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The path integral formalism is used to describe the statistical properties of
an ideal gas of spinless particles. It is shown that the quantum paths exhibit
the same properties in non-relativistic and relativistic domains provided the
creation of new patrticles is avoided. Some quantities associated with the
paths are introduced, they have a simple meaning if the quantity gk, where
£ is the reverse of the temperature, is considered as an ordinary time. The
relation between the velocity on the path and the momentum is not the
usual one, an extra term appears showing that the thermostat can not fix
the average value of this velocity although all the thermodynamic quantities
have their traditional values. The paths describe fluctuating trajectories on
which the particles do not follow the equation of motion. For time intervals
much shorter than g% we recover the properties of the Brownian motion.
The trajectories are located in space in a volume restricted by the Compton
wavelength for the short distances and the thermal de Broglie wavelength
for the largest ones. It is shown that the time-energy uncertainty is verified
on the quantum paths. This suggests that the density matrix obtained by
guantification of the classical canonical distribution function via the path in-
tegral formalism should not be totally identical to that obtained via the usual
route. Strong arguments are given showing that g4 can be considered as
an ordinary time and not as a formal quantity having the same dimension
as time. This paper shows that for a time scale of 10 femtoseconds a to-
tally new physics can be expected at room temperature. In addition it is
suggested that the ratio 7/kg may play a decisive role in the foundation of
a covariant statistical physics.
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It is a real pleasure for me to dedicate this paper to Professor I.R.Yukhnovskii
for his 75th anniversary. Due to him and to the scientists of his Institute, all my
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visits in Lviv were very fruitful and exciting in Sciences and also in many other
respects.

Fractals and chaos represent two new frontiers in physics [1]. The concept of
fractals has proven to be very useful to simulate irregular structures which can be
self-similar or self-affine if different scalings have to be used for different variables.
Fractals are associated with curves which are nowhere differentiable. The Brownian
motion gives us an example of a random fractal [2]. Note that the term of Brownian
motion is sometimes ambiguous since it may be associated with a trajectory in the
plane (a self-similar curve) or with a trace (a self-affine curve) which represents the
time history of spatial coordinates. To each one of these descriptions correspond dif-
ferent fractal dimensions [1]. In their seminal work which was published more than
thirty years ago, Feynman and Hibbs [3] showed that the quantum paths exhibit a
fractal character although the concept of fractal was not introduced at that time.
Nowadays there is a tendency to consider the fractal geometry as a fundamental
aspect of the physical world [4]. This point of view leads to two different options:
we may assume that the particles obey a complicated dynamics which takes place
in a simple space-time or, vice versa, that we have a simple dynamics though it
takes place in a space-time having a complicated structure (a fractal structure, for
instance). From a topological analysis of a fractal space-time some strong conse-
quences can be derived as shown in [5].

In this paper, we would like to show that the fractal character of the quantum
paths in quantum statistical physics is of a fundamental nature i.e. it is more than
just a useful mathematical trick.

In what follows we start from the path integral formalism of statistical physics as
given by Feynman [3] and we investigate some physical consequences of this formal-
ism by considering a simple example, the ideal gas. In this case all the calculations
can be performed analytically and the results are mathematically exact but their
interpretation may be questionable. As we shall see these calculations lead to non-
trivial results provided the time interval appearing in the formalism is considered
as an ordinary time i.e. as a physical quantity that we can measure using a clock.
Many aspects of this assumption will be analyzed.

