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ABOUT SOME MAPPINGS IN \(r)-REGULAR METRIC SPACES

It is formulated conditions on functions Q(z) and boundaries of domains under which every Q-homeo-
morphism admits continuous or homeomorphic extension to the boundary in metric spaces with measures.

Keywords: modulus, Q-homeomorphisms.

1. Introduction. Mapping theory started in the 18th century. Beltrami, Caratheo-
dory, Christoffel, Gauss, Hilbert, Liouville, Poincaré, Riemann, Schwarz, and so on all
left their marks in this theory. Conformal mappings and their applications to potential
theory, mathematical physics, Riemann surfaces, and technology played a key role in this
development.

During the late 1920s and early 1930s, Grotzsch, Lavrentiev, and Morrey introduced
a more general and less rigid class of mappings that were later named quasiconformal.
The concept of )-homeomorphism is a natural extension of the geometric definition of
quasiconformality; see, e.g., [2]. The subject of @-homeomorphisms is interesting on its
own right and has applications to many classes of mappings. In particular, the theory
of @-homeomorphisms can be applied to mappings in local Sobolev classes (see, e.g.,
Sections 6.3 and 6.10 in [2]) to the mappings with finite length distortion (see Sections 8.6
and 8.7 in [2]) and to the finitely bi-Lipschitz mappings; see Section 10.6 in [2|. The main
goal of the theory of @-homeomorphisms is to clear up various interconnections between
properties of the majorant Q(x) and the corresponding properties of the mappings
themselves.

2. Preliminaries. Given a set S in (X,d) and a € [0,00), H* denotes the a-dimen-
sional Hausdorff measure of S in (X, d), i.e.,

H(S) = sup HZ(9), (1)
H(S) = inf iag, (2)
=1

where the infimum is taken over all countable collections of numbers 9; € (0, ¢) such that
some sets S; in (X, d) with diameters d; cover S. Note that H® is nonincreasing in the
parameter . The Hausdorff dimension of S is the only number o € [0, 00] such that
H®(S) =0 for all o > and H*"(S) = oo for all o/ < a.

Recall, for a given continuous path ~ : [a,b] — X in a metric space (X,d), that its
length is the supremum of the sums
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over all partitions a = tg < t; < --- < t;, = b of the interval [a, b]. The path ~ is called
rectifiable if its length is finite.

In what follows, (X, d, i) denotes a space X with a metric d and a locally finite Borel
measure p. Given a family of paths I' in X, a Borel function p : X — [0, 00] is called
admissible for I', abbr. ¢ € adm T, if

/gds > 1 (3)

for all v € T

An open set in X whose points can all be connected pairwise by continuous paths is
called a domain in X.

The modulus of the path family I in D is given by the equality

M() = onf ] et@) dp(x). (4)
D

In the case of the path family IV = fT", we take the Hausdorff dimension o’ of the domain
D'

Let D and D’ be domains with finite Hausdorff dimensions o and o’ > 1 in spaces
(X,d,p) and (X', d', i), and let Q : D — [0, 00] be a measurable function. We say that
a homeomorphism f : D — D’ is a Q-homeomorphism if

M(JT) < / Q) - () du(x) (5)
D

for every family I' of paths in D and every admissible function ¢ for I'.
A space (X, d, p) is called (Ahlfors) a-regular if there is a constant C' > 1 such that

Clr* < u(B,) < Cr® (6)

for all balls B, in X with the radius r < diam X. A space (X, d, ) is (Ahlfors) regular if
it is (Ahlfors) a-regular for some a € (1, 00).
A space (X,d, p) is upper a-regular at a point xo € X if there is a constant C' > 0
such that
u(B(o,7)) < Cr® (7)

for the balls B(xg,r) centered at xg € X with all radii » < rg for some ry > 0. A space
(X,d, ) is upper a-regular if condition (7) holds at every point xy € X, see [2], p. 258.
Recall that a topological space is connected space if it is impossible to split it into two
non-empty open sets. Compact connected spaces are called continua. A topological space
T is said to be path connected if any two points x1 and x5 in T can be joined by a path
v :10,1] — T, v(0) = x1 and (1) = x2. A domain in T is an open path connected set
in T. A domain D in a topological space T is called locally connected at a point xg € 0D
if, for every neighborhood U of the point xg, there is its neighborhood V' C U such that
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VN D is connected, [1], ¢. 232. Similarly, we say that a domain D is locally path connected
at a point xg € 0D if, for every neighborhood U of the point g, there is its neighborhood
V C U such that V N D is path connected.

