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ÒÎ×ÍÎÅ ÐÅØÅÍÈÅ ÇÀÄÀ×È Î ÄÂÈÆÅÍÈÈ ÏÎ ÈÍÅÐÖÈÈ

ÄÂÓÕ ÃÈÐÎÑÊÎÏÎÂ ËÀÃÐÀÍÆÀ,

ÑÎÅÄÈÍÅÍÍÛÕ ÍÅÃÎËÎÍÎÌÍÛÌ ØÀÐÍÈÐÎÌ

Çàäà÷à î äâèæåíèè äâóõ ãèðîñêîïîâ Ëàãðàíæà, ñîåäèíåííûõ èäåàëüíûì óïðóãèì øàðíèðîì, ïîñòàâ-
ëåííàÿ â [1] (è ïîçæå îáîáùåííàÿ â [2], [5]), èçó÷àëàñü â ðàáîòàõ [3, 4, 6�11, 13�15]. Äàëüíåéøåå îáîáùå-
íèå çàäà÷à ïîëó÷èëà ïðè çàìåíå ñôåðè÷åñêîãî øàðíèðà íåãîëîíîìíûì, ââåäåííûì â ðàáîòå [16]. Â [12]
äàíà ïîñòàíîâêà çàäà÷è î äâèæåíèè ïî èíåðöèè äâóõ ãèðîñêîïîâ Ëàãðàíæà, ñîåäèíåííûõ íåãîëîíîì-
íûì øàðíèðîì, íàéäåíî ðåøåíèå, õàðàêòåðèçóåìîå íóëåâûì íà÷àëüíûì çíà÷åíèåì ìîìåíòà êîëè÷åñòâà
äâèæåíèÿ ñèñòåìû. Â äàííîé ðàáîòå ïîñòðîåíî ðåøåíèå ñ íåíóëåâûì íà÷àëüíûì çíà÷åíèåì ìîìåíòà
êîëè÷åñòâà äâèæåíèÿ ñèñòåìû ïðè óñëîâèè, ÷òî îäíî èç òåë ñèñòåìû çàêðåïëåíî â öåíòðå ìàññ.

1. Ïîñòàíîâêà çàäà÷è. Âîñïîëüçóåìñÿ óðàâíåíèÿìè äâèæåíèÿ ðàññìàòðèâàåìîé
çàäà÷è èç ðàáîòû [12], â êîòîðîé â äîïîëíåíèå ê óêàçàííûì â [5] âçàèìîäåéñòâèÿì òåë
S è S0 â íåãîëîíîìíîì øàðíèðå ââåäåí ìîìåíò L = Lý3, õàðàêòåðèçóþùèé äåéñòâèå
÷åðåç ýòîò øàðíèð òåëà S0 íà S. Òîãäà

L = −e2L sin θ + e3L cos θ, (1)

n = I(ω3 + ϕ̇), (2)

n0 = I0(Ω3 + Φ̇), (3)

ṅ = L cos θ, (4)

ṅ0 = −L, (5)

A(ω̇1 − ω2ω3) + nω2 = −Π′(θ)−N
[
(Ω2

1 + Ω2
2) sin θ − (Ω̇1 − Ω2Ω3) cos θ

]
, (6)

A(ω̇2 + ω3ω1)− nω1 = N(Ω̇2 + Ω3Ω1)− L sin θ, (7)

A0(Ω̇1 − Ω2Ω3) + n0Ω2 = Π′(θ) + N
[
(ω2

1 + ω2
2) sin θ − (ω̇1 − ω2ω3) cos θ

]
, (8)

A0(Ω̇2 + Ω3Ω1)− n0Ω1 = N(ω̇2 + ω3ω1). (9)

Óðàâíåíèÿ (4)�(6) äîïîëíåíû êèíåìàòè÷åñêèìè ñîîòíîøåíèÿìè

θ̇ = Ω1 − ω1, (10)

Ω2 = ω2 cos θ + ω3 sin θ, Ω3 = −ω2 sin θ + ω3 cos θ (11)

è óðàâíåíèåì íåãîëîíîìíîãî øàðíèðà [16]

Φ̇ = ϕ̇ cos θ. (12)