The paper is organized as follows. In section 2 we recall some results obtained
in [6]. Here, we insist on their physical meaning but not on their mathematical
derivation which is rather simple. We investigate two specific properties of the paths:
one is the mean square value of the velocity and the other one shows the correlation
in the velocities. First derived in the non-relativistic case the results are extended to
the relativistic domain. The consequences of relativistic dynamics are investigated
while staying in the one-particle formalism. The properties of the paths are analyzed
like in the non-relativistic case. In section 3 we discuss the physical meaning of the
results. The results are first analyzed in terms of fluctuating trajectories and we
consider the time-energy uncertainty relation associated with the paths. Then we
reconsider the results by using some general arguments which are beyond the scope
of the path integral formalism. In the last section the main conclusions of the paper
are summarized.
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2. Path integral formalism of statistical mechanics

2.1. The non-relativistic domain

In the path integral formalism, the partition function, Z, can be written [7]

- (leh)d / Dx(t) / Dp(t) exp [—%A{x(t%p(t)}} (1)

where d is the dimension of space, x(¢) and p(t) are the position and momentum
vectors at time ¢ on a given trajectory, the symbols Dx(t) and Dp(t) mean that
we have to perform a functional integration. In equation (1), A{x(¢),p(t)} is the
Euclidean action. For the ideal gas, it is given by [7]:

a0 = [ ot [-imost + B). o)

2m

in which m is the mass and /3 the reverse of the absolute temperature T', f = 1/kgT.
In the calculation of Z we have to consider the cyclic paths for which x(0) = x(Sh);
this is reminiscent of the fact that the partition function is determined by the trace
of the density matrix in standard quantum physics. In principle, in (1) there is an
extra term related to the bosons statistics, we have dropped this term which is
irrelevant in this work.

Using the usual procedure [7] the functional integral in (2) is transformed into a
Riemann sum and the integrals in (1) will acquire a meaning in the limit ¢ ,, 41 — ¢, =
At — 0 where t,, and t,,,1 are two successive values of ¢ such as 0 < t,, < t,,1 < Sh.
In addition to the position and momentum variables a third quantity x(¢) appears
in equation (2), it is defined according to x(t) = (x(t,+1) — x(t,))/At, it can be
considered as the velocity on the path. However, it is important to note that x(t,) is
disconnected from the set of values {p(¢;)} taken by the momentum. Accordingly, on
the quantum paths, no simple relation is expected between velocity and momentum.

If we consider some properties only related to the momentum we can perform the
integration over the positions x(t) and we get the well known form of the partition

function: ,
V P
e | w0 |5 @

where V' is the volume of the sample. According to the equation (3) any function
of the momentum will have the same value as in the classical case, in particular
(p?)/2m = d/(28). From (3) we can see how the momenta are distributed at the
thermal equilibrium. However, from (3) we have no information about the distribu-
tion of velocities. This can be illustrated by considering the velocity on the path.
After a partial integration over the momentum we get

(27rh /DX eXp {‘%/gﬁhdte [(t)]Q)} (4)
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where A is a well known normalization constant [3]. Instead of Z we may define a
more general quantity defined according to

(%= Xaith — 1) = A [ Dx(0)exp |- / a (quisor)|

in which the position z;, and z, associated with the times ¢, and ¢, respectively, are
different. A more explicit form of K(xj, — X4, — t,) can be obtained, we have [7]:

it (i) [ RT] o

or in momentum representation

% + %P(Xb — Xa):| - (7

K( ty — ta) ! / d

Xy — Xgilp — ty) = ——— exp | —
b b (2rh)d p exp

K(xp — %45ty — t,) corresponds to the transition amplitude of a free particle for an

imaginary time. K(x, — X,;t, — t,) verifies the group law [§]

K(xp — xq;tp — /K — Xe; by — to) K(xe — Xg; te — t,)dX,. (8)

and Z is now given by Z = VK (0; Bh). Moreover, it is easy to check that K (x; —
Xgq; tp — t,) verifies the standard diffusion equation with a diffusion coefficient f/2m.
From K(x, — x,;t, — t,) we can calculate any average quantity.

