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In this paper we scrutinize the Bogoliubov theory of superfluidity on the
level of the first Bogoliubov ansatz. This ansatz preconizes the Bogoliubov
truncated Hamiltonian as a starting point of this theory. Since this ansatz
is based on the hypothesis concerning the Bose-Einstein condensation in
zero-mode as well as on its stability with respect to interactions, we present
some rigorous results, which cast doubt on this hypothesis.
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1. Generalized condensation

Recall that the starting point of the Bogoliubov theory is based on two hypoth-
esis:
(a) there is a Bose-Einstein (BE) condensation in one mode;
(b) this condensation is stable with respect to a weak interaction between particles.

These hypothesis inspired Bogoliubov (see e.g. [1,2]) into his first ansatz : the
truncation of the full Hamiltonian

HΛ =
∑

k∈Λ∗

εka
∗
kak +

1

2V

∑

k1,k2,q∈Λ∗

v (q) a∗k1+qa
∗
k2−qak2ak1, (1.1)

where all sums run over the set Λ∗ defined by

Λ∗ =

{

k ∈ R
3 : α = 1, 2, 3, kα =

2πnα

L
et nα = 0,±1,±2, ......

}

, (1.2)

to the Hamiltonian of the Weakly Imperfect Bose-Gas (WIBG):

HB
Λ = TΛ + UD

Λ + UND
Λ , (1.3)
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where
TΛ =

∑

k∈Λ∗

εka
∗
kak, (1.4)

UD
Λ =

v (0)

V
a∗0a0

∑

k∈Λ∗,k 6=0

a∗kak +
1

2V

∑

k∈Λ∗,k 6=0

v (k) a∗0a0
(

a∗kak + a∗−ka−k

)

+
v (0)

2V
a∗

2

0 a
2
0,

(1.5)

UND
Λ =

1

2V

∑

k∈Λ∗,k 6=0

v (k)
(

a∗ka
∗
−ka

2
0 + a∗

2

0 aka−k

)

. (1.6)

Here εk = ~
2k2/2m is the kinetic energy, and a#k = {a∗k, ak} are usual boson

creation and annihilation operators in the one-particle state ψ k (x) = V − 1
2 eikx, k ∈

Λ∗, x ∈ Λ; for example, a∗k ≡ a∗ (ψk) =
∫

Λ
dxψk (x) a

∗ (x) , where a# (x) are boson-
field operators in the Fock space FΛ over L2 (Λ) , see[3].

In this section we scrutinize the (most innocent) hypothesis (a), which concerns
essentially the Perfect Bose-Gas (PBG). As it is indicated in [4] , the conventional
BE condensation is a subtle matter even for the PBG.

Let instead of the cubic box Λ = L × L × L, |Λ| = V , one takes a prism
Λ = L1 × L2 × L3 of the same volume with sides of length Lj = V αj , j = 1, 2, 3,
such that α1 > α2 > α3 > 0 and α1 + α2 + α3 = 1. We impose periodic boundary
conditions on ∂Λ , and we consider a possibility of conventional BE condensation in
this prism. This example is due to Casimir [5] .

Now let us rewrite the equation for the particle density in the form:

ρ =
1

V

1

e−βµ − 1
+

1

V

∑

k∈{Λ∗:n1 6=0,n2=n3=0}

1

eβ(εk−µ) − 1

+
1

V

∑

k∈{Λ∗:nj 6=0,j=2 or 3}

1

eβ(εk−µ) − 1
. (1.7)

For ρ > ρPc (θ) (the critical density for the PBG) the equation (1.7) gives asymptotic
behaviour of the solution µP

Λ

(

θ, ρ > ρPc (θ)
)

and distribution of bosons in the mode
k = 0 and in its vicinity.

(i) Let α1 < 1/2. Then for V → ∞ one gets:

inf
k∈Λ∗\{0}

εk = O
(

V −2α1
)

. (1.8)

This means that

lim
Λ

sup
k∈Λ∗\{0}

1

V

1

eβεk − 1
= 0.