Ñèñòåìà (2)�(12) çàìêíóòà: äâåíàäöàòü óðàâíåíèé ñâÿçûâàþò äâåíàäöàòü âåëè÷èí ω1,
ω2, ω3; Ω1, Ω2, Ω3; n, n0, ϕ, Φ, θ, L. Èìååòñÿ èíòåãðàë, âûðàæàþùèé ñîõðàíåíèå ìîìåíòà
êîëè÷åñòâà äâèæåíèÿ ñèñòåìû îòíîñèòåëüíî åå öåíòðà ìàññ [5, (12)]

G2
1 + G2

2 + G2
3 = g2, (13)
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G1 = (A−N cos θ)ω1 + (A0 −N cos θ)Ω1,

G2 = (A−N cos θ)ω2 + (A0 cos θ −N)Ω2 − n0 sin θ,

G3 = (A0Ω2 −Nω2) sin θ + n0 cos θ + n,

(14)

è èíòåãðàë ýíåðãèè [12, (15)]

A(ω2
1 + ω2

2) + A0(Ω
2
1 + Ω2

2)− 2N(Ω1ω1 cos θ + Ω2ω2) +
n2

I
+

n2
0

I0

+ 2Π(θ) = 2h. (15)

Â ðàññìàòðèâàåìîé çàäà÷å ïîòåíöèàëüíàÿ ýíåðãèÿ Π(θ) íå êîíêðåòèçèðîâàíà, è
âñëåäñòâèå (15) îñòàþùèéñÿ â åå âûáîðå ïðîèçâîë ìîæíî îòíåñòè ê çàâèñèìîñòè ω2(θ),
êîíêðåòèçàöèÿ êîòîðîé îïðåäåëèò è çàâèñèìîñòü Π(θ). Èñêëþ÷àÿ èç óðàâíåíèé (4)�(5)
ìîìåíò L, ïîëó÷èì

n′ = −n′
0 cos θ (16)

(çäåñü è â äàëüíåéøåì øòðèõîì îáîçíà÷åíî äèôôåðåíöèðîâàíèå ïî θ ).
Âíîñÿ (11), (12) â (3), ñ ó÷åòîì (2) íàõîäèì

n0 = −I0ω2 sin θ +
I0

I
n cos θ. (17)

Èñêëþ÷àÿ n0 èç (16), (17), ïîëó÷èì äëÿ n(θ) óðàâíåíèå

n′(θ)− sin θ cos θ

cos2 θ + I/I0

n(θ) = I
[ω2(θ) sin θ]′ cos θ

cos2 θ + I/I0

, (18)

îáùåå ðåøåíèå êîòîðîãî èìååò âèä

n(θ) =
g√

cos2 θ + I/I0

[
C +

∫
[ω2(θ) sin θ]′ cos θdθ√

cos2 θ + I/I0

]
.

Çàâèñèìîñòü n0(θ) îïðåäåëÿåì èç (17). Âìåñòî ω1, Ω1 ââåäåì ïåðåìåííûå ξ, κ [6, (10)]

ω1(ξ + 1)κ, Ω1(ξ − 1)κ, (19)

òîãäà èç (10), (19) ñëåäóåò
θ̇ = −2κ. (20)

Çàïèøåì óðàâíåíèÿ (7), (9) â íîâûõ ïåðåìåííûõ è ðàçðåøèì èõ îòíîñèòåëüíî ω′
2, Ω

′
2 :

2ω′
2 − (ξ + 1)ω3 = −[A0n(ξ + 1) + Nn0(ξ − 1)− 2A0n

′
0 sin θ]/H, (21)

2Ω′
2 − (ξ − 1)Ω3 = −[An0(ξ − 1) + Nn(ξ + 1)− 2Nn′

0 sin θ]/H, (22)

H = AA0 −N2 > 0.

Îïðåäåëèâ èç êèíåìàòè÷åñêèõ ñîîòíîøåíèé (11)

ω3 = (Ω2 − ω2 cos θ)/ sin θ, Ω3 = (Ω2 cos θ − ω2)/ sin θ, (23)

âíîñèì èõ â (21), (22) è ïîëó÷àåì äâà óðàâíåíèÿ

(ξ + 1)[H(Ω2 − ω2 cos θ)− (A0n + Nn0) sin θ] = 2[Hω′
2 − (Nn0 + A0n

′
0 sin θ)] sin θ, (24)
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(ξ − 1)[H(Ω2 cos θ − ω2)− (An0 + Nn) sin θ] = 2[HΩ′
2 −N(−n + n′