If we consider Sh as an ordinary time, then we can define the velocity as the
change of position dx corresponding to a given finite time interval dt provided ot <
ph. For a free particle (0x/dt) vanishes due to the symmetry of space and hereafter
we focus on ((6x/6t)?). This quantity is given by:

2
1
< (i—j) > = 3 / dx,dxpddr K(xp — Xg;t, — 0) K(0x; 0t)

2
X (i—j) K (xp — X, + 0x; SR — t, + 6t), 9)

from which we can derive the following exact result

ax\? h 2 h d
ox CACRY e Y (10)
ot 5t m? ot Bm
which shows the relation between ((dx/dt)?) and (p?).
In what follows, to be short, we call K (x,—xX,;t,—t,) a propagator although this
term is improper since, as shown by (9), it is not sufficient to calculate an average.

This is obvious since K (x, — Xg4;t, — t,) does not contain the temperature. Due to
this, (10) does not correspond to the analytic continuation for an imaginary time of
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the transition amplitude calculated in [3]. A detailed analysis of this point will be
given in a subsequent paper.

We can also characterize the path by studying the thermal average of the change
of velocity at a given point (xs,t3) of the path. In order to do that we consider the
quantity ([(x2 —x1)/0t][(x5 —x2)/dt]) in which the positions x;, X2 and x5 are taken
at times tq, to and t3 respectively, we must have 0 < t; < t5 < t3 < fh. We can
write the average ([(x2 —x1)/0t][(x3 — X2)/dt]) in a form similar to equation (9) and
using (7) we derive the following exact result

<[X2;fxq ng,(S—thD:_%?:_Bim’ (11)

which shows that the path is not differentiable at any time whatever the value of
0t provided 0t < Bh. In [6] it has been shown why the quantity calculated in (11)
is negative. If the temperature goes to zero the r.h.s. of (11) goes to zero and then,
on the trace of the motion, the velocity just before the time ¢ is uncorrelated with
the velocity just after this time. At a non-vanishing temperature the role of the
thermostat is, in average, to reverse the velocity in agreement with the fact that
only closed paths are considered in statistical physics. This induces the negative
correlation observed in (11).

The relation (10) shows that {(dx/dt)?) grows indefinitely when &t goes to zero
but from the theory of relativity we know that [((6x/6t)%)]'/? cannot exceed the
velocity of light, ¢. Thus we have to start again our calculations in the scheme of
special relativity.

2.2. The relativistic domain

Due to the special relativity we must change the Hamiltonian by introducing the
relativistic dynamics and take into account that new particles can be created. In
what follows we will stay in the one-particle formalism and only the change in the
Hamiltonian is considered. The details of the calculations which have been given in
[6] will be not reproduced here.

For spinless particles, the Klein-Gordon (KG) wave equation is an acceptable
starting point for a relativistic approach but the definition of operators in the one-
particle formalism is not a trivial task (see for instance [9-11]). In order to define a
meaningful position operator, first we put the KG equation in a Schrodinger form.
The price that we have to pay in such a transformation is that the wave function v
is now a two-component vector. Secondly, we introduce the Feshbach-Villars (FV)
representation [10] which transforms 1 into ¢ according to ¢ = U 1 where U is not a
unitary matrix in the usual sense [11]. In this representation, the position operator
is defined as usual and its eigenstates of positive and negative energy are given by

et 0) = G (o ) o (o) o) = g (1) o0 ()02

In this ¢-representation we can define the so-called even operators for which there
is no mixing between states of positive and negative energy. The expectation (A) of
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an operator A is defined according to [10,11]
(4) = / dxypfr3 Ay = / dxp'm3A 0, (13)

in which 73 is a Pauli matrix (for definition see for instance [10,11]) and A,= UAU".
By analogy with (13), we suggest to define the partition function as:

z7- 1 _ / dpdxis!(p)7s exp (—BHy (p)) s (p) (14)

(2wh)?
in which Hy is a 2 x 2 matrix which contains a combination of the momentum
operators and mc? via the Pauli matrices. In FV representation we have

1

7 = [ Apaxel ) exp (<A, (0) () (15)

in which the Hamiltonian is a 2 X 2 matrix given by

BH,(p) = 1304/1 + (%)2, o = fmc?

