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ON THE UNIQUENESS OF THE VARIATIONAL SOLUTION FOR
THE PROBLEM OF EQUILIBRIUM OF THE PENDING DROP

In this paper we study the uniqueness of the equilibrium forms of the axisymmetrical drops
pending from the horizontal plane. In our considerations we take into account the intermediate
layer separating the liquid phase from that of the vapor. We prove the uniqueness of the variational
solution describing the equilibrium forms.
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1. Formulation of the Problem.

In this paper we study the uniqueness of the equilibrium form of the drop
pending from horizontal plane P. In the classical case the form satisfy the Laplace
condition. This condition affirms that for equilibrium form the mean curvature of
the pending drop is to be constant [1]. Now it is well known that this condition
fails when one of the principal curvatures of the drop is sufficiently large. As far
as in the classical equilibrium case we don’t take into account the intermediate
layer separating the phases then it is quite natural to try to surpass the difficulties
connected with applying Laplace condition by introducing the intermediate layer’s
width into the consideration. It seems that F. Neumann was the first to do it [2], see
also [3]. In the contemporary theories on the subject instead of the Laplace condition
there appears a sufficiently complicated function depending on mean and Gauss
curvatures [4], see also [5, 6]. But in the case when the width of the intermediate
layer and potential functions determining the state of equilibrium are constant we
get a simple condition affirming that equilibrium surface has linear combination of
mean and Gauss curvatures equal to the constant, see, for example, [7],
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Here H, K are mean and Gauss curvatures respectively, r is the radii of the
projection of the surface S over the plane P, I' — the function describing the
gravitational potential, p — the fluid’s density, 8 — the coefficient of the relative
adhesion, W — drop’s interior part and V' — the volume of the domain W, [, the
width of the intermediate layer. We repair that in the case of the width [, being
equal to zero we get the classical condition. Besides when [, # 0 we get that the
wetting angle v is different from the classical one. This partly solves the problem
of the wetting angle 7, see [1], where this problem is thoroughly discussed.

In the paper [8] of the first of the authors the variational problem generalizing
that of the classical case was formulated and solved. We do not discuss the solution
of it here. But as we are interested in the uniqueness of the variational solution
of equilibrium problem we formulate it now. Let us denote through S the drop’s
surface and through S* its projection onto the plane P from which the drop is
pending. Let X be the circle of the contact of the two surfaces S and S*. We
suppose that the line L generating the surface S is a rectifiable curve whose length
is equal to I. We introduce Cartesian coordinates (x,y) in the meridian section of
the drop orienting the axis x along the line perpendicular to the plane P and we
denote through w = w (s) = (z (s),y (s)),0 < s < [, the natural parameterization
of the curve L. Let S be the area of the surface S. In the variational study of the
equilibrium problem we consider the functional F' = F' () represented as follows

F(S) =0 S+lpE—ﬁS[d8+)\V+0_l/mZ/F,odv (1)

Here
=(8)=2r [ 1) ds, i =dy/ds,
L
with the function f having the following representation
[9]

f@= %{ - \/1——112/ <arcsina +Jm_ g) (1 _ 02)—3/2 do+
0

+E0\/1—y'2} (2)

The functional (1) differs from the classical one by the term = which is responsible
for the appearance of the Gauss curvature in the Euler condition for the extremal
surface [9].

Variational Problem. Let M be the class of the surfaces we have described.
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For a given values of the layer’s width [,,, the coefficient of the relative adhesion
[ and for a given volume V it is necessary to find a surface S, € M and a constant
A such that
F(S.)=inf{F(5), Se M}

2. The study of the uniqueness problem.

We are interested in the investigation of the uniqueness problem for variational
solutions of the variational problem we have just formulated. In this section we’ll
give detailed proof of the uniqueness theorem based on the ideas exposed in the
paper [10]. Let

S1, So9

be two different solutions of the variational problem described by the graphs of the
functions y; : [0,71] — R, y2 : [0,72] — R which are monotone over their domains
of definition. In the sequel we’ll suppose that the functions y1, yo are defined over
the same interval [0, ro], ro = max {ry,ro}.

Let us consider the following homotopy of y; into ys

Y (,0) = (1= 0)yi (x) +0y5 (x), 0<O<1 (3)

First of all we prove the following lemma.