The boundary of D is weakly flat at a point zg € D if, for every number P > 0 and
every neighborhood U of the point zq, there is its neighborhood V' C U such that

M(A(E,F;D)) > P (8)

for all continua F and F' in D intersecting OU and OV.

We also say that the boundary of the domain G is strongly accessible at a point
xo € 0G, if, for every neighborhood U of the point xg, there are a compact set £ C G,
a neighborhood V' C U of the point xg, and a number § > 0 such that

M(A(E,F;G)) > ¢

for every continuum F' in G intersecting 0U and OV.

Finally, we say that the boundary 9D is weakly flat and strongly accessible if the
corresponding properties hold at every point of the boundary, see [2].

We start first from the following general statement, see Lemma 13.3 and Theorem
13.3 in [2], (cf. also Lemma 3 in [3]).

Lemma 1. Let a domain D be locally path connected at a point zo € 0D, let D' be
compact, and let f : D — D' be a Q-homeomorphism such that 0D’ is strongly accessible
at least at one point of the cluster set

C(zo, [) ={y e X" y= lim f(zx), 2 — 2o, 2 € D}, (9)
Q: X — (0,00) is a measurable function satisfying the condition

/ Q) - ¥, (d(x, z0)) du(z) = o(I%(c)) (10)

D(zo,e,e0)

as € — 0, where
D(zo,e,60) = {z € D : e < d(z,z0) < e(wo)},

e(zo) € (0,d(xg)), d(xo) = supyepd(z,z0), and g, (t) is a family of nonnegative
measurable (by Lebesgue) functions on (0,00) such that

Iy eo (e /szo, t)dt < oo Vee(0,¢). (11)

Then f can be extended to the point x¢ by continuity in (X', d').
Theorem 1. Let D be locally path connected at all its boundary points and D compact,
/

D’ with a weakly flat boundary, and let f : D — D' be a Q-homeomorphism with @QQ €
L}L(D). Then the inverse homeomorphism g = f~' : D' — D admits a continuous

extension g : D' — D.

183



R. Salimov, O. Afanas’eva

3. Basic results. Let A : Rt — R™ be an increasing function, R* = [0, 00). We will
say that a space (X,d, p) is upper A(r)-regular at a point xo € X if there is a constant
C > 0 such that

u(B(wo,r)) < CA(r) (12)

for the balls B(xg,r) centered at x¢ € X with all radii r» < rg for some ry > 0. We will
also say that a space (X, d, ) is upper A(r)-regular if condition (12) holds at every point
zo € X.

Lemma 2. Let D be a domain in a space (X,d, ) that is upper\(r)-reqular at the
point zg € D and ) is increasing function. If, for every nonnegative function Q : D — RT,
condition

. 1
i Ay | Q@) <o (12)
B(zo,e)ND
holds, then () du(z)
Q(z)du(x) o 1
[ Sty = () )

DNA(z0,e,60)

ase — 0 and some g € (0,8), where 5o = min (e~!, dp), do = sup d(z, 2q), A(x0,¢,60) =
€D
{r e X :e<d(z,x0) <eo}, Br = B(xo,7) ={z € X : d(z,z9) <1}.
Proof. Choose g € (0,0p) such that the function @ is integrable in Dy = DN By with
respect to the measure u, where By = B(zo,¢€p), and

