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The structure of cylindrical double layers is studied using a modified Poisson Boltzmann theory and the den-
sity functional approach. In the model double layer, the electrode is a cylindrical polyion that is infinitely long,
impenetrable, and uniformly charged. The polyion is immersed in a sea of equi-sized rigid ions embedded in
a dielectric continuum. An in-depth comparison of the theoretically predicted zeta potentials, the mean elec-
trostatic potentials, and the electrode-ion singlet density distributions is made with the corresponding Monte
Carlo simulation data. The theories are seen to be consistent in their predictions that include variations in ionic
diameters, electrolyte concentrations, and electrode surface charge densities, and are also capable of well re-
producing some new and existing Monte Carlo results.
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1. Introduction

Description of the interactions and correlations of large polyions with the small, more mobile ions in
the surrounding ionic cloud is of significance in situations ranging from fundamental life processes such
as the transport of ions, water, and various molecules across cell membranes, flocculation in colloidal
systems [1], industrial polyelectrolytes [2], and the native structure of DNA and various proteins [3-5].
The structure and thermodynamics of all these systems manifest the complex behaviour of small ions
within the atmosphere. A detailed understanding of the static structural features is therefore central to
assessing the relative effect of various control parameters in such phenomena.

The electrode (polyion) along with the neighbouring inhomogeneous ion layer constitute the electric
double layer with the shape of the polyion determining the geometry of the double layer. Over the past
few decades the planar double layer (PDL) has become synonymous with the electric double layer as
it has been the one to have been extensively investigated through theoretical approaches, numerical
simulation methods, and experimental techniques (see for example, references [6,7] for recent reviews).
This notwithstanding, other double layer systems, viz., the cylindrical double layer (CDL), the spherical
double layer (SDL), and ellipsoidal double layer (ESDL) have been coming under increasing scrutiny in
recent years.

A number of experimental techniques including the small angle x-ray and neutron scattering [8, 9],
the optical imaging, and electrophoretic mobility measurements have been used to probe the properties
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of electric double layers [10, 11]. Recent advances in theoretical approaches and simulation methodolo-
gies have aided in the explanation of some of these experimental observations [12]. In most of the theo-
retical studies, the polyion is generally modelled as an infinitely long, hard, uniformly charged cylinder
with the small ions being treated as charged hard spheres moving in a dielectric continuum. This is the
so-called primitive model of the CDL. Of the theoretical studies mention ought to be made of the coun-
terion condensation (CC) theory [13], the classical Poisson-Boltzmann (PB) description [14, [15], and the
formal statistical mechanical approaches, for example, the integral equation theories [16, [17], the mod-
ified Poisson-Boltzmann theory (MPB) [18-20], and the density functional theory (DFT) [21, |22]. Parallel
Monte Carlo (MC) simulations in various forms [9,/23-32] have provided exact quantitative data for many
model systems with regard to their structure and thermodynamics. However, many of these simulations
have involved the cylindrical cell model [9,127-32] where the polyion is at a finite, non-zero concentration.
By contrast, in the case of the CDL — our focus in this paper, the polyion is at infinite dilution, and in this
situation the early MC simulations [23+26] were somewhat limited in their scope. Indeed, in an earlier
paper [33] two of us tried to compare the DFT and the MPB structural results for the primitive model CDL
but the lack of detailed simulation data proved a hindrance and precluded a detailed comparison. The
picture has now changed, however, with the availability of a new generation of MC simulation results
due to Goel et al. [34]. This will permit a critical evaluation of these theories relative to the benchmark of
the simulation data.

The DFT and MPB approaches to the electric double layer theory have come to be recognized as being
two of the more successful ones for the planar [35], spherical [36,137], and cylindrical [33] symmetries. In
the PDL, in particular, both the theories have proved useful in describing the capacitance behaviour in-
cluding capacitance anomaly at low temperatures [38]. The DFT techniques have evolved over the years
since the initial applications to the PDL in the early 1990’s [39-41]. In recent years, a number of new
formulations of DFT, coupled with different statistical mechanical approaches, have emerged as robust
methods to study the systems involving correlations like the electric double layer [42]. A partially pertur-
bative DFT procedure [21,!43] is adopted in the present work where the hard sphere part is determined
through the weighted density approach (WDA) of Denton and Ashcroft [44], while the electrical contri-
bution is a perturbation on the corresponding bulk electrolyte. The essential idea of the MPB theory is
to incorporate within a potential formulation, the important missing elements in the classical PB formu-
lation, namely, the inter-ionic correlations and the ionic exclusion volume effects. For the CDL, an MPB
equation was first obtained by Outhwaite [18]. Numerical solutions were later developed by Bhuiyan and
Outhwaite [19, 120] with some limited comparison with the hypernetted chain/mean spherical approxi-
mation [45,46].