0 sin θ)] sin θ. (25)

Åñëè
H(Ω2 − ω2 cos θ)− (A0n + Nn0) sin θ 6= 0, (26)

òî èç (24) ìîæåì îïðåäåëèòü ξ:

ξ = −1 + 2
[Hω′

2 − (Nn0 + A0n
′
0 sin θ)] sin θ

H(Ω2 − ω2 cos θ)− (A0n + Nn0) sin θ
. (27)

Èñêëþ÷àÿ ξ èç (25), ïîëó÷àåì óðàâíåíèå äëÿ Ω2

[Ω2 + f(θ)]Ω′
2 = f2(θ)Ω

2
2 + f1(θ)Ω2 + f0(θ), (28)

ãäå

f(θ) = −ω2(θ) cos θ − [(A0n + Nn0)/H] sin θ, f2(θ) = −ctgθ,
f1(θ) = −ω′

2(θ) cos θ + ω2(θ)(sin θ + 2 cos θctgθ)+

+[A0n cos θ + An0 − (A0 cos θ −N)n′
0 sin θ]/H,

f0(θ) = {−ω2(θ)− [(Nn + An0) sin θ]/H} ω′
2(θ) + [n0(n

′
0 sin θ − n) sin θ]/H+

+{−ω2(θ)ctgθ + [−A0n− An0 cos θ + (A0 −N cos θ)n′
0 sin θ]/H}ω2(θ).

Åñëè æå
H(Ω2 − ω2 cos θ)− (A0n + Nn0) sin θ = 0,

òî èç (24) ñëåäóåò, ÷òî è ïðàâàÿ ÷àñòü îáðàùàåòñÿ â íóëü, òî åñòü

Hω′
2 − (Nn0 + A0n

′
0 sin θ) = 0,

à ξ áóäåì îïðåäåëÿòü èç (25). Ýòîò âàðèàíò áóäåò èçó÷åí îòäåëüíî. Çàìåíîé

η(θ) =
{

Ω2(θ)− ω2 cos θ − [A0n(θ) + Nn0(θ)]
sin θ

H

}
sin θ 6= 0 (29)

ïðåîáðàçóåì óðàâíåíèå (28) ê âèäó

η(θ) η′(θ) = F1(θ)η(θ) + F0(θ), (30)

ãäå
F1(θ) = {2ω2(θ) sin θ + [−2A0n(θ) cos θ + (A− 3N cos θ)n0(θ)]/H} sin θ, (31)

F0(θ) = {ω2(θ) sin θ + [−(A0 cos θ −N)n(θ) + (A−N cos θ)n0(θ)]/H}{ω′
2+

+[Nn0(θ) + A0n
′
0(θ) sin θ]/H} sin3 θ. (32)

Òàêèì îáðàçîì, ïðè íåêîíêðåòèçèðîâàííîé ôóíêöèè ω2(θ) äëÿ äâåíàäöàòè âåëè-
÷èí ξ, κ, Π(θ), η, ω3, Ω3, n, n0, ϕ, Φ, θ, L èìååì ñîîòâåòñòâåííî äâåíàäöàòü óðàâíåíèé: (27),
(13), (15), (30), (23), (16), (17), (2), (3), (20), (5).

Óðàâíåíèå (30) ïðåäñòàâëÿåò ñîáîé óðàâíåíèå Àáåëÿ âòîðîãî ðîäà. Êàê èçâåñòíî,
ïðè íåêîíêðåòèçèðîâàííîé ôóíêöèè ω2(θ) åãî íåëüçÿ ïðîèíòåãðèðîâàòü, ïîýòîìó êîí-
êðåòèçèðóåì ω2(θ) òàêèì îáðàçîì, ÷òîáû F0(θ) îáðàòèëàñü â íóëü. Èç äâóõ âàðèàíòîâ
âûáèðàåì òàêîé

ω2(θ) =
1

H sin θ
[(A0 cos θ −N)n(θ)− (A−N cos θ)n0(θ)]. (33)
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Ïðè ýòîì óðàâíåíèå (30) ïðèíèìàåò âèä [η′(θ)− F1(θ)]η(θ) = 0, à òàê êàê η(θ) 6= 0, òî

η′(θ) = F1(θ). (34)