S0 = sup x) dp(x) < oo,

re 060
D, = DN B(xg,r). Further, let ¢ < 27'eg, ep = 27Fey, Ay = {& € X : g1 <

d(xz,x0) < ex}, By = B(xo,ex). Choose a natural number N such that € € [eyi1,en).
Then D N A(zo,¢e,e0) C Ale) = Ui;\[:o Ay, where Ay, = DN A and

e = [ P < i/ o) <

Ale)
N N By N D)
< 2 Xom Q(x) dp(x) < s0- Z :

— Aert1)
B €k ﬁD

In pursuance of upper \(r)-regularity we obtain that p(By) < C - A(eg) and

<0802

<C-sp-N.
/\€k+1

. log
Since N < log, <¢ < logy % = then

10g2 )
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log —.

[ G oy
AMd(z,x0)) — log2 3

DNA(zo,e,e0)

So, we complete the proof.

As before, here (X, d, ) and (X', d’, /') are spaces with metrics d and d’ and locally
finite Borel measures p and p’, and D and D’ are domains in X and X’ with finite
Hausdorff dimensions a and o’ > 1, respectively.

Theorem 2. Let X be upper A(r)-regular with

1
Ae)=o (50‘ log®~! 5) (15)
as € — 0, D is locally path connected, D’ be compact and OD' strongly accessible. If

1
li d 1
R By | A < 0
B(Z‘Q,E)ﬂD

then any Q-homeomorphism f : D — D' admits a continuous extension in (X', d').
Proof. By elementary argument, we see that condition (15) implies that

dt
O/A;(t) = 0. (17)

and combining conclusion Lemma 2, we show, by

Choosing in Lemma 1 )(t)
L’Hospital rule, that

_ 1
)\l/a(t)

€0 @ €0 @
) Q(x)du(x) / dt . 1 / dt
1 —_— < lim clog — — | =
) / Md(z, 7o) / M@y | =S / Mo (2)
DNA(zo,e,e0) € €
=~ lim —)\(6) logt—e —,
e—0 ¢ 5
where v = -%. According to (15)
Quyut) [ _at )
: x)dp(x d _
o / A(d(z,z0)) / /Al/"“(t) -
DNA(zo,e,20) €

Since conditions of Lemma 1 are hold then exist extending to xg by continuity.
Combining the theorems 1 and 2, we obtain the following theorem.
Theorem 3. Let X be upper \(r)-regular at a point xg € D where D and D" have
weakly flat boundaries, let D and D’ be compact, and let Q : X — (0, 00) be a function
of the class LL(D) with condition (16). If

Me)=o (50‘ log®! i) (18)
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as € — 0 then any Q-homeomorphism [ : D — D' is extended to a homeomorphism

f:D—D.
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P. P. Canumos, E. C. AdaunacbeBa

O HEKOTOPBIX OTOOPaXKEeHUAX B \(7)-peryssipHbIX METPUYECKUX MPOCTPAHCTBAX.

Cdopmynuposans! yciaosust Ha HyHKIuO Q () ¥ rpaHunbl 06JIacTelt, IpU KOTOPBIX J11060# (Q-romeoMopdusm
JOITyCKAET HEIPEPBIBHOE MJIM TOMEOMOPMHOE TPOIOIKEHIE HA TPAHUILY B METPUIECKUX IPOCTPAHCTBAX

C MepaMu.

Karoueswvle caosa: modyau, Q-20meomophusmo.

P. P. Caaimos, O. C. AdaunacreBa

IIpo mesiki BimoGparkeHHs1 y A(7)-perysisipHuX METPUYHUX IPOCTOPaX.

CdopmynboBano ymosu Ha yHKIi0 Q(z) Ta Mexi obnacreil, 3a axumm Oynb-akuii QQ-romeoMmopdizm

JIOIIyCKa€ HellepepBHe abo romMeoMopdHe IPOJOBXKEHHS Ha MEXKY Y METPHYHHUX IIPOCTOPAX i3 Mipamu.

Karouwosi caosa: modyai, Q-zomeomopdiamu
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