and o, (p) corresponds to ¢} (p) given by (12). Using the properties of the matrix
T3, it is easy to see that Z is given by

Z:ﬁ/dpexp [—0( 1+<%>2>], (16)

which is a natural extension of (3). Such an expression corresponds to 1/(27h)¢ times
the classical partition function introduced by Pauli [12]. In the F'V representation
we define a propagator according to

K(xp = Xaity — ta) = /dpwla(P)Ts exp [=(ty — ta) Hy(P) /1] @ar(P).- (17)
Using the explicit expression of ¢, (p) and the properties of 73, we can write (17) as

dp 1 : 1 .
K — Xty —t,) = e 1p.xb/hE1/2 1p~Xa/hE1/2 —(tb—ta)Ep/h
(%6 = Xai ts — ta) / E, (2rhyi’ v (2rh)d2” p° ’
(18)

where E, = [p%c® + m?c!]/? and we have isolated the Lorentz invariant measure
[dp/E,]. In (18), the quantity (Ey/?/(27h)#/2)ePxe/h is in p-representation, the
exact form for a state localized at x;, for ¢ = 0 in the relativistic domain; this
result has been derived by Newton and Wigner from first principle arguments [9].
It shows that a localized state has a spatial extension given by the Compton wave
length A\ = h/mc . The propagator (18) verifies the composition rule (8) and we
have Z = VK(0; Bh). In terms of the dimensionless quantities u = p/(mc); 7 =
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t/(Bh); r =x/\ K(Xp — Xa;tp — t,) becomes K(r, — ry;m, — 7,) and takes the
explicit form in the case d = 1

K(ry—ry;m—74) = = o (1 — 7a) K, (\/02(77, —Ta)? + (rp — ra)2> :
TA\/02(y — 72)2 + (1 — 1,2
(19)
where Kj(z) is a modified Bessel function. A similar result is obtained in the case
d = 3. In the limit ¢ goes to infinite, (19) becomes exp[—mc?(t, — t,)/h] times the
non-relativistic propagator (6). In order to investigate the quantum dynamics of a
relativistic free particle a propagator similar to (18) has been considered in [13], it
corresponds to (18) in the real-imaginary time transformation.
Starting from the propagator (18) and after some straightforward integrations

we get the following exact results:

()= [2 1] ()

<X2—X1 X3—X2>__< p?ct > (21)
o ot N p2cz +m3ct )

The equations (20) and (21) represent the generalization of (10) and (11) to the

relativistic domain. As in the non-relativistic case (20) and (21) are not a simple

analytic continuation for imaginary time of the transition elements calculated in [3].
Recently, H.Kleinert [7] introduced a propagator associated with the KG equa-

tion. This propagator can be put in a form similar to (18), for d=1 it is given by

and

dp 1 : 1 .
K/ . a.t _ta — ip.Xp/h ip.xa/h ,—(ty—ta)Ep/h 29
(b = Xai ty — ta) / E, (2rh)-22° (2rh)-ir2 © (22)
that we can also write as
! 1 2 2 2
K'(ty = raim = 72) = 55 Ko (W (75— 7a)2 + (rp — o) ) (23)

which is clearly in disagreement with our result (19). The origin of the discrepancy
is related to the fact that in (22) we assume that the localized states correspond to
a delta function in real space contrary to what has been established in [9]. The use
of (23) instead of (19) leads to the results which have no clear physical meaning. In
particular, we do not find (16) the expected classical limit.

When §t < Sh and, d = 1, we get from (20)

<<5X)2>~ b [ du(u? 1) exp[—o(u® + 1)) (24)

ot maot [ duexp [—o(u? + 1)1/2]

A similar result is obtained for d = 3, only the ratio of integrals in the r.h.s. of (24)
is different. In general we can write ((dx/d0t)?)/c* = h/(mc?t) f(o) where f(o) is
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approximately one for large values of o. Thus, for 6t < Sh we get <(5x)2> = %&.
Since <(5X/5t)2> /c* must be smaller than one, the time interval §¢ must be such
as 0t > h/mc? which is an expected result since we are in a regime with a fixed
number of particles. For a smaller time interval the uncertainty relation 0t6FE = h
shows that we could create new particles. Thus dt must be large enough to avoid
the creation of particles by quantum fluctuations. This constraint on ¢ implies that
we must have Sh > 6t > h/mc2 leading to ¢ = Smc? > 1 which means that no
particle can be created by thermal excitation. Thus the relation (20) is exact in the
one-particle formalism.