Therefore, the Darboux sum (1.7) for k 6= 0 is well-defined and converges to the
integral

ρP (β, 0) = lim
Λ
ρPΛ

(

β, µP
Λ

(

θ, ρ > ρPc (θ)
)

)

.
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Since ρ > ρPc (θ) = ρP (β, 0) the equation (1.7) implies that

µP
Λ

(

θ, ρ > ρPc (θ)
)

≃ 1

βV (ρ− ρPc (θ))
, V → ∞, (1.9)

as in the case of cube α1 = α2 = α3 = 1/3. Consequently, one gets a conventional
BE condensation in one mode k = 0:

lim
Λ

1
V
〈Nk=0〉TΛ

(

β, µP
Λ

(

θ, ρ > ρPc (θ)
)

)

= ρP0 (θ) ≡ ρ− ρPc (θ) > 0,

lim
Λ

1
V
〈Nk 6=0〉TΛ

(

β, µP
Λ

(

θ, ρ > ρPc (θ)
)

)

= 0.

(ii) Now let α1 = 1/2. Then one gets:

inf
k∈Λ∗\{0}

εk =
(2πℏ)2

2m

1

V
, (1.10)

which corresponds to the mode with (n1 = 1, n2 = 0, n3 = 0). Since α2 < 1/2 and
α3 < 1/2, we get

lim
Λ

sup
k∈{Λ∗:nj 6=0,j=2 or 3}

1

V

1

eβεk − 1
= 0.

Then the Darboux sum corresponding to the last term in (1.7) converges to the
integral ρP (β, µ) for all µ < 0. Since this integral attains its sup

µ<0
ρP (β, µ) = ρPc (θ)

for µ→ 0−, from (1.7) one obtains for ρ > ρPc (θ) that

lim
Λ







1

V

1

e−βµP
Λ(θ,ρ) − 1

+
1

V

∑

k∈{Λ∗:n1 6=0,n2=n3=0}

1

eβ(εk−µP
Λ(θ,ρ)) − 1







= ρ− ρPc (θ) .

(1.11)
By virtue of α1 = 1/2 the left-hand side of (1.11) implies:

µP
Λ

(

θ, ρ > ρPc (θ)
)

=
A

V
+ o

(

1

V

)

, A > 0, (1.12)

for V → ∞. Since for the asymptotics (1.12) we have

lim
Λ







∑

k∈{Λ∗:(n1,0,0)}

1

eβ(εk−µP
Λ(θ,ρ)) − 1







=
1

β

∑

n1=0,±1,±2,...

(

(2πℏ)2

2m
n2
1 + A

)−1

,

(1.13)
the (1.11) implies

1

β

∑

n1=0,±1,±2,...

(

(2πℏ)2

2m
n2
1 + A

)−1

= ρ− ρPc (θ) , (1.14)
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where A = A (θ, ρ) is a unique root of this equation. Moreover, the limit (1.13)
shows that for ρ > ρPc (θ):

lim
Λ

1

V
〈Nk〉TΛ

(

β, µP
Λ (θ, ρ)

)

=

=

{

β−1
(

(2πℏ)2

2m
n2
1 + A

)−1

, k ∈ {Λ∗ : (n1, 0, 0)} ,
0 , k ∈ {Λ∗ : nj 6= 0, j = 2 or 3} .

(1.15)

This means that for the long prism with α1 = 1/2 there is macroscopic occupation
of an infinite number of low-lying levels k ∈ {Λ∗ : (n1, 0, 0)} including the zero-mode
k = 0.

(iii) Let α1 > 1/2, i.e. we deal with a highly anisotropic prism in direction j = 1.
Then we have

inf
k∈Λ∗\{0}

εk =
(2πℏ)2

2m

1

V 2α1
, 2α1 > 1, (1.16)

which corresponds to the mode with (n1 = 1, n2 = 0, n3 = 0). Since for any µ < 0 the
right-hand side of (1.7) converges to the integral ρP (β, µ) monotonously increasing
up to ρPc (θ), when µ → 0−, the solution µP

Λ

(

θ, ρ > ρPc (θ)
)

of (1.7) has to have the
asymptotics :