2. Ïîñòðîåíèå ðåøåíèÿ. Òðè óðàâíåíèÿ (16), (17), (33) ñâÿçûâàþò òðè âåëè÷èíû
n, n0, ω2. Âûðàçèì èç (17), (33) ω2 è n ÷åðåç n0

ω2(θ) =
NI0 cos2 θ + (A0I − AI0) cos θ −NI

[(H − A0I) cos θ + NI]I0 sin θ
n0(θ), (35)

n(θ) =
I[(H − AI0) + NI0 cos θ]

I0[NI + (H − A0I) cos θ]
n0(θ), (36)

âíåñåì èõ â (16) è ïîëó÷èì óðàâíåíèå

n′
0(θ)

n0(θ)
=

I[(H − A0I)(H − AI0)−N2II0](cos θ)′

[(H − A0I) cos θ −NI][(H − A0I)I0 cos2 θ + 2NII0 cos θ + (H − AI0)I]
,

èç êîòîðîãî íàõîäèì çàâèñèìîñòü n0 îò θ

n0(θ) = gC
cos θ + NI

H−A0I√
cos2 θ + 2 NI

H−A0I
cos θ + (H−AI0)I

(H−A0I)I0

(37)

(çäåñü ïðîèçâîëüíàÿ ïîñòîÿííàÿ âçÿòà â âèäå gC, g 6= 0). Ïîäñòàâèâ íàéäåííûå çíà÷åíèÿ
n0(θ) â (35), (36), óñòàíîâèì çàâèñèìîñòü îò θ âåëè÷èí ω2 è n

ω2(θ) =
Cg[NI0 cos2 θ + (A0I − AI0) cos θ −NI]

I0(H − A0I)
√

cos2 θ + 2 NI
H−A0I

cos θ + (H−AI0)I
(H−A0I)I0

sin θ
, (38)

n(θ) =
Cg

(
cos θ + NI

H−A0I

)√
cos2 θ + 2 NI

H−A0I
cos θ + (H−AI0)I

(H−A0I)I0

, (39)

Îáîçíà÷èì cos θ = u, ñ ó÷åòîì (37)�(39) çàïèøåì óðàâíåíèå (34)

dη

du
=

Cg

HI0

2NI[NI0u + H − AI0] + (AI0 + NI0u)[(H − A0I)u + NI]√
(H − A0I)2u2 + 2(H − A0I)NIu + (H − A0I)(H − AI0)I/I0

,

èíòåãðèðóÿ êîòîðîå, ïîëó÷àåì

η − η0 =
Cg

2HI0

[2AI0(H − A0I) + 3N2II0

(H − A0I)2
+

+NI0u
]√

u2 +
2NIu

H − A0I
+

(H − AI0)I

(H − A0I)I0

+ (40)

+
3CgNI[(H − A0I)(H − AI0)−N2II0]

2(H − A0I)2HI0

∫
du√

u2 + 2NIu
H−A0I

+ (H−AI0)I
(H−A0I)I0

.
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×òîáû óïðîñòèòü çàâèñèìîñòè (37)�(40), ïðåäïîëîæèì, ÷òî îäíî èç òåë çàêðåïëåíî â
öåíòðå ìàññ, òî åñòü

N = 0, (41)

òîãäà H = AA0. Ââåäåì áåçðàçìåðíûé ïàðàìåòð

b =
(A0 − I0)AI

(A− I)A0I0

(42)

è çàïèøåì òåïåðü (37)�(40) ïðè óñëîâèè (41)

n0(θ) =
Cg cos θ√
cos2 θ + b

, (43)

n(θ) =
Cgb√

cos2 θ + b
, (44)

ω2(θ) = Cg
( b

I
− 1

I0

)
ctgθ√

cos2 θ + b
, (45)

η = η0 +
Cg

A0

√
cos2 θ + b (46)

(äàëåå ïîñòîÿííóþ èíòåãðèðîâàíèÿ η0 ïîëàãàåì íóëåì). Ïîäñòàâëÿÿ çíà÷åíèÿ (43)�(46)
â (29), íàõîäèì

Ω2(θ) =
Cg(A + A0)

AA0

b√
cos2 θ + b

, (47)

ïîñëå ÷åãî èç (27) ïîëó÷àåì

ξ(θ) = 1 +
2(A + A0)b(1− b− 2 cos2 θ)

