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Energy of a single electron in gaseous media
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The so-called «optical» approximation in the theory of electron energy spectrum in the presence of scat-

tering centers with positive scattering length randomly distributed with the average density ng is considered

for a number of inert gases. The average minimal energy W of a single electron calculated beyond the optical

approximation reveals a behavior qualitatively different from that of the same quantity W0 derived within the

optical approximation. Results of calculations are in qualitative agreement with experimental data available

for the W ng( ) dependence for different cryogenic gases.

PACS: 71.10.Ca Electron gas, Fermi gas;
71.10.–w Theories and models of many-electron systems.

Keywords: low-energy electron, excess electron, inert gases.

The interaction between charges and gaseous media

(i.e. with randomly positioned scatterers with finite den-

sity) encompasses a large number of problems in

low-temperature condensed matter and semiconductor

physics. To be more specific, one can mention such well-

known phenomena as the development of charged bub-

bles and clusters in noble gases, including the influence

of external fields, such as electric and magnetic, etc.

There are also a number of effects which have not yet

been given a consistent microscopic explanation, e.g. sol-

vation (solvent density enhancement in the vicinity of

charges caused by the interaction between neutral liquid

atoms and the nonuniform electric field of a charged par-

ticle) and dissociation (decomposition of polar molecules

in dielectric liquids). In the present paper we focus on the

details of electron behavior in noble gases.

One of the basic characteristics of a low-energy elec-

tron in inert gases is its average minimum energyW deter-

mining the behavior of the electron in such media (free

motion at lengths much larger than interatomic distances

or localization). In this context, the optical approximation

(Ref. 1 and further publications [2–9] where this ap-

proach was developed; the list of references may be ex-

panded)
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is very useful. Here, ng is the average gas density, m is the

free-electron mass, and a0 is the so-called scattering

length of a slow electron on a given atom, which is closely

related to the s-component of the electron scattering am-

plitude on the atom. Representation (1) is particularly

valuable for solving inhomogeneous problems (such as

bubble or cluster) where the local definition of the energy

W0 by Eq. (1) with coordinate-dependent density n rg ( )

has no alternative [10–13].

Equation (1) is certainly valid for the contact interac-

tion V i0( )r – R of the electron with atom:
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where �( )x is the Dirac delta-function. In fact, the actual

interaction V r( ) is more complicated, and Eq. (2) only re-

mains acceptable if the scattering length, which is an inte-

gral characteristic of V r( ), depends only slightly on ng .

The situation for inert gases seems to be acceptable, be-

cause a0 is independent of ng as follows from data on the

electron mobility in rarefied gases. For He, Ne, Ar, Kr,

and Xe, a aB0 / � +1.16, � 0 45. , �163. , �38. , and �6 8. , re-

spectively, where aB is the Bohr radius (see Refs. 14, 15,

and the references therein). However, optical data in-

dicate that the formation of an electron–helium bound

state (negative helium ion has a binding energy of about

0.07 eV [16–18]). Therefore, the scattering length in

low-density gaseous helium that enters Eq. (2) is negative

(we recall that an electron is pushed out liquid helium
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bulk with energyW ~ 1eV [12,15,19–21]; therefore, a0 in

Eq. (2) is positive in this case). Independent examples of

the change in sign of a0 are provided by molecular hydro-

gen (here, a0 is positive for the liquid and solid phases,

whereas it is negative for the gas [22]) and argon, where

the signs of a0 are different for the liquid and solid phases

[14,23,24]. Thus, dependence a ng0( ) is expected for all

inert gases, although information on this dependence is

scarce. The aim of the present paper is:

1) to try to understand the reasons for the disagreement

between experimental data and the optical approxima-

tion. There are no physical arguments which could im-

prove the situation in this respect. Under these conditions

the applicability of the «optical» approximation has to be

checked. We have no fill this gap and to analyze the effect

of gas atoms on the electron energy in the states whose lo-

calization length is comparable or even less than the

interatomic distance;

2) to advance beyond the «optical» approximation

where the situation seems to be more understandable.

Here it is possible to explain the experimentally observed

behavior ofW ng( ) including the deviations from the «op-

tical» approximation predictions.

The problem we wish to consider is to determine the

energy W ng( ) with the maximum use of information

on the polarization interaction of the electron with sur-

rounding atoms
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including a qualitatively correct passage to the limit of

zero gas density. Here � is the atom polarizability and a is

the efficient «atom radius» which is considered to be an

adjustable parameter.

