ISSN 1683-4720 Tpynsr ITIIMM. 2015. Towm 29

UDK 531.35

(©2015. O.I. Kuznetsova
ON THE NORMS OF THE MEANS OF SPHERICAL fOURIER SUMS!

~

The spherical Fourier sums Sr(f, x) = Z f(k) €@ of a periodic functions in m variables, the strong
IIell<
1/p

n—1 1/ R
means (% 'Zo ‘Sj(f7l‘)‘p> " and the strong integral means ((of |sr(f,x)‘1’d:r> /R) of these sums
i=

for p > 1 are considered. In contrast to the one-dimensional case treated by Hardy and Littlewood, for
m > 2 the norms of the corresponding operators in the space Lo, are not bounded. The sharp order of
growth of these norms is found. The upper and lower bounds differ by a factor depending only on the
dimension m.

A sufficient condition on the function ensuring the uniform strong p-summability of its Fourier series
is given.

Keywords: Multiple Fourier series, spherical sums, strong means.

1. Introduction. Given a function f integrable on the cube T™ = [—m,7r|™, the
spherical partial sum Sg(f,z) of the Fourier series of f, has the form (hereafter k € Z™)

Z f(k‘) eik-aﬂ7 where f( /f —zkudu

[kI<R

This is the convolution f with the spherical Dirichlet kernal

DR(%’ _ m Z —Zk:l‘

kISR

The Li-norm
Lo [ Dala)lde = sup [Se(£.0)
(ke [f1<1
of this kernel is called the Lebesgue constant. In the multidimensional case (m > 1) the
two-sided bound A R™2 < L < BpR™2 is valid for R > 1 (see [1], [2])-
The strong spherical means of the Fourier series are defined as follows (hereafter p > 1
and n € N)

Hoy(f, ) (ZWﬁ 7)” =L sup

ne lelg<l

ZEJ

7=0

Here, supremum is taken over all collections € = {ey,...,e,—1} of real numbers satisfying
the condition
1
lelg = (Jeol + ... + |en—1]?) 7 < 1

The present paper is the talk represented in International Conference «Harmonic analysis and
approximation, VI», 12-18 September, 2015, Tsaghkadzor, Armenia.
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(q is the conjugate exponent: % + % =1).
Our purpose is to estimate the norms of the corresponding operators, i.e., the quantities

1
H,, , = sup H, ,(f,0) = — sup /
If1<1 nr lelg<1

Note that, by Hoélder’s inequality, the means Hj ,(f), and hence the norms H, ,,
increase with p.

The notion of strong summability of Fourier series was introduced by Hardy and
Littlewood [3]| in the one-dimensional case more one hundred years ago. They proved
that for m = 1 and a fixed p, the norms H,, ;, are bounded.

In the multidimensional case, the situation is different. For m > 3 the norms H,

not bounded, being of order n" 2 ymin{y ) (em. [4], [5]). In the two-dimensional case,

the results were not complete: this two-sided bound still holds true for any fixed p > 2,
while for p € [1,2] only the upper bound Hy , < ¢y/In(n + 1) was known [see 6,7].
2. The main result for H,, ,. We prove [8] that 2

m—1 : 11
n oz —min{g,p ifm>3 p>1:
1 1
Hyp=qn27 > mlnp{ln (n+1), - 2} if m=2, p>2;
In(n + 1) if m=2, pell,2].

Note that in the two- dimensional case, for “large” p (with p — 2 greater that a fixed

positive number) the factor min# {ln n+1 2} can be replaced by 1.
3. The main lemma.
Lemma 1. Let aq,...,a, be nonnegative numbers. Then

/”Zn: ('t+ﬂ) dt>> llnnzn:
sup gja;cos( j — ) |—= — a;.
Ej::tl 0 ]:1 I 4 \/E n j:l J

With a; = /7 this immediately implies the desired relation H, 1 > VInn.

4. The norms of the integral means of spherical Fourier sums. In addition
to the means H,, ,(f), it is also natural to consider their integral analogs defined by the
equality

At = (3 [ 1545000

Note that averaging over the radius was used systematically in many papers, for example,
in the study of the Riesz sums of multiple Fourier series.
Our goal is to estimate of the norms the corresponding operators, i.s., the quantities

2The notion o, = [, means that o, = O(Bn) and (B, = O(an) simultaneously. Instead of o, =
O(Bn) we also write a, < (. Hereafter, the constants in the corresponding inequalities valid for all n
may depend only on the dimension m.
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On the norms of the means of spherical Fourier sums

HRp = sup Hpp(f,0).
[fI<1
In view of Hélder’s inequality, the means % ,(f)p increase with p and, therefore, so
do the norms . In [7] they were estimated from above. It is easy to see that, to do
this, it suffices to consider J#g, only for integer values R.
We prove [9] that the norms ¢, , u Hy ;, have the same order. More precisely,

T min{. it m>3, p>
I, p = Hpp = n%_% min%{ln(n—i— 1),}%} if m=2 p> 2;
In(n + 1) it m=2 pell,2].