A(cos2 θ + b)2
. (48)

Ââåäåì áåçðàçìåðíûé ïàðàìåòð
k = A0/A (49)

è íàéäåì èç (14) êîìïîíåíòû G1, G2, G3 ìîìåíòà êîëè÷åñòâà äâèæåíèÿ ñèñòåìû ñ ó÷åòîì
(19), (41), (43)�(48)

G1 =
2A

(cos2 θ + b)2

[
(cos2 θ + b)2 − 2(1 + k)2b(cos2 θ + b) + (1 + k)2b(b + 1)

]
κ(θ),

G2 =
Cgctgθ√
cos2 θ + b

[
cos2 θ + b(2 + k)− 1 + k

k

]
,

G3 =
Cg√

cos2 θ + b
[cos2 θ + b(2 + k)].

(50)

Ïîäñòàâèâ (50) â (13), ïîëó÷èì

κ2(θ) =
g2

4A2k2
(cos2 θ + b)3×

×k2(cos2 θ + b) sin2 θ − C2(1 + k)2 cos2 θ sin2 θ − C2[cos2 θ − b(k2 + 2k)]2[
cos4 θ − 2b(k2 + 2k) cos2 θ − b2(k2 + 2k) + b(k + 1)2

]2
sin2 θ

. (51)
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Çàâèñèìîñòü t îò θ îïðåäåëèì êâàäðàòóðîé èç (20) ñ ó÷åòîì (51)

t =
Ak

g

∫ [
u4 − 2b(k2 + 2k)u2 − b2(k2 + 2k) + b(1 + k)2

]
du√

(u2 + b)3[k2(u2 + b)− C2(1 + k)2u2](1− u2)− C2[u2 − b(k2 + 2k)]2
. (52)

Ïîäñòàâëÿÿ (45), (47), (49) â (23), íàõîäèì

ω3(θ) =
Cg

Ak
√

cos2 θ + b sin2 θ
(kb sin2 θ + b + cos2 θ) ,

Ω3(θ) =
Cg(b + 1)

Ak
√

cos2 θ + b sin2 θ
.

(53)

Çàïèøåì óðàâíåíèÿ (2), (3), ïðèâëåêàÿ (53), (43), (44):

ϕ̇ =
Cg√

cos2 θ + b sin2 θ

(sin2 θ

I0

− b + 1

A0

)
,

Φ̇ =
Cg cos θ√

cos2 θ + b sin2 θ

(sin2 θ

I0

− b + 1

A0

)
.

(54)

Ïðè èíòåãðèðîâàíèè ýòèõ óðàâíåíèé íàäî èñïîëüçîâàòü (20), (51). Òîãäà

ϕ = ϕ0 −
Cg

2

∫ (
sin2 θ

I0
− b+1

A0

)
dθ

κ(θ) sin2 θ
√

cos2 θ + b
,

Φ = Φ0 −
Cg

2

∫ (
sin2 θ

I0
− b+1

A0

)
cos θdθ

κ(θ) sin2 θ
√

cos2 θ + b
.

(55)

Ïîòåíöèàëüíóþ ýíåðãèþ óïðóãîãî ýëåìåíòà îïðåäåëÿåì èç (15) ñ ó÷åòîì (19), (48), (51),
(41), (43)�(45), (47) è îáîçíà÷åíèÿ (49)

Π(θ) = h1 +
g2

2A

{
− C2(b + 1)

k(k + 1) sin2 θ
+

(cos2 θ + b)3

k(k + 1) sin2 θ
×

×C2(k + 1)2(cos2 θ sin2 θ + C2[cos2 θ − b(k2 + 2k)]2 − k2(cos2 θ + b) sin2 θ[
cos4 θ − 2b(k2 + 2k) cos2 θ − b2(k2 + 2k) + b(k + 1)2

]2

}
. (56)

Òàêèì îáðàçîì, ïîñòðîåíî ðåøåíèå çàäà÷è, ïåðåìåííûå ω2, Ω2, n, n0, ω1, Ω1, ω3, Ω3,
t, ϕ, Φ è ôóíêöèÿ Π(θ) ñîîòâåòñòâåííî îïðåäåëåíû ñîîòíîøåíèÿìè (45), (47), (43), (44),
(19), (48), (51), (53), (52), (55), (56).
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