Lemma 1. The functional S satisfies the following condition of the convexity
S(yg) — (1 =6)S (y1) —0S (y2) <0 (4)

Proof. Let z; = z; (z,y) be nonparametric representation of the surface S (y;), i =
1,2, which is located in the upper half-space { (z,y,2) € Rg‘ z > 0},

zi(@,y) = \Jy2 —v? (5)

Let us consider the surface S ,, with the following non-parametric representation

1/2

2 =2 (2y) = [ (2.9) + 2 (2,9)] 27 (6)
We'll suppose that the functions z1 = z1 (z,y), 20 = 22 (x,y), 2* = 2" (x,y) are
defined over the same domain.

We'll denote as Sy/p the union of the surface S} /2 and its mirror’s reflection
in the plane (z,y). The surface Sy /2 1s not axisymmetrical one. We consider the
domain By, bounded by the surface S /5.

We consider Shwartz symmetrization [11] of the body By /2- Due to this sym-
metrization we substitute each x-section (31 /g)x of the body B/, by the disc lying
in the plane orthogonal to the x-axis, centered at the point of intersection of this
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plane with the axis and having the same measure as this section. Let us calculate
the radii 7 = r () of this disc.

r*(z) y1(z) y2(z)
mr? =2 /z*(:c,y)dyz / Y2 (x) — y? dy + / y3 (x) —y? dy =
0

o
o

= [yi () + 3 (@)] 7 (7)

Here |0, 7*(x)| is the projection of z-section of the body B/, over the y-axis.
We now get from the equality (7) that the radii » = r (z) satisfies the following
condition

r?(z) == [yl + 93]

N | —

These calculations show that the area of the z-section of the body B (yl /2) coincides
with that of the B’l"/2.

The surface ST /2 is the boundary of the domain Bj,, which is the Shwartz
symmetrrization of the domain Bj/; bounded by the surface S;/5. As under such
a symmetrization the area of the surface does not increase we get the following
inequality

27T/y(a;, 1/2) /14 y? (z,1/2)dx <
0

<2 // \/1+z;2(x,y)+z;2(x,y)dxdy (8)

pr(w,y)sf/z

Here the segment [0,a] is the projection of the surface S/, over the z-axis and
pr(w,y)SI/z is the projection of the surface Si‘/2 onto the plane (x,y).

The functional
//,/1+z§+z§dxdy

is convex relatively to the linear homotopy (1 — 0)z1 + 0x2, 0 < 6 < 1. Using
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inequality (8) we arrive at the following condition

a

271/@/(:17, 1/2) /1 + 92 (2,1/2) dx <

0

< // \/14‘73%90 (z,9) —I—z%y (z,y) dx dy+

PT(2,y)51

+ // \/1—1—7:%90 (:E,y)—l—zgy (z,y)dxdy =

PT(z,y)52

a a

:ﬂ/yl(x)\/1+y£2(x)dx+7r/y2(x) 1+ 952 (x)dz. (9)

0 0
Here pr(, ,)S; is the projection of the surface S;, i = 1,2, onto the plane (z,y).
>From the definition of homotopy yy it now follows that

1
y2ef+ze~ =3 (v3 + ygr) (10)

We now get from the conditions (9) and (10) the convexity of the functional S.
The lemma is proved.
Let us now compare the following functionals

S(y)://q/l—i-zg—kz?]dfdn, So(y):/\/1+y’2dx

First of all we’ll prove the following lemma

Lemma 2. Let

5 = \/1 + 22 (1/2:€,m) + 22 (1/2:€,m)—
(1) TF e+ 2y - (1215 B+ 2,

2k (5777) =V yl% - 7727 k=1,2, =z (1/2) = [Zl (5777) + 22 (5777)] (1/2)

= U0+ (U2 — (/20T = 172\ ?

Then we have the following inequality

and

(=0%) = 2 (=9). (11)
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Proof. Let us denote as e], e5 the following quantities

e} = \/1 +(V2)2(1/2;€,m)+
+(1/2) 1+ (V2)? (€m) + (1/2) 1+ (V=) (€.m)

et = (1/2) 1+qu@+vqyuvmf]ﬁ+«vmf

Then we have

) 1
0" = { 1 (21622y — 2ae21y)” —

- i [(215 — 2¢)? + (219 — Z277)2} } (ete3)™" (12)

In conformity with the definition of z1, zo we obtain now the following representations

1 — e — Yivyi Yy
Vi - -
" "
- n
V=1 Vi —n?
orezan — iy = —— ] (191 — Y295)
n n -
VUE — 1?3 — 1

Using formulas (13) we estimate now the quantity —¢* from below. Let dz be the
following expression

