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ON THE EQUIVALENCE OF CERTAIN SEMINORMS ON SOME
WEIGHTED HOLDER SPACES

The present paper is devoted to studying of some weighted Holder spaces. These spaces are designed
in the way to serve as a framework for studying different statements for the thin film equations in
weighted classes of smooth functions in the multidimensional setting. These spaces can serve also for
considering of other equations with the degeneration on the boundary of the domain of definition. We
prove the equivalence of certain metrics on these spaces.
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m4y

The present paper is devoted to studying of some weighted Holder spaces C,T :;y Tme

These spaces were introduced in [1] and they are designed in the way to serve as
a framework for consideration of different statements for the thin film equations in
weighted classes of smooth functions in the multidimensional setting. These spaces can
serve also for considering of other equations with the degeneration on the boundary of
the domain of definition, for example, in the spirit of [2].

The literature on the subject of the thin film equations is very numerous but almost

all results with sufficient regularity are devoted to the case of one spatial variable. As a
m+y
possible target for an application of the spaces C,T :J "™ we only mention the papers

[3-17]. .

The spaces Ch w;y * ™ arise at the considering linearised version of the thin film
equations. Let us explain this on the example for the thin film equation in the case
of partial wetting (see, for example, [3| for the accurate statement). Consider the thin
film equation of fourth order for an unknown function h(z,t) (compare [18])

% + V (h"VAh — fVh) = f(z,t) in Q, (1)

where n > 0 is fixed, Q is a half space Q = {(z,t) : x = (2/,zn) € RY,2x > 0,t > 0}.
Consider also partial wetting conditions at xy =0

Oh
h(z',0,t) =0, —(a',0,t)=1 2
@.0.0) =0, S (0.0 @
and an initial condition
h(z,0) = w(x). (3)
From (2) it follows that we must have for w(z)
ow
'0)=0, ——(2/,0)=1. 4
Wl 0) =0, 2 0) (@)
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Consequently, we have
w(z) ~zy, =y — 0. (5)

The linearization of equation (1) at the initial datum w(z) means that we denote in (1)
h = w + u and extract linear with respect to u part (we also drop lower order terms).
Formally, one can just replace A" by w™ in (1) and replace h by w in other places of
this equation. Taking into account (5) and replacing w by just xy, we arrive at

V(Y AU~ §V0) = (1) in O (6)

For second order equations this procedure is described in details in, for example, [19],
[20], |2], and for fourth order see [17], [3], [4] formula (13), [5] formula (7).

If we are going to consider equations (6) (and correspondingly (1)) in classes of
Holder functions we have to consider f(x,t) in (6) from some (may be weighted) Holder
class. This leads to the consideration of V(z},VAw) from the same weighted Holder

. . . mry, 2
class. In our definition below this will be the class C m
n,(n/4)y

order equations such classes were used in fact in [21]-[23], [2], where the papers [21]-[23]
are based on the Carnot—Carathéodory metric and the paper [2| is based on classes

. In the case of second

mty, Y +, 1

Ch oy . Note that we consider the framework of classes Cgf w as an alternative

for considering the Carnot—Carathéodory metric for studying degenerate equations in

classes of smooth functions — [21]-[23], [17]. Therefor, in this paper we are going to
m+y

m+,y7
Chwy ™ tosome

prove the equivalence of the Carnot—Carathéodory metric in spaces
another weighted metric in these spaces.

Note that in the case of elliptic equations more simple weighted Holder classes with
unweighted Holder constants can be used — [24], [25]. The reason is that in the elliptic
case no agreement between smoothness in z-variables and ¢- variable is needed.

Let us turn now to exact definitions and to the main results.

Denote H = {r = (2/,2n5) € RN : oy >0}, Q = {(2,t) : 2 € H,—00 < t < o0}
And we note at once that all the reasoning and statement below are valid in evident
way also for QT = {(x,t) : z € H,t > 0} instead of Q. Let m be a positive integer and
let n be a positive number, n < m. Denote

w=mn/m< 1.

Let CJy(H), v € (0,1), be the weighted Holder space of continuous functions u(z)
with the finite norm

0
il 5 = ullog, = ul§ + ) 7, (7)

where

09 = max u(z)], ()7 = sup ()7 HEZ WD

— Ty =max{zn, Tyt (8
ccH w7, z,z€H |z =z N tow, b
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Thus (u>f‘7)H represents a weighted Holder constant of the function u(x). We suppose
that ’

n
n<m, , ifnisanoninteger (1—w)y=r <1 — —) <min({n},1—-{n}), (9)
m
where for a real number a ,{a} is the fractional part of a, [a] is the integer part of a.
This assumption is technical and it allows us, for example, to consider the functions
z'y 7 as elements of C(,(H) for all integer j < n.
In the similar way we define the Holder seminorms with respect to each variable

separately

wy [u(@) — u(@)]

()
(u) —

s, , oy = max{zyn,Zn},i =1, N, (10)

= swp (ak)
r,xEH

where x = (21, .44, ..., zN), T = (21, ...2; + h, ..., zN), h > 0.

In the standard way we denote by <u)(7) (u>(7) and <u)(71)q usual unweighted

i, H’ ' H’ z,H
Holder seminorms with respect to each variable separately, with respect to
' = (21, ...,xny_1) or with respect to all z-variables.