µP
Λ

(

θ, ρ > ρPc (θ)
)

=
B

V δ
+ o

(

1

V δ

)

, B < 0, δ > 0, (1.17)

for V → ∞. To calculate B and δ, notice that the first two terms in (1.7) may be
represented as

1

V

∑

k∈{Λ∗:(n1,0,0)}

1

eβ(εk−µP
Λ(θ,ρ)) − 1

=
1

V

∑

k∈{Λ∗:(n1,0,0)}

+∞
∑

s=1

e−sβ(εk−µP
Λ(θ,ρ))

=
1

V

+∞
∑

s=1

esβµ
P
Λ(θ,ρ)

∑

n1=0,±1,±2,...

e
−sβ

(

(2πℏ)2

2m

n2
1

V 2α1

)

. (1.18)

Notice that
∑

n1=0,±1,±2,...

e−πλn2
1 =

1√
λ

∑

ξ=0,±1,±2,...

e−(πξ
2/λ), (1.19)

where λ = β 2πℏ2

m
sV −2α1. Taking into account (1.17)–(1.19) we find that only the

term with ξ = 0 is important for (1.18) when V → ∞ :

ρ− ρPc (θ) = lim
Λ

{

(

2πℏ2

m
β

)−1/2{
V α1−1

V δ/2
.V δ

}

1

V δ

{

+∞
∑

s=1

eβB(s/V
δ)
( s

V δ

)−1/2
}}

.

(1.20)
The limit in (1.20) is nontrivial only for

δ = 2 (1− α1) . (1.21)
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Then one gets

0 < ρ− ρPc (θ) =

(

2πℏ2

m

)−1/2

β−1/2

+∞
∫

0

dξ eβBξξ−1/2, (1.22)

where B = B
(

θ = β−1, ρ
)

< 0 is the unique root of equation (1.22), or

ρ− ρPc (θ) =
( m

2ℏ2

)1/2 θ
√

|B (θ, ρ)|
, (1.23)

since

I =

+∞
∫

0

dy e−yy−1/2 =
√
π.

By virtue of (1.17), (1.21) and (1.23) we get that for ρ > ρPc (θ) and V → ∞:

εk − µP
Λ (θ, ρ) ≃

≃







ℏ2

2m

(

2πn1

V α1

)2
+ m/2ℏ2

β2(ρ−ρPc (θ))
2V 2(1−α1)

, k ∈ {Λ∗ : (n1, 0, 0)} ,
ℏ2

2m

[

(

2πn2

V α2

)2
+
(

2πn3

V α3

)2
]

+ m/2ℏ2

β2(ρ−ρPc (θ))
2V 2(1−α1)

, k ∈ {Λ∗ : nj=2 or 3 6= 0} .
(1.24)

Since α1 > 1/2 and α1 + α2 + α3 = 1, the asymptotics (1.24) imply

lim
Λ

1

V
〈Nk〉TΛ

(

β, µP
Λ

(

θ, ρ > ρPc (θ)
))

= 0, k ∈ Λ∗, (1.25)

while

lim
Λ

1

V 2(1−α1)
〈Nk〉TΛ

(

β, µP
Λ

(

θ, ρ > ρPc (θ)
))

=
m/2ℏ2

β2 (ρ− ρPc (θ))
2 , k ∈ {Λ∗ : (n1, 0, 0)} ,

(1.26)
and (cf. (1.7), (1.18), (1.20))

ρP0 (θ) = ρ− ρPc (θ) = lim
Λ

1

V

∑

k∈{Λ∗:(n1,0,0)}
〈Nk〉TΛ

(

β, µP
Λ (θ, ρ)

)

> 0.

This means that for the extremely long prism with α1 > 1/2 for ρ > ρPc (θ) there
is conventional BE condensation with density ρP0 (θ) > 0, whereas there are no
macroscopically occupied levels in Λ∗.