The first detailed comparative study of the DFT and the MPB structural results relative to MC simu-
lations was undertaken by Bhuiyan and Outhwaite [35] for the PDL. The two theories were seen to be
remarkably consistent over a wide range of physical parameters probed through the simulations [47].
A similar consistency between the theories was later observed by the same authors [36] with regard to
structure in a SDL. An interesting result of the latter work is the charge inversion phenomenon observed
in the MC simulations [48] for higher valencies, which was also reproduced by both the theories to a very
good accuracy. It is thus natural to wonder if such trends will carry over to cylindrical symmetries.

In this paper we will explore the DFT and MPB theories for a primitive model CDL with a particular
emphasis on the comparative behaviour of zeta potentials, density and mean electrostatic profiles vis-
a-vis the Monte Carlo data. The zeta potentials are useful indicators of the capacitance characteristics of
double layers and such comparison of these two theories in this regard has not appeared in the literature.
Although our focus will be on DFT and MPB calculations at different physical states, we also intend to do
MC simulations for new states.

2. Model and methods

As indicated in the previous section, in the model double layer system treated here, the polyion is
mimicked by an infinitely long, non-polarizable, hard cylinder with a uniform surface charge density.
The polyion is bathed by a restricted primitive model (RPM) electrolyte (equi-sized charged hard spheres
moving in a dielectric continuum). The polyion surface charge density o is related to the axial charge ¢
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where e is the fundamental charge, b is the monomer length (length per unit charge), g = (kgT) ", kg
being the Boltzmann’s constant, and 7 the temperature. The continuum solvent is characterized by the
relative permittivity e, (€p is the vacuum permittivity), which is taken to be e, = 78.358, and R is the
radius of the polyion taken as R = 8 x 10™'° m. Following the previous work of Patra and Bhuiyan [33]
we have set T =298.15 K, b = 1.7 x 107'% m, and in most cases ¢ = 4.2 (¢ = 0.187 C/m?), which are the
accepted values for a double-stranded DNA [26]. The other variable physical quantities will be described
in the Results section. Denoting the charge of a small ion of species i by g; = Z; e, with Z; being the ionic
valency, the ion-ion interaction potential in the Hamiltonian can be written as

00, r<a,
uij(ry= qiqj rsa (2)
Ameperr’ ’

where r is the distance between a pair of ions and a is the common diameter of the ions of the bathing
electrolyte. The bare interaction between an ion of species i and the polyion is given by

ui(ry) = vi(ry) + w;i(r;y), 3
where v;(r;) and w;(r;) are the non-electrostatic and electrostatic (Coulombic) parts of the ion-polyion

potential with r; being radial distance of ion i from the polyion axis. The non-electrostatic contribution
is a hard-core potential

oo, ri<R+al2,
vl-(r,-):{ 0 rl->R+a/2 @)
) 1 .
The electrostatic part w;(r) is given by
eqi
——In(r;), r;i=R+al2,
w;(r) = { 2megerh (ri), - 1i (5)
00, otherwise.

The above double layer model was solved using the DFT and MPB techniques. The development of
these theories has been chronicled elsewhere in the literature and will not be repeated here. For a sum-
mary of the principal equations that are used in the present calculations we refer the reader again to the
earlier work by Patra and Bhuiyan [33]. The MC simulations were done in the canonical ensemble using
the standard Metropolis algorithm and have been described by Goel et al. [34].

3. Results and discussion

The DFT and MPB equations were solved numerically following the procedure given in references
[39, 43] for DFT and [49-51] for MPB. During the course of calculations we generally considered the
following ranges of variation for some of the physical parameters: the electrolyte concentration ¢ from
0.05 mol/dm3 to 2 mol/dm3, the ionic diameter a from 2 x 107! m to 6 x 10~'° m, and the axial charge
factor ¢ from 2.1 (o = 0.0935 C/m?) to 10.5 (o = 0.468 C/m?). These parameters were chosen to be in line
with the existing MC data [34]. It ought to be mentioned though that the same ranges of variation for
the same parameters were not strictly maintained for all the electrolyte systems treated. For comparison
purposes we have also obtained numerical solution of the classical PB theory at the same set of physical
states. In describing the results we will use universal reduced parameters for convenience, the relevant
ones in the present case being o * (= od?/ e) for the reduced surface charge density, and y* (r) [= ey (r)]
for the reduced mean electrostatic potential.
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Figure 1. (Color online) Reduced zeta potential {* [=w™* (R/a+ 1/2)] versus reduced surface charge den-
sity o* for a 1:1 electrolyte at solution concentration (in mol/dm3 units) 0.1 M (panel a), 1 M (panel b),
and 2 M (panel c) in a RPM cylindrical double layer. The symbols represent MC data, while the solid line
represents the MPB results, the dashed line represents the DFT results, and the dash-dotted line shows
the PB results. The polyion radius is R = 8 x 10710 m, and the ionic diameter a = 4 x 10710 m. MC data
from reference [34].