2177 — 2277 =

(13)

0z = (z1¢20n — 20¢21n)° + (216 — 22)°

The direct calculations give us the equation

2
b2 = |W3930,” + vu3u3 — 2myaviub [yt — o — P
-1
- 2y1y2n2yiyé} [(yi —n°) (43 —n*)] (14)

Let dy be the following expression

dy = [\/y% - nz\/yg — 1P+ 9192] (15)
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then we get
— 2 * ¢k
n20y =— (i —¥3)” Ouiows (16)

>From the representations (15), (16) we arrive at the inequality

y1y2 = \/y%—n2\/y§—n2+n2 (17)
The inequality (17) implies that
6z >yl (v — v8)” [(v? —n*) (3 —n?)] (18)

Using now the definition (12) of §* and inequality (18) we get

* 1 =1/ & x\—
=0" = (u — i) v [(wf — ) (i —?)] ™ (elen)™ (19)
As the quantity —d is equal to the following expression

1 _
-0 = 1 (y1 — yé)z G

EEANE 1
=14 (BE2) 2 iy s 1
2 2 2
11 1
e2 =5+ Uiy + 5/ 1 +yi\/ 1+ 13

then in order to compare —d* and —4 it is sufficient now to compare the quantities

Vi3 [ — %) (3 — 7)) (efes)™

where

and
(ere2)”"

In these calculations we suppose that neither y; nor yy are equal to zero. The
case when one of these functions could be equal to zero will be considered later.
Now using the definitions of the quantities e], e] we easily arrive at the following
estimations

(y% . 772) (y2 6*6*
{ [?lez + yly% <\y 11+ bt > y%ﬂ N * %?lez (1 + y’12)1/2 +
#gm (1087) " 0 (8 - )es <
< ?ymeu/(y% —n2) (y3 —n?)e; < ?Z/%y%€1€2 (20)
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Using the inequality (20) and definitions of ¢* and § we arrive at the following
inequality

2v/5
5 (@) > -2 ) @)
The inequality (21) takes place for values of the variable x for which neither y; nor
y2 are equal to zero.
Let us suppose now that, for example, the equation y; () = 0 takes place. In

this case we easily get the following inequalities

1 12 12
_5*>_L’ -5 < Y2
814 y? 1+ y)?

The last inequalities mean that the following estimation takes place
" 1
=07 () > g (=0 (2)) (22)

>From the estimations (21), (22) we conclude that the inequality (11) is valid for
all the values of z,

x € [0,a].

The lemma is proved.

Let us now consider linear combination of the functionals of the following type

Q(y) = /y\/ 1+y2dr — k" / V1+9y2dze, k" >0. (23)
0

0

We’ll prove now the following lemma

Lemma 3. Let y =y (x), = € [0,a], be a function whose graph represents the line
L generating the surface S delivering the minimum value to the functional F. Let
us suppose that the following inequality takes place

K* < 10/8 (24)

Then the functional Q is convex under the transformations (3).

Proof. Let us consider difference

A= 2@ +5Q 1) — @y (e,1/2)
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Using inequality (9) we see that

a

ro

1

A>§//\/1+z%x(x,y)+zfy(x,y)da:dy+
0 0

a To
1
—1-5//\/1—I—zgm(x,y)—l—z%y(x,y)dzndy—
00
a 7o

—//\/1+2222(fc,y)+2§2(rc,y)dxdy—
0 0

—m*[—/\/l—i-y’? (x,1/2) de+
0

a a
1 1
+§/ 1+y’12(:1:)d:1:—|—§/ 1—|—y§2(x)dx]>
0 0

> [ ({6 @0 - w1 @)} dody >
0 0
> //O E - m*ro—l} 6 (2)] dady > 0
0 0

The lemma is proved.

We proceed now with the investigation of the principal parts of the functionals
constituting the body of the functional F. To this end we study the behavior
of the functional Z under homotopies defined by the expression (3). In order to
formulate a proposition describing this behavior we introduce some notations. First
of all we express this functional in terms of the functions written in the rotated
coordinate system. Let us consider (o, 7) — coordinate system rotated by the angle
—45° relatively the (z,y) — coordinate system. The coordinate transformation has
the following form

V2

:E:T(O'-i-h(d)), y:g(—a+h(a)) (25)

Let h = h (o) be the representation of the function y = y () in this system. The
functional = acquires now the following representation
N(R')

a(h):l/ g(1+h’)(a)/f0(u)du da+g/E0(1—|—h’)do—
0 A
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Here A is the projection of the graph of the function of the function h (we assume
that all the functions participating in the calculations to follow are defined over the

same domain),
N=N|t= Qi
2 V1442

fo(u) = <arcsinu+u,/1 —u? — g) (1 —u2)_g , ue(0,1).