For the smallest time interval 6t = hi/(mc?) we get the smallest value of ((dx)?):

2 2 2 p’c®
) =A 1) =———— 25
(0%)%) = A* (Bme* — 1) <p i m> (25)
which shows the interplay between the Compton wavelength, A\, and the properties
of the thermostat. At a very low temperature {(6x)?) tends to A2, as expected. In
addition the largest value of {(dx)?) corresponds to

007 = (2) () (26)

For large values of ¢ this quantity is the square of the thermal de Broglie wavelength
A = 273h*/m. Thus with the path integral formalism, at the thermal equilibrium,
we explore some distances larger than A but smaller than A, this is also an expected
result. We can note that (20) does not lead to the pure relativistic regime for which
we expect ((0x)2) ~ (cdt)?.

3. Analysis of the results

The comparison of (20) and (21) with (10) and (11) shows that the quantum
paths have similar properties in non-relativistic and relativistic cases provided we
stay in the one-particle formalism. This first extension was needed in order to show
the that fractal behaviour is something general.

3.1. Fractal character of the paths

In statistical physics the paths are closed and due to this the particles do not
perform the standard Brownian motion. The relations (21) and (11) show that, in
average, there is no derivative on the paths but (20) and (10) do not correspond to
the relation between ((6x)?) and &t which exists in the Brownian motion. In order
to recover this relation we have to take the limit 6t < fh. In [6] an analysis of the
quantum paths has been performed in the pure quantum domain i.e. starting from
the time dependent Schrodinger equation or from the KG equation. This leads to
the investigation of the evolution of a Gaussian wave packet. At ¢ = 0 the particles
are located near the origin, x = 0, with a given initial spatial resolution, J, and we
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study how ((0x)?) depends both on ¢ and 4. In the relativistic domain we must have
d = A. In the limit § > X\ we get [6] the following result

2 2 2 2 2
(6%)%) = o~ i (ct) (i) _ 9 L1 (E) i7

2 2 4] 2 2\m/) &
provided Act > §% > A\? or mc?®t > h which is also the condition obtained above in
order to observe a Brownian motion in the relativistic domain when the path integral
formalism is used. For time intervals, 6, such as ht/m > §% we see that ((dx)2)!/?
behaves like 1/d leading to a Hausdorff dimension Dy = 2 as already established in
[9,17] (for a definition of Dy see for instance [2]). Note that the spatial resolution
0 leads to a time resolution d0t. We may define 0t as the shorter time interval we
need to wait in order to see something i.e. to see a displacement of order §. From
the result given above this leads to 1(hdt/m)?1/6% ~ 6% or hdt/m = 6. This result
is reminiscent of the one obtained above in the path integral formalism. It can be
interpreted as follows: dt is the time interval for which the particle may explore by
diffusion a distance equal to the spatial resolution.

3.2. Fluctuations of energy

The interpretation of the results is simple if we give to Sh the meaning of an
ordinary time interval, i.e. a quantity that we can measure using a clock. Then (10)
and (20) relate the average of the square of the velocity to its standard expression
in terms of momentum, however this relation is not the usual one since we have an
extra term [$h/0t — 1] which contains a mixture of quantum effects (i) and thermal
effects (). The thermal effects disappear in the limit ¢ < Sh, then only the Planck
constant remains in the formula.