Cases α1 = 1/2 and α1 > 1/2 are provided examples of generalized condensation
in the ]irardeau sense [6]. This gives a motivation for the following van den Berg-
Lewis-Pulè’s classification of the generalized BE condensation [4,7,8]:

• the condensation is called the type I when a finite number of single-particle
levels are macroscopically occupied;
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• it is of type II when an infinite number of the levels are macroscopically occu-
pied;

• it is called the type III, or the non-extensive condensation, when none of the
levels is macroscopically occupied, whereas one has:

lim
δ→0+

lim
Λ

1

V

∑

{k∈Λ∗,06‖k‖6δ}
〈Nk〉 = ρ− ρc (θ) .

Remark 1 Returning back to the Bogoliubov theory we have to recognize that the
hypothesis (a) about the one-mode BE condensation looses its grip if we pass to
the PBG in a long prism. The latter is not an exotic situation if one considers
superfluidity of extremely thin films of 4He, see [9,10].

2. The model

In [11,12] it was shown that the type III condensation can be caused in the
PBG by a weak external field or by a specific choice of the boundary conditions and
geometry [7,13]. But recently other examples of this non-extensive BE condensation
were discovered for bosons in an isotropic box Λ with repulsive interaction which
spreads out the conventional BE condensation of the type I into the type III, [14–16].

To avoid the influence of the shape on the BE condensation, let us take the cubic
box Λ = L×L×L. Imposing the periodic boundary conditions on ∂Λ, we consider
a simple interacting boson system with the Hamiltonian:

H I
Λ =

∑

k∈Λ∗

εka
∗
kak +

1

2V

∑

k∈Λ∗

v(0)a∗ka
∗
kakak, v(0) > 0. (2.1)

Interaction in (2.1) results from a “severe” truncation of the full interaction HΛ.
Hereinafter we shall demonstrate that even this “small” part of the total interaction
can drastically change the distribution of condensed particles spreading out the BE
condensation in the one mode k = 0 into non-extensive BE condensation of the
type III.

First we show that the interaction in (2.1) is so gentle that it even does not
modify the pressure of the perfect system.

Theorem 1 For the model (2.1) the thermodynamic limit of the pressure coincides
with the pressure of the PBG:

lim
Λ
pΛ
[

H I
Λ

]

= lim
Λ
pΛ [TΛ] = pP (β, µ) . (2.2)

Proof. Notice that a∗ka
∗
kakak = N2

k −Nk. Therefore, the grand partition function for
the model (2.1) takes the form :

ΞI
Λ (β, µ) = TrFB

e−β(HI
Λ−µNΛ) =

∏

k∈Λ∗

+∞
∑

nk=0

e−β[(εk−µ)nk+
v(0)
2V (n2

k
−nk)], (2.3)
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which converges for all µ ∈ R
1 . Then for the pressure in the finite volume we have

the estimates:

pΛ [TΛ] > pΛ
[

H I
Λ

]

>
1

βV

∑

k∈Λ∗

ln

[lnV ]
∑

nk=0

e−β[(εk−µ)nk+
v(0)
2V (n2

k
−nk)]. (2.4)

By virtue of n2
k − nk 6 [lnV ]2 (here [x] denotes the integer part of x) one gets:

[lnV ]
∑

nk=0

e−β[(εk−µ)nk+
v(0)
2V (n2

k
−nk)] >

>

[lnV ]
∑

nk=0

e−β[(εk−µ)nk+
v(0)
2V

[lnV ]2] = e−β
v(0)
2V

[lnV ]2
{

1− e−β(εk−µ)([lnV ]−1)

1− e−β(εk−µ)

}

. (2.5)

For µ < 0 the left-hand side of (2.5) converges (uniformly in k ∈ Λ∗) to
(

1− e−β(εk−µ)
)−1

when V → ∞. Hence, in the thermodynamic limit, the lower
estimate in (2.4) coincides with the upper estimate:

lim
Λ

1

βV

∑

k∈Λ∗

ln

{

e−β
v(0)
2V

[lnV ]2 1− e−β(εk−µ)([lnV ]−1)

1− e−β(εk−µ)

