:c) — xé+l’f,($)> = 95%+V90($)7

x—0

where ¢(x) € C°(Ry). O

6. Connection of the operators A(r;b) and A(v;o0)

Proposition 6.1. Let v € [0,1). Consider the operators A(v;b) and
A(v;00) with the domains (4.1) and (5.1) respectively. Assume 11,
and I1,.oc be the boundary triplets defined by relations (4.2) and (5.3)
respectively. Assume also M, (z) and M,.o(z) be the Weyl functions
given by the equalities (4.3) and (5.4). Then the relation

lim M,p(2) = My.0o(2)
b—+o0
holds uniformly on compact subsets of C..

Proof. First we consider the case v € (0,1). Since the Bessel functions
Jy(t) and J_,(t) for t — oo have the asymptotic behavior (2.14), then

M-y L),

lim M, =— i
A Mooz == I T ) 4 v2)
— lim (1 -v) cos (by/z+ 4 — 7) e
botoo | 204" T (1 + 1) cos (byz -4 —1)

rl-v) . e 'Vete—9)
T20AT(1 4 ) bortoo g iV 5)

— ei(l—y)ﬁ F(l — V) e
24T(1 + v)

‘ZV

The case v = 0 is treated similarly. Namely
, : vz mYo(bvz)
lim My, =1 —In—
b—g-noo O’b(z) b—gl—loo |: . 2 2 Jo(bf) -7
b
~ hm | YE T smlvE-D)
b—+00 2 2 cos(byz—1)
= —lnﬁ + - i—y = Myo(2).

B >1 Mﬂ M:\

It is easily seen that convergence in both relations is uniform on compact
subsets. O
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7. Singular Sturm—Liouville operators of Bessel type

Here we consider in L?(R) Sturm-Liouville differential expression
Tu = —u" +qu (7.1)

with certain potentials q.
The minimal operator Ty, = T associated with (7.1) is the closure
of the operator T” of the form

T'w := Tu, dom(T") = {u:u € D, u has the comp. support in (0,00)},
(7.2)

where

D= {u:u € ACj(Ry) N LA(Ry), v € AC)(Ry ), 7u € L*(Ry)}.

(7.3)
T is a densely defined symmetric operator.
The maximal operator associated with (7.1) is
Thax =T =71 D. (7.4)
The following relations hold
Thin=T= T =T" = TI;klax'
Corollary 7.1. Let q € Li, (R) and
B
a0)> Ly @ery (7.5)

for some 8 > —% and p > 0. Then:

(1) The closure t; of the quadratic form t; associated with the operator

T is
(o.¢] oo
Yl = [ @Par + [ 4@ Ju) P,
0 0
dom(ty) = {u e Hy(Ry): [ a(o) - fu(o)Pdr < oo} — MR, 0).
0
(7.6)
(13) [14] The domain of the Friedrichs extension Tr of T is
dom(Tr) =D N H(Ry;q), (7.7)

where © is given by (7.3) .
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Proof Without loss of generality we can assume that @ = 0. Let § =

V2 — 1 > —7. Consider the quadratic form t, associated with the operator
2 1
Tr. Since q(x) —*, we have
dom(t;) € dom(a(v;o0)) = HA(R4), (7.8)

where a(v;00) is given by (5.22).
Further, let u(-) € C§°(R4) C dom(T”). Integrating by parts one
obviously has

tylu] = (Tu, u) = lim [u’(t)u(t)\g+/|u’(t)|2dt+/q(t).|u(t)|2dt]
0 0

:/|u’(m)|2dm—|—/q(m)-|u(m)|2dm. (7.9)
0 0

Taking the closure of these forms with account of (7.8), one arrives at
(7.6).
According to the construction of the Friedrichs extension and (7.3)

dom(Tr) = dom(T™*) Ndom(t,) =D N H (R, ;q).
The Corollary is proved. O
Corollary 7.2. Let q € L}, .(R) and

4@) > ——5 —p, (2R (7.10)

42
for some > 0. Then

(i) The closure t; of the quadratic form t, associated with the operator

T takes the form
/ (& deer

dom(t,) = {u € H}(Ry) : /
0

u(z) [

2z

dzx, (7.11)

dx < oo} =: Hy(Ry:q).

(7.12)

(13) [14] The domain of the Friedrichs extension of T is
dom(Tr) =D N H(Ry;q), (7.13)

where © is given by (7.3).
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The proof is similarly to Corollary 7.1.

Corollary 7.3. Another description of the quadratic form t,, defined by

the

equation (7.11), was obtained by Kalf in [14]
] = /
0

T Ju(z))?
dom(t,) = {u € HY(R,) : /‘iwg‘dx < 00}
0

2

o' (z) — UQ(;T:) dx,
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