Using the constrains on the time interval h/mc2 < 0t < Bh we have seen in the
previous Section that the particle explores a volume located between two concentric
spheres. The radius of the smallest one is the Compton wavelength (\) while the
radius of the largest one corresponds to the thermal de Broglie wavelength (A ). We
can show that the paths correspond to fluctuating trajectories for which the particles
do not verify the equations of motion. To illustrate this point we start from (4) which
shows that the lagrangian, L, of the particle is given by L = %m[f{(t)]Q. From the
Euler-Lagrange equations and the cyclic condition on the trajectory (x(0) = x(5h)),
we conclude that the particle does not move and stays at the origin of the coordi-
nates. This result which corresponds to a mean field approach can not represent the
real physics because, in this case the particle should have a perfectly known posi-
tion and its momentum should be totally undetermined. Not to violate the basis of
quantum physics requires to consider that the particle moves on trajectories which
do not verify the equations of motion. This point illustrates the following important
aspect of the path integral formalism in statistical physics.

In the classical textbooks on statistical physics [14] we first establish the form of
the micro-canonical density matrix p and then we put p in its canonical form. After
that, using the Lie-Trotter formula [7] we may derive (1). Obviously, the validity of
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this derivation is primarily based on the constraints associated with the existence
of the micro-canonical expression for p. In order to define the canonical form of p
we avoid large quantum fluctuations of energy dE and thus from the time-energy
uncertainty relation we must restrict our investigations to time interval 0t which
are large enough. In (1) no such restriction appears explicitly, for instance in the
non-relativistic case we performed an integration from t = 0 to t = Sh and the
results are meaningful whatever the value of dt. However, we can note that a similar
time-energy uncertainty relation appears at the end of the calculation since we can
rewrite (20) according to

st (2N 2 o gy (P2 27
2 <E) _5(6 a )<p202+m2c4> (27)

in which the r.h.s. tends to h if 6t < fh and o > 1. It is interesting to note
that m/2 ((6x/ 5t)2> is not the kinetic energy, U, in the thermodynamic sense. This
quantity is defined according to U = —01In Z/0f and its value is (d/2/3), for instance
in the non-relativistic case. The quantity m/2 <(5X/5t)2> represents a fluctuating
energy associated with the fact that, on the path integral formalism, the particles
do not follow the equation of motion and then the energy is not constant along the
quantum path as noted in [15]. Thus, we are led to consider that (1) is not strictly
equivalent to the canonical formalism derived by the usual routes but represents a
bit more general result as suggested by Feynman [3].

In what follows based on the general arguments taken outside the path integral
formalism, we will try to see what kind of physics is expected when an ordinary
time interval becomes smaller than the quantity Sh which has the same dimension
as a time. In order to clarify the discussion, the ordinary time interval (that we can
measure using a clock) will be noted 7 to avoid the confusion with ¢ introduced
above.

3.3. Thermal and quantum fluctuations

In standard statistical thermodynamics it is assumed that the quantum fluctu-
ations are negligible compared to the thermal fluctuations. This is quite clear in
usual textbooks where the energy conservation law is expected to hold between the
system under investigation and the reservoir [14]. Now, let us consider that a quan-
tum fluctuation of energy, 0 F/, takes place during a time interval 7. The uncertainty
relation leads to 76 E > h. In order to have S0FE < 1 we must have 7 > $h. Thus,
when investigating the domain 7 < (A it seems quite natural to observe a very in-
tricate mixture between quantum physics and thermodynamics. If we consider that
T corresponds to the Jt investigated above, it is very tempting to assume that (20)
and (10) give this complicated physics. Moreover from the uncertainty relation it is
clear that § E' must behave like 1/7, of course this is what we find if E is associated
with the kinetic energy on the path. Thus, we see that thermostat fixes the average
value of the momentum and the usual thermodynamics but not the velocity which
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also depends on the time interval “6t” and the Planck constant. Note that Sh corre-
sponds to 10 femtoseconds at the room temperature, a domain that we can explore
nowadays using sophisticated lasers.