}

=

= lim
Λ

1

βV

∑

k∈Λ∗

ln
(

1− e−β(εk−µ)
)−1

= lim
Λ
pΛ [TΛ] ,

which proves the equality (2.2). Since lim
µ→0−

lim
Λ

pΛ [TΛ] is bounded, one extends

pP (β, µ) to µ = 0 by continuity. �
As usual, the total density of particles for the model (2.1) is defined in the

grand-canonical ensemble for a finite volume V by :

ρΛ (β, µ) =

〈

NΛ

V

〉

HI
Λ

(β, µ) =
1

V

∑

k∈Λ∗

〈Nk〉HI
Λ
(β, µ) = ∂µpΛ

[

H I
Λ

]

. (2.6)

Corollary 2 Due to v (0) > 0 the pressure pΛ
[

H I
Λ

]

is defined for all chemical poten-
tials µ ∈ R

1 , see (2.3). Moreover it is obviously a convex function of this parameter.
The limit function pP (β, µ) is defined only for µ 6 0 and is also a convex func-
tion, but only for µ < 0. Since (2.2) is the statement regarding the convergence of
convex functions of µ ∈ (−∞, 0), by the Griffiths lemma we get convergence of the
corresponding derivatives (2.6)):

lim
Λ
ρIΛ (β, µ) =lim

Λ
∂µpΛ

[

H I
Λ

]

= ∂µ lim
Λ
pΛ
[

H I
Λ

]

= ∂µp
P (β, µ) = ρP (β, µ) ,

on the very same interval µ ∈ (−∞, 0). So, in the thermodynamic limit the total par-
ticle density ρI (β, µ) of the model (2.1) coincides with ρP (β, µ). Since lim

µ→0−
ρP (β, µ)

is bounded for d > 2, one defines ρI (β, µ = 0) = ρP (β, µ = 0) by continuity.
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From this corollary one deduces that, as in the case of the PBG, ρI (β, µ) attains
its maximum ρIc (θ) = lim

µ→0−
ρI (β, µ) = ρPc (θ) at µ = 0, i.e. for densities ρ > ρPc (θ)

one must have a BE condensation. On the other hand, for the expectation of the
ground-state occupation number for µ = 0 we get from (2.1):

〈

N0√
V

〉

HI
Λ

(β, µ = 0) =

1√
V

+∞
∑

n0=0

n0√
V
e
−β

v(0)
2

(

n0√
V

)2

1√
V

+∞
∑

n0=0

e
−β v(0)

2

(

n0√
V

)2 . (2.7)

Since the numerator and the denominator in the right-hand side of (2.7) are nothing
but Darboux sums for the corresponding integrals in the limit V → ∞, we obtain
that

lim
Λ

1√
V

〈N0〉HI
Λ
(β, µ = 0) =

∫

dx.x.e−β
v(0)
2

x2

∫

dx.e−β
v(0)
2

x2
=

1

2

√

2θ

v (0)
. (2.8)

This means that there is no macroscopic occupation of the mode k = 0 because
〈N0〉HI

Λ
(β, µ = 0) growth only as V 1/2 for V → ∞ .

Theorem 3 For any parameters (β, µ 6 0) one has

lim
Λ

1

V
〈Nk〉HI

Λ
(β, µ) = 0, ∀k ∈ Λ∗, (2.9)

i.e. there is no macroscopic occupation of any mode k ∈ Λ∗.

Proof. By the Bogoliubov convexity inequality for the pressure (see e.g. [17,18]),
we get

v (0)

2V 2

〈

∑

k∈Λ∗

(

N2
k −Nk

)

〉

HI
Λ

6 pΛ [TΛ]− pΛ
[

H I
Λ

]

6
v (0)

2V 2

〈

∑

k∈Λ∗

(

N2
k −Nk

)

〉

TΛ

.

By virtue of v (0) > 0, N 2
k −Nk > (Nk − I)2 and theorem 1, one has

lim
Λ

1

V 2

∑

k∈Λ∗

〈

(Nk − I)2
〉

HI
Λ

(β, µ 6 0) = 0. (2.10)

Notice that by the Cauchy-Schwarz inequality for the Gibbs state we get

〈Nk − I〉2HI
Λ
6
〈

(Nk − I)2
〉

HI
Λ
.