Note that in terms of the Carnot-Carathéodory metric seminorm (8) is equivalent

to (

u

(u)Mf ~ sup ———————,
wy,H x,z€H K
where the Carnot—Carathéodory distance is defined as
|z — 7|

7) — . 11
) = e v )

In the case of m = 2, n € (0, 1) this was proved in [2| and in the general case we have
the following theorem which is the main result of the present paper.

Denote B
[u] Y [u(z) — u(@)| (12)

where s(z, ) is defined in (11)
Theorem. Seminorm (10) is equivalent to seminorm (12). This means that there
are constants C and Co with the property

119 < Ci (1Y < Col 1) (13)

wy,H —

for any continuous in H function f(x).

Proof. Let the seminorm [f] O is finite. We show, that then

(N5 <AL, (14)
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Let €9 € (0,1) is small and fixed. Let = (2/, ) and let first

|z —7'| > epzn. (15)
Then the more
|z — | > |2/ — 7| > epzn. (16)
Under this condition
s(z,T) = Jx i —5 S
Ty + TR+ =T
|z — |

<C
B R R

< Clz —z|tv.

Therefore, denoting 5 = v(1 — w),

|f(x,t) - f(f, t)‘ < C‘f(m7t) — f(fa t)’ < C[u](”. (17)

|z — 7|8 s(x,T)Y

Besides, because of (16), and then of (17),

'yw’f(xat)_f(jat)‘ < x?vw ’f(l',t)—f(f,t)‘ () 1
R i e HE
Let now
|2 —7'| < epzn. (19)

Under this condition, as it easy to see,
s(x,T) ~ Cx e — 7. (20)

Consequently,

e = IE0] ¢ et “ 01 gy 21)

We estimate now the unweighted Holder constant of the function f with the
exponent (3.

To estimate it we consider the two cases.

If

lzny —ZN| > oz,

then
’(IJ —f| > ‘.’L‘N —fN’ > E0TN

and therefore, as it was above,
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so that, as above,

fa.t) — @) _

jz—zl®  ~ s(z,Z)7

If now, under the condition (19), we have
lzn —Zn| < oz,

then in this case
v —7Z| < |2’ — 7|+ |zny — Zn| < 2e02N.

Therefore, in the force of (20),
s(z,7) < Cay’lv —7| <
< Oy (2e0zn)?|z — 7| = Ol — 7|~
Consequently, in this case

‘f(‘r?t)_f(f?t)’ SC’f(l',t)_ffjﬂ <C[u](7)

|z — 7|7 s(x,z) T

The estimate (14) follows now from (17), (18), (21), (22) and (26).

(25)

(26)

Further, let now the seminorm (f >w77 47 1s finite. Let us prove the following estimate

A <o

wy,H*
Let first
|2’ — 7| < egzn, an >0.
Then
N
s(x,7) > v——ry,
TN

and consequently

LR (R B L T
In the particular case zy = 0 we have Tn = 0 and therefore
s(x,7) = |2’ — 7|17 = |z — 7|17,
and so again B _
!f(ﬂfyst()x,—xJ)”gx’t)l _ \f(x,’i)_—j’éwat)! < CU)EZY),F

Let now we have
]x' - f/| > EQIN-

(27)

(28)
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Then

s(@,7) > v 2T s e, (32)

|l'/ _f/‘w

and consequently,

10.

11.

12.

13.

14.

15.

16.

17.

18.
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|f($’t) - f(fvt)’ < C’f(xvt) - f(f’t” S C<f>(’7) (33)

s(x, 7)Y - |z — 7|8 wy,H

Thus, (27) follows from (29), (30), (32). And so the theorem is proved. O
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C.II. HdertsipeB

O6 3KBUBaJIEHTHOCTU HEKOTODPbLIX IIOJIYHOPM B BE€COBBLIX IIPDOCTPaHCTBax Fe.nb,/:(epa.

JlanHasi cTaThs MOCBAIIEHA U3YYEHUI0 HEKOTOPBIX BECOBBIX ITPOCTPaHCTB [esbaepa. DTu mpocTpancTsa

ABJIAIOTCA €CTeCTBEHHBIMU KJjlaCCaMM IVIaJKHUX (byHKLII/Iﬁ AJIs1 N3y9IeHUA ypaBHeHI/Iﬁ THUIIa ypaBHeHI/Iﬁ

TOHKHX IIJIECHOK B MHOI'OMEPHOM CJIyvae. STI/I KJIaCCbl MOTYT OBITH IIPUMEHEHBI TaK2Ke JJId U3YyYCHUA

Apyrux ypaBHeHI/Iﬁ C BBIPOKJICHUEM Ha I'DaHUIe obJlacTn onpeaesieHud. Mpbr JOKa3bIBa€M dKBUBAJIEHT-

HOCTb HEKOTOPBIX Pa3JIMYHbIX METPUK B 3TUX IIPOCTPAHCTBAX.

Karoueswvie caosa: e6ecosvie npocmparcmea leavdepa, sviposicdarowuecs napabosuveckue ypasHe-

HUA, IKBUBANEHTHDIE MEMPUKU.
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