3.1. Zeta potential

We begin this discussion by considering the zeta potential profile as a function of polyion surface
charge density o, salt concentration ¢, and ionic valency Z;. The zeta potential is defined in the poly-
electrolyte literature as the mean electrostatic potential at the closest approach between the small ion
and the charged polyion, that is, { = @ (R + a/2). Figures [TH3] depict the reduced zeta potential profiles
(* =y* (R/a+1/2) with respect to the reduced surface charge density o*. In these calculations, the ionic
diameter is held fixed at a = 4 x 1071 m. The results for a 1:1 electrolyte system at three different elec-
trolyte concentrations ¢ = 0.1 mol/dm?, 1 mol/dm3, and 2 mol/dm?® are shown in figures [ (a)-(c). In all
cases the MC {* is monotonic and increases continuously with ¢*, although the rate of increment de-
creases at the higher salt concentration. The PB results overestimate the MC {* for the same ¢™* and this
deviation increases with concentration. This is of course a well known feature of the mean field result
in that the theory is more useful for monovalent systems at low concentrations where the effect of the
neglected inter-ionic correlations is relatively less. One of the more noteworthy features of figure[dlis the
quantitative agreement of the DFT and MPB predictions with MC results at all concentrations and over
the whole range of ¢* studied. A similar level of agreement between the two approaches was seen for
the PDL [35] and the SDL [36].

As we move on to 2:2 systems in figure 2] the striking feature is that the MC, DFT, and MPB {* are no
longer monotonic. Indeed, the MC {* shows a maximum before starting to decrease at high o*. Both DFT
and MPB (* follow the MC trends closely. At still higher surface charges, viz., 6* > 0.5, the MPB shows a
shallow valley before increasing again as can be seen in the insets. This trend is probably an artefact of
the theory. The PB results are monotonic and are thus not even qualitative with the simulations.
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Figure 2. (Color online) Reduced zeta potential {* [= w™* (R/a+ 1/2)] versus reduced surface charge den-
sity o for a 2:2 electrolyte at solution concentration (in mol/dm3 units) 0.05 M (panel a), 0.5 M (panel b),
and 1 M (panel c) in a RPM cylindrical double layer. The symbols represent MC data, while the solid line
represents the MPB results, the dashed line represents the DFT results, and the dash-dotted line shows
the PB results. The polyion radius is 8 x 10719 m, and the ionic diameter a = 4 x 10719 m. MC data from
reference [34].

Figure [3 shows the ¢* for an asymmetric 2:1/1:2 valency electrolyte. In the region ¢* > 0 we have
univalent counterions, while in the region o* < 0 the counterions are divalent. It is interesting to observe
that the characteristics of the zeta potential for the 2:1 and 1:2 systems resemble that for 1:1 in figure[d]
and 2:2 in figure[2] respectively. This is clearly indicative of the well known result that it is the electrode-
counterion interaction that governs double layer properties. Although not clearly visible at the scale of
the figures, the MC, DFT, and MPB reveal a non-zero potential of zero charge (pzc), which is a conse-
quence of asymmetry in the system. Besides, both DFT and MPB show good overall agreements with the
simulations. The PB theory, however, does not reveal any non-zero pzc and is again not qualitative with
the MC results for 1:2 systems. We remark further that the maxima or minima in {* have been predicted
previously theoretically and through simulations for the PDL [35,147,152,/53] and the SDL [36,/37,54-561,
and have also been observed earlier for the CDL [19, 20, 45, 146].