Alongside with the functional = we also consider the modification =* of it,

== /A3 (W) (o) do + = /EO (1+H (o)) do, (26)

N(t)

A3 = As (¢ \/1+t2+—l (1+1) /fo

Now the following functions will be used in the future

t s o
= Ay (t) =K + 50 / fo (u) du+
0

V1412

20+ L (V)N (0

_ Jo(N (@) 3 fo (N (1))
o= (1) PO —va e B

N (8) = (D)~ ba(t), p(t)=(1+)73
Let
co =sup{q(t),t € [-1,1]}

Lemma 4. Let k%, I, be the numbers connected by the inequality
K" —2¢ol, >0 (27)

Let h = h(1/2,0) be the representation of the function y =y (1/2,x) defined by the
functions y1 = y1 (x), y2 = y2 (x) in conformity with the condition

1
y? (1/2,2) = 5 (1 +43)

and hy, = hy, (o) — representation of the function yx, = yi (z), k = 1,2, in the rotated
coordinate system.
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Then the following inequality takes place

—% 1 —% 1,—*
=7 (h(1/2,0)) < 557 (h1 (0)) + 55 (h2 (0)) (28)
Proof. First of all let us note that the functional
[ Bol, (140 (@) do (29)
A

behaves itself like the linear functional. Really as the homotopy in question leaves
the endpoints of curves fixed the following equation takes place

/Eo (1+n'(1/2,0)) do — %/Eo (1+ 1) (0)) do—
A A

—%/E0(1+h’2(0)) do = 0.
A

This property of the functional (29) implies that we can select the sign of the first
derivative of the function A3 at our will. In the classical case this means that we
can add an arbitrary linear function to the function under consideration and this
would not affect its convexity. At the same time it permits us to change the signal
of its first derivative.

In the study of the function dAsg,

35 = Ay (I (1/2,0)) — 38 (1 (0)) — 5As (kh (0))

it is necessary to take into account the different relations between the functions
y1, y2 and their derivatives. As we suppose that the functions ¥;, yo are monotone
ones there exists not more than countable set of the arcs where these functions are
comparable. The union of this arcs covers the union of the curves in question.

Let us consider an arc where y; < ys and ¢} < y5. On this arc the functions
n=n(1/2,0), by = R} (o), hly = b} (o) are connected by the following inequalities

hi (o) <K' (1/2,0) < (o) (30)
Really
Wi ()~ W (1/2,0) _
2
_ <1—|—y’1 (x) 1+y’(1/2,a:)>
L=y (x) 1=y (1/2,2)
ni — 2y (1/22) (i) —2(
yi (L= (2) 1=y (1/2,2) ~ 1 (1 -y (2))

N =
—~
—
|
<
—_—
—
8
N—
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>From the inequality (31) we get the left part of the inequality (30). In the same
manner we arrive at the following evaluation

M) =W (1/20)  uh()—y (1/2,2)
2 O Ny /2D
B Yoy — yoy' (1/2,2) 2(13) — (v (1/2,2))
- %@ (-2 nl-h@)d vz 0 Y

>From the inequality (32) we get the right part of the expression (30). Using the
same arguments we arrive at the following equation

hy (o) =1 (1/2,0)  hy(0) = (1/2,0) _ Vi — Y
2 2 (1 =y1) (1 —w5))

>From the condition (33) we deduce the following possibilities for the relations

between h' = h' (1/2,0),h} = k) (o), b = bl (o) and ¥}, yh:

I, I
a) Y <yp = M—h’(l/w) <0

Ry (o) + R
by o 205 = LRy 050

When investigating the functional Z* we take into account each of these cases
separately. As it was already said the signal of the constant Ejy can be selected at
our will. In the case a) we select this signal being negative so that the derivative of
the function

(33)

A§<t>=A3<t>+f—}2<1+t>

is also negative. Taking this property into account we arrive at the following inequality

55 = (A3 () & (1/2’02) “M@) gy () 2’3) (o)
< [(A3) (1) = (A3 (m2)] hy (o) —h' (1/2,0) _

2
hy (o) = h'(1/2,0)