Then

0 6

(

1

V
〈Nk − I〉HI

Λ

)2

6
1

V 2

〈

(Nk − I)2
〉

HI
Λ
6

1

V 2

∑

q∈Λ∗

〈

(Nq − I)2
〉

HI
Λ
. (2.11)
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The estimates (2.10) and (2.11) give the assertion (2.9). �
Resuming corollary 2 and theorem 3 we must admit that the model (2.1) gives

an example of non-extensive (i.e. the type III) BE condensation ρ0 (θ) = ρ− ρc (θ).
Namely, for ρ > ρIc (θ) = ρPc (θ) one has

lim
Λ

1

V
〈Nk〉HI

Λ

(

β, µΛ (θ, ρ > ρc (θ))
)

= 0, k ∈ Λ∗, (2.12)

and at the same time

ρ = lim
Λ
ρΛ (β, µΛ (θ, ρ > ρc (θ)))

= ρc (θ)+ lim
δ→0+

lim
Λ

1

V

∑

{k∈Λ∗: 06‖k‖6δ}
〈Nk〉HI

Λ

(

β, µΛ (θ, ρ > ρc (θ))
)

. (2.13)

Remark 2 Returning back to the Bogoliubov theory we again recognize that there
is a problem with the hypothesis (a) and (b) regarding the one-mode (i.e. type I) BE
condensation. Even if it exists in PBG, a very gentle interaction (e.g. (2.1)), which
does not change the pressure of the PBG, may drastically change the asymptotics
of the occupation number expectations, cf. (2.8). In the model (2.1) the interaction
spreads out the type I condensation of the PBG into the type III BE condensation,
which means that the Bogoliubov hypothesis (b) is à priori doubtful.

3. Conclusion

The perturbation of the model (2.1) is a function of only occupation-number
operators, i.e. this interaction commutes with the kinetic-energy operator. This class
of interactions is called diagonal. In the series of papers [19–23], van den Berg,
Dorlas, Lewis and Pulè gave an exhausting analysis of a hole class of diagonal models
(including the exact solution of the Huang-Yang-Luttinger model ), showing how
subtle and multiform is the BE condensation in presence of this type of interaction.
Since the interaction is diagonal, their analysis is based on a refined Large Deviation
Principle of the classical probability. For another approach to the Huang-Yang-
Luttinger model see [24].

If one accepts the first Bogoliubov ansatz, one is faced with a nondiagonal in-
teraction UND

Λ in (1.3), which does not commute with TΛ. Therefore, the existence
of the k = 0 mode BE condensation in the Bogoliubov WIBG HB

Λ is screaming for
a rigorous analysis, see [25,26]

Returning back to the theory of superfluidity we have to avow that the discussion
above is rather far away from real systems. In the recent paper by Vakarchuk [27]
one can find a discussion of the difficulties and of the methods going beyond the
Bogoliubov theory of superfluidity. Developing some ideas by Bogoliubov, Zubarev
and Yukhnovskii regarding the method of collective variables, he obtained new con-
vincing results (see references quoted in [27]) to advance in this challenging unsolved
problem of theoretical and mathematical physics.
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Узагальнена конденсація і теорія надплинності

Боголюбова

В.А.Загребнов

Середземноморський університет і центр теоретичної фізики,

13288 Марсель, Франція

Отримано 20 березня 2000 р.

У цій статті ми детально досліджуємо теорію надплинності Бого-

любова на рівні першого анзацу Боголюбова. Цей анзац стверджує

обрізаний гамільтоніан Боголюбова як стартову точку цієї теорії.

Оскільки цей анзац ґрунтується на гіпотезі стосовно Бозе-Ейнштей-

на конденсації в нульовій моді і на її стабільності по відношенню до

взаємодії, ми представляємо строгі результати, які піддають сумніву

цю гіпотезу.

Ключові слова: слабо неідеальний газ Боголюбова, Бозе

конденсація, узагальнена конденсація

PACS: 05.30.Jp, 02.70.Lq, 03.75.fi, 67.40.Db
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