Actually, the problem consists not only in the sys-

tematic treatment of V r0( ). Atomic data show (e.g., see

Ref. 25), that individual He-atoms exhibiting the lowest

among inert gases energy V r0( ) (3) form negative ions

while all other inert gases are unable to capture a free

electron. Therefore the reasonable one-electron formal-

ism has to explain such a paradox. Our original «know

how» is mainly concentrated around this place and it

could be reduced to the following statement. The exis-

tence (or absence) of the bound eigen states in the poten-

tial of Eq. (3) is sensitive not only to the atom pola-

rizability �, but also to the type of boundary conditions

for the wave function imposed at the radius a. The proof

of this statement is presented in Ref. 26. In particular,

the one-electron eigen problem in the potential (3) with

the boundary condition for wave function at the infinity


 � � �( )r 0 supplemented by the condition


 �' ( )a 0 (4)

has an eigenstate with negative energy, while electron lo-

calization does not occur if the boundary condition


 �( )a 0 (5)

are adopted.

The simplest model catching the relevant physics con-

siders a single atom placed at the center of a sphere with

the radius R (equal to half the average interparticle dis-

tance ng
�1 3/ ) interacting via the polarization potential with

the electron whose energy is found by solving the

Schr�dinger equation with the appropriate boundary con-

ditions: first of all, at r R� the wave function radial deriv-

ative 
' ( )r is zero (a clear analogy with the Wigner–Seitz

method in condensed matter physics, the schematic pic-

ture of such a cell is presented in Fig. 1); second, at the ef-

ficient «atom radius» r a aB� ~ the wave function can

satisfy the boundary condition of either Eqs. (4) or (5)

which take into account the individual properties of dif-
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Fig. 1. «Spherically symmetric Wigner–Seitz cell» for an elec-

tron in gaseous medium.
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Fig. 2. Electron wave function for the boundary conditions


 � �( )r a 0, 
 � �'( )r R 0.



ferent inert gases. Having solved the appropriate sin-

gle-electron Schr�dinger equation with the boundary

conditions (4) or (5), we should check the desirable con-

sistency between the predictions of the analytical «opti-

cal» approximation and numerical results obtained for the

extreme case of � � 0. Here W ng( ) should vary linearly

with ng :

W n ng g( )|� � �0 . (6)

Figure 2 shows these scenarios for 
( )r satisfying the

boundary conditions of Eq. (5). Figure 3 demonstrates the

predictable linear behavior (6) of W ng( ). After perform-

ing the test of Eq. (6) one can be sure that the non-linear

variations of W ng( ) with ng for � � 0, which are indeed

observed in our numerical results, actually reflect the real

situation beyond the «optical» approximation.

Then it is possible to build the minimal electron energy

W ng( ) in the cell presented in Fig. 1 and compare these

results with the optical approximation (1). Such a com-

parison of W ng( ) with W ng0( ) given by Eq. (1) should

provide an estimate of the gas density dependence of the

effective scattering length a0 for small and intermediate

values of ng and the unification of available individual

data on the a ng0( ) behavior. It helps to find out how uni-

versal the optical approximation (1) with a ng0( ) � const

is actually (see the results obtained by carrying out this

program for Ne presented in Figs. 3 and 4).

There are also even more spectacular results. Let us

consider the situation with the boundary conditions given

by Eq. (4) which are suitable for all noble gases except for

He, and let the atomic polarizability � change. Calcula-

tions reveal that by varying � it is possible to obtain the

W ng( ) curves which are either monotonously decreasing

positive functions of R ng� �1 3/ (for small �, like that of
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Fig. 3. Minimal energy W as a function of gas density for the

case of � � 0.

0 5 10 15 20
–20

–10

0

10

20

30

40

50
a = 0.53 �

R, �

� = 0
� = 2.4aB

3

� = 3.5aB
3

� = 3.0aB
3


(a) = 0


 (R) = 0'

G
ro

u
n
d

st
at

e
en

er
g
y,

m
eV

Fig. 4. Ground state energy of electron in a «spherically sym-

metric Wigner–Seitz cell» versus the spherical cell radius R for

different values of atom polarizability.
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Fig. 5. Energy W ngNe( ) for Ne with two different radii a. The

value a � 050. �, for which the energy WNe reaches a value of

about 1.05 eV [27] for the liquid-phase Ne density, is favor-

able. This position on the horizontal axis is marked by the ar-

row.
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Fig. 6. Electron scattering length on Ne atoms derived from

the data presented in Fig. 5 for W ngNe( ).



neon) or exhibit a negative-valued minimum (for suffi-

ciently large �), as shown in Fig. 5. As a result the way is

open to explain the reasons for the above indicated sign

variations in W ng( ) both for H 2 and argon.

The results obtained by performing this program for

Ne are presented in Figs. 5 and 6. The alternative scenario

where � �� crit and the parameters pertaining to Ar is

shown in Figs. 7 and 8. The negative part of this energy

corresponds to attraction between the electron and liquid

argon while the positive one at the liquid-solid transition

is responsible for the bubble formation in solid argon.
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Fig. 7. Ground state energy W ng( ) of electron in Ar versus the

spherical cell radius R. The two curves show how sensitive the

model is to the «atom core» radius a.
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Fig. 8. Electron scattering length on Ar atoms derived from the

data presented in Fig. 7 for W ngAr( ).