= (A3)" (73) (11 = 72) 5 (34)
Here
(o) ST <K (1/2,0) Sz <hy(0), i S T3< T2 (35)
From the formulas (34), (35) we get the inequality
0A5(0) <0, o€l (36)

at the points of the subset A of the set A where the condition a) takes place.
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Let us consider now the set Ay = A\A; consisting of the points where the
condition b) takes place. Using Taylor formula we get

By — h’2(1/2,o—) PAY (h(1)2,00) P h’2(1/2,0)+

RN - 2 , Y o 2
4K 4200 | ) Ua =1 0/2.0)

In the expression for A3 the constant Ej is selected in such a manner that the
derivative A¥ is positive. Of course we construct another function but we preserve

—0A5 = A3 (h(1/2,0))

+ AL (1) (37)

the same denotation for it.
Now from the condition (37) we get the inequality

0A5 (0) <0, o€y (38)

Let us now note that

6=* = 2% (h(1/2,0)) — =E* (hy) —

’:‘*(
=

ho) =
= [ dA3(0)do = dA5 (o) do (39)
[ |

A1UAS

1 1
2 2

Using now the equations (36) and (38) we arrive at the inequality (28).
The lemma is proved.

Now we can prove the main theorem

Theorem 1. Let the coefficients
o, N op, B,
are such that the following inequality takes place
%0—2colp>0, ro <1

Then the solution of the variational problem is unique in the class of the surfaces
represented by the graph of the monotone functions.

Proof. Let y1, yo two monotone functions defined over [0, a] with the homotopy (3)
between them. First of all let us note that for the functionals

[1:/d8, IQZ)\V, 13:///de’u
w

S*

the following equation takes place

T (h(1/2,0)) = 5T (1 (0)) — 5T (ha (0)) =0, k=1,2,3  (40)
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We note also that the functionals

AV, /ds

S*

are invariant under homotopical transformation (3). Besides the condition ry < 1
permits us to consider the variation of = of the linear homotopy of the derivatives y/,
yh instead of considering it on the nonlinear (3). Now let us represent the functional
F' in the following form

F(S):U Q—i—lpE*—ﬁ/dS—I—)\V—I—O_l///de'U
S* w

From lemma 3 it follows that the functional

a a

Q) = [WTFPde—w [ VTHyPan,

0 0

is strictly convex for any value of

* 7o
K< =
8

Now using lemma 4 and the condition (40) we get that
F(S(1/2)) <inf{F (S),S € M}
The contradiction we get means that

Y1 =1Y2

The theorem is proved.

1. Finn R. Equillibrium Capillary Surfaces (Grundlehren der Mathematischen Wissenshaften),
Vol. 284, Springer, 1985

2. Neumann F. Vorlesungen uber die Theorie der Kapilaritat, Teubner, Leipzig,1903

3. Mazwell Capillary Attraction, Encyclopedia Britanica, 9 Ed., Vol. 5, Samuel L. Hall, New
York, 1978

4. Boruvka L. and Neumann A.W. Generalization of the classical theory of capillarity // J. Chem.
Phys., 66(1977), No 12, 5464-5476

5. Buff N.P. and Saltzburg J. Curved Fluid Interfaces II. The generalized Neumann formula //
J. Chem. Phys., 23(1957), No 26

6. Keller J. and Merchant T Flexural rigidity of a liquid Surface, Journal of Statistical physics,
63(1991), Nos 5/6

7. Korovkin V.P., Sazhin F.M. and Secrieru G.V. Analysis of the connection between capillary
and wedging pressures // Mathematicheskie Issledovania, Kishiniov, 108 (1984), 27-32 (in
Russian).



166 Shcherbakov E.A.

8. Shcherbakov E. Equillibrium state of a pendant drop with inter-phase layer (to appear)
9. Chitchterbakov E. Free Boundary Value Problem for Axisymmetric Fluid’s Flow with Surface
Tension and Wedging Forces // Zeitschrift fur Analysis und ihre Anwendungen, Vol. 17, No
4, 1998, 937-961
10. Shcherbakov E. Symmetrization and Uniqueness of the variational solution of the Free Boun-
dary Value Problem // Doklady Rossiiskoi academii nauk, Vol.376, No 6(2001), 742-744 (in
Russian)
11. Polya G. and G. Szego Isoperimetric Inequalities in Mathematical Physics, Ann., of Math.
Studies, No 27, Princeton, University Press, Princeton, N. J., 1951.

Hidrostroitelei, 23, flat 55, Received 20.04.11
Krasnodar 350065

Russian Federation

echt@math.kubsu.ru