3.4. Relativistic invariance and thermodynamics

Let us associate to the system under investigation a given frame in which there
is a clock located at the origin of the coordinates. In this frame we measure a time
interval 7 and a temperature T'. This system moves with a uniform velocity relative
to another frame where we measure a time interval 7/ and T”. If we accept the
usual law of transformation for 7" given for instance in [12] then we observe that
the product Tt must be Lorentz invariant. Thus, in order to elaborate a statistical
physics in which the covariance should be manifest, it seems natural to characterize
the thermostat by a variable like T'7 rather than just by 7. In the path integral
formalism if we consider $h as an ordinary time interval 7 then we have Tt = h/kg.
The product T'7 is not only manifestly Lorentz invariant but we know its value,
h/kg.

Let us recall that the main goal of this paper is to investigate if the fractal char-
acter which appears via the path integral formalism is something fundamental or
just a useful mathematical trick. A similar question has been considered concerning
the Carnot’s principle or the second principle of thermodynamics (for a summary
in this field see [16]). To elucidate this question we have to deal with the famous
Maxwell’s demon. After a careful analysis, Brillouin [16] has shown that the demon
cannot operate proving the fundamental nature of the Carnot’s principle. The main
point of the Brillouin’s analysis is the following: in order to see the molecules in the
vessel, the demon needs a source of light which can be distinguished from the back-
ground of black-body radiation which exists in the vessel. Let be T' the temperature
of the vessel and 7 the period of the source of light. If T'7 is larger than h/kp the
demon can not get any information and then he can not violate the second princi-
ple, otherwise he can separate the molecules but the Carnot’s principle is verified.
Thus the ratio h/kp appears as a critical parameter which determines the domain
in which we can verify that the Carnot’s principle has a fundamental nature and
the time interval at which we can observe the fractal nature of the quantum paths
in statistical physics. From these elements we may conjecture that the ratio h/kp is
probably a fundamental quantity in the foundation of a covariant statistical physics.

4. Conclusions

Using the path integral formalism of statistical physics we have investigated the
behaviour of an ideal gas of spinless particles. If we focus on the thermodynamics or
on the properties related to the momentum, we recover the standard results including
their extension to the relativistic domain. The temperature which appears in the
partition function fixes the pressure or the kinetic energy but not all the quantities in
the system. The thermostat does not fix the average value of the velocity on the path
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which depends on the time interval on which we investigate the motion of particles.
The particles do not follow the equation of motion but their stochastic behaviour
does not strictly correspond to the Brownian motion since only the closed paths
are considered. For time intervals much shorter than Sh the standard properties of
the Brownian motion are recovered. All the results are exact provided we stay in
the one-particle formalism. This requires working on the time interval larger than
h/mc? and on the distances larger than the Compton wavelength.

If we consider Sh as an ordinary time, all the results have a simple and meaning-
ful interpretation. For instance, during their motion the particles explore a spherical
volume of radius corresponding to the thermal de Broglie wavelength and on the
paths we may consider a time-energy uncertainty relation which has its usual mean-
ing. More fundamentally we have established a link between the domain in which
we can see the existence of a fractal behaviour and the domain on which we can test
the Carnot’s principle. These two phenomena are conditioned by the ratio h/kg.
This point requires further investigations and suggests that this ratio may play a
fundamental role in the foundation of covariant statistical physics. It is interesting
to note that Sh is about 10 femtoseconds at the room temperature. For this time
scale we are beyond the thermal physics since thermal and quantum fluctuations
have the same order of magnitude and new physics can be expected.
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dpakTanbHa noBeAiHKa KBAHTOBUX LUNSAXIB Y
CTaTUCTUYHIN Pi3unLLi

XK.M.Bagiani

JNabopaTtopis CTPYKTYypu Ta peakTUBHOCTI MOBEPXHI,
YHiBepcuteT iM. [T’epa i Mapii Kiopi,
®paHuis, 75230 Mapwux, Mnowa Xiocc’i

OTpumanro 29 tpasHa 2000 p.