5. Estimating J7, , from below. We begin with two-dimensional case. For 1 <

p <2
I p = Hpp+ O(1) 2 appy/In(n + 1).

In addition, for p > 2 the relations

H,, = n%_%min%{ln(n +1), 5kt u Ay = Hyp + O(n%_

imply

1 1 1

Hpp = Prmn? Pminr {In(n + 1), ﬁ}

at least for p, sufficiently close to 2.

We need following result for p > 2.

Further, R > 1, 0 < § < 1; frs is a function, equal to COS(RHxH — T(m+ 1)) for
lz|| < 6 and zero for other x € T™; B(r) is the ball of radius r centered at zero.

Lemma 2. If § is sufficiently small and the product Ré is sufficiently large (the
boundaries depend only the dimension m), then the function frs satisfies the inequality

T =

)

S, (fr5,0) / Fro(@)Dy () dz > e (r6) T for allr, |r — R| < 1/6.

For the coefficient ¢, we can take the fraction ﬂmT_l/ZF(l + ).

In view [1] [S,(f,0)| < [fpm [Dr(z)|dz = O(r™2 ), if |f| < 1, then this implies
that for frs,not only the spherical sum Sg(fr,s,0), but also all the sums S,(frs,0) for
—1/6 <r < R+ 1/6 are the largest possible (among bounded functions).
For p>2 the lemma 2 (for R=n and small ) immediately yields the lower bound:

1 " m m=1_1
p—sup< /’S (f,0 ‘pdr> > — Sr(fns,0)dr > cpnd 2 n 2 5.

[f1<1 nr Jn—1

In the two-dimensional case, for “large” p > 2 (the difference p — 2 is bounded away
from zero), the above relations are equivalent to the inequality

1
I p = ﬁmrﬂ Pmlnp{ln n+1), —2},
p_
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which, for “small” p > 2, was established at the beginning. Thus, for p > 2 the required
lower bound for the norms J7, ), is obtained for all m = 2,3,.... Recall that, at the
beginning of this section, the lower bound was also obtained for m =2 and 1 < p < 2.

6. On p-summation of the Fourier series in the strong sense. The estimates
of the norms J#g,, established above, by standard arguments lead to condition on a
continuous periodic function f that ensures the uniform strong p-summability of the
Fourier series, i.e., the uniform (with respect to x € R"™) convergence to zero as R — +o0
of the quantities

R
& [ 1S - f@par

To do this, we shall need the notion of best uniform approximation of a function f, which
is defined by the equality

E = mi - M here M(z) = ikw
r(f) =min||f - Mlc,  where M(z) ;Rc:ce

Corollary. Let f be a continuous and 2m-periodic (in each variable) function in R™

such thah g, Er(f) — 0. Then

R—+o00

R
max%/o 1S, (f,2) — f(@)[Pdr — 0.

T R—+00

By Jackson’s theorem, the best approximation Eg(f) is majorized by the modulus
of smoothness of the functions f. Therefore, in the two-dimensional, for 1 < p < 2, the

condition
wi(t) = o(1/y/TTnt])

on the modulus of continuity of the function f is sufficient for the uniform strong p-
summability of the spherical sums and, for a fixed p > 2, it ensures the more restrictive
Lipschitz condition

M=
D=

).

wy(t) = ofJt|
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O. 1. Ky3zHenosa

O HOopMmax cpemuux cdepuideckux cymm Pypbe.

Cdepuaeckas cymma Dypoe Sr(f,z) = Y. f(k)e™* nepuommaeckoit bynKIHT m TIEpPEeMEHHBIX, €e
IklI<R
CUJTBHBIE CPEJIHUE U CUJIBLHBIE MHTErpabHBIE CPEJIHAE PACCMOTPEHBI pu p > 1. B oTymume ot ogaOMep-

HOT'O CJIy4asi, pacCCMOTpeHHOro Xapau u JIuTsymgom, npu m > 2 HOPMBI COOTBETCTBYIOIINX OIIEPATOPOB B
mpocTpaHcTBe Lo He orpanndenbl. Haitmen ToqnbIil TOpsiTOK pocTa 3TuX HOPM. OTEHKN CBEPXY U CHUIY
paziuyaioTcs Ha Ko3(h@UIMEHTHI, 3aBUCAIINE JUIIb OT pasMepHocTH . [losydeno mocrarodnoe ycioBue

Ha GYHKINIO, 0O6eCIedInBaIoliee PABHOMEPHYIO CUIBHYIO CyMMUPYEMOCTE ee psia Pypoe.

Karoueswvie caosa: Kpammwvie pado Pypve, chepuveckue Cymmot, CusbHble CPEorue
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