BukopucToByeTbCs dopmManiam iHTerpanis no wasxax ansg onucy igeanb-
HOro ragdy 6e3cniHoBMX YacTUHOK. [Moka3aHo, Lo KBAHTOBI LLUSXW MalOTb
O[HaKOBi BNaCTMBOCTI Y PENATUBICTMYHIN Ta HEPENSaTUBICTUYHIA obna-
CTSX, 3@ YMOBMU, LLLO HEMAE YTBOPEHHS HOBUX 4YaCTUHOK. BBeoeHo aeski
BEJIMYNHN, NOB’A3aHi 3i Wnsxamu. Lli BeNM4nHmM MatoTb NPOCTE SHAYEHHS,
aKwo BennumHa SBh, e S — obepHeHa TeMnepaTypa, Po3rnaaaeTbes K
3BUYanHMin Yac. CniBBiAHOLLEHHS MiX LLBUAKICTIO HA LUAAXY Ta iMMY/IbCOM
HE € 3BUYHNM, NOSBASIETLCHA OOATKOBUIM YNEH, KNI NOKa3ye, Lo Tep-
MOCTaT He MOoXxe dikCcyBaTu cepeHE 3Ha4YeHHS Liel LWBUAKOCTI. Xo4a yCi
TepMOoAMHaMIYHI BEIMYNUHW NPUAMAIOTb TPAANULINHI 3HAYEHHS.

Wnaxu onncytoTe GRykTyauiiHi TPAEKTOPIT, Ha AKMX YaCTUHKM NiOKoPSa-
I0TbCS PIBHAHHAM pyxy. [ng iHTepBanis 4acy, 3Ha4HO KopoTwwmnx 3a Sh,
MU BiITBOPIOEMO BNACTUBOCTI BPOyHIBCbKOro pyxy. TpaekTopii € obme-
XeHi Yy NpoCTOopi MiXk 06’EMOM NMOPSAAKY KOMMTOHIBCLKOI A0BXWUHM XBUII
0N KOPOTKUX BifiCTaHel Ta 06’eMOM MopsAaKy TeMMepaTypHOi JOBXN-
HU xBuUni ge bponna ona Hanbinblwwvx BigcTaHen. MokasaHo, Lo HEBU-
3HAYEHICTb MiX 4YaCOM Ta eHeprielo CnpaBoXYETbCA HA KBAHTOBUX LUAS-
xax. Lle Bkasye Ha Te, WO MaTpuusa ryctuHmn, OTpMMaHa KBaHTyBaHHSAM
KJ1TaCMYHOI KaHOHIYHOI dYHKLT po3noainy, He Mae OyTu LIIKOM eKBiBa-
JIEHTHOIO 40 MaTpuLi r'yCTUHKW, OTPMMaHoi 3BuknnmM crnocobom. Haeepe-
HO MEPEKOHNMBI apryMeHTN Ha KOPUCTb TOro, Wo [Bh Moxe po3rnsga-
TUCb K 3BUYANHUI Yac, a He K dopMasibHa BENMYMHA, WO MA€E PO3MIp-
HicTb Yacy. Lis ctaTTa nokasye, Wwo ansg inTepsanis 4acy nopsaaxky 10 pem-
TOCEKYHL, MOXHA O4iKyBaTM LLiIKOM HOBY i31Ky NPU KiMHATHI Temnepa-
Typi. TakoX Lj pe3ynbTaTy HABOAATb HA AYMKY, LLLO BiAHOLEHHS Fi/k, MO-
Xe BigirpaBaTty BMpillanbHy posb Yy NobyaoBi KOBapiaHTHOI CTaTUCTUYHOIT
di3vKN.

KniouoBi cnoBa: iHTerpas o Luisxax, ctatuctmyHa @isvika,
ykTyauii, BiAHOCHICTb

PACS: 03.65.Ca, 05.30.-d, 05.70.-a, 47.53.+n
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