3.2. Double layer structure
3.2.1. 1:1 electrolytes

We now focus on the static structural properties of the CDL given in figuresHI0l In the three figures[]
and[Blwe will compare the theoretical results with the available MC data [34] for ionic density distribu-
tions as well as the mean electrostatic potentials for 1:1 salts at different parametric conditions. Figure [
depicts variation in concentration of the salt while keeping all other parameters fixed, and in particular,
a=4x10"""m and ¢ = 4.2 (o = 0.187 C/m?). As might be expected, there is an excessive accumulation
of counterions near the polyion surface, which continuously decays down to the bulk. All the ¥* (r) and
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Figure 3. (Color online) Reduced zeta potential {* [= w™* (R/a+ 1/2)] versus reduced surface charge den-
sity o™ for a 2:1/1:2 electrolyte at solution concentration (in mol/dm3 units) 0.05 M (panel a), 0.5 M (panel
b), and 1 M (panel c) in a RPM cylindrical double layer. The symbols represent MC data, while the solid line
represents the MPB results, the dashed line represents the DFT results, and the dash-dotted line shows
the PB results. The polyion radius is 8 x 10719 m, and the ionic diameter a = 4 x 10719 m. MC data from
reference [34].

gi(r) are monotonically decreasing with the DFT and MPB results being virtually indistinguishable from
the MC results. With an increase in electrolyte concentration, this decrease becomes more rapid and the
double layer becomes progressively less diffuse. An increase of concentration also leads to an increase
in coion contact value and to a decrease in counterion contact value. This is due to a more complete
screening at these conditions. As has been seen previously in case of the PDL [35], at such relatively low
concentration 1:1 systems, the PB results are also in good agreement with the simulations.

The effect of ionic size on the double layer structure is illustrated in figure [5] where we present the
results at ionic diameters a = 2,4, and 6x 10710 m, respectively. These calculations are at ¢ = 0.5 mol/dm?3,
and ¢ = 4.2 (0 = 0.187 C/m?). A glance at the figures across the panels from left to right reveals that the
double layer becomes more compact as the ionic diameter increases. The consequent increase of the ion
exclusion volume, or equivalently the solute volume fraction, results in increased packing effects, which
reduces the range of the singlet distribution functions. This feature is corroborated by the corresponding
potential profiles. In figure[@the effect of charge correlations on structure can be seen in the profiles now
at different axial charge parameters, viz., { = 2.1, 4.2, and 10.5, corresponding to o = 0.0935, 0.187, and
0.468 C/m?2. Here, the ionic diameter and concentration are held fixed at 4 x 107'9 m and 0.5 mol/dm3,
respectively. A high surface charge density leads to stronger electrostatic correlations, which in turn
leads again to compact double layers. In effect, both size and charge correlations affect the structure
in the same directions. In the last two figures the DFT and MPB reproduce the simulation results to a
very good degree, while the PB shows the maximum deviation at @ = 6 x 107!* m (figure[5) and ¢ = 10.5
(0 =0.468 C/m?), figure[d
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Figure 4. (Color online) Polyion-ion singlet distributions (lower panel) and the reduced mean electrostatic

potentials (upper panel) for a 1:1 electrolyte surrounding a polyion with an axial charge parameter ¢ =

4.2 (0 =0.187 C/mz) and radius R = 8 x 1010 m. The electrolyte concentrations are, from left to right,

0.025 M, 0.1 M, and 0.5 M, respectively. The rest of symbols and notation as in figure[fl The ionic diameter
a=4x10"19 m. MC data from reference @].

3.2.2. 2:2 and 2:1/1:2 electrolytes

Turning now to higher and/or multivalent electrolyte systems, in figure [Zlwe present the density and
the potential profiles for 2:2 and 2:1 electrolytes at 0.1 mol/dm?® concentration, a = 4 x 107'° m, and
& =4.2 (0 =0.187 C/m?). We remark here that we have performed the MC simulations for these cases in
the course of this work as this data in reference [34] has been found to be somewhat doubtful. The 2:2
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Figure 5. (Color online) Polyion-ion singlet distributions (lower panel) and the reduced mean electrostatic

potentials (upper panel) for a 0.5 M 1:1 electrolyte surrounding a polyion with an axial charge parameter

=42 (0=0.187 C/m?) and radius R = 8 x 10~ m. The ionic diameters are, from left to right, 2, 4, and

6 x 10710 m (in the labels & = 107'0 m), respectively. The rest of symbols and notation as in figure[l MC
data from reference [34].
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Figure 6. (Color online) Polyion-ion singlet distributions (lower panel) and the reduced mean electrostatic
potentials (upper panel) for a 0.5 M 1:1 electrolyte surrounding a polyion with a radius R =8x 10719 m
The polyion axial charge parameter ¢ values are, from left to right, 2.1 (o = 0.0935 Cc/m?), 4.2 (o =
0.187 C/m?), and 10.5 (o = 0.468 C/m?2), respectively. The ionic diameter is 4 x 10710 m The rest of symbols
and notation as in figure[Tl MC data from reference 134].

electrolyte with the divalent counterion shows somewhat larger structure relative to the 2:1 electrolyte
due to an increased polyion-counterion attraction. This is also visible in the potential profiles with the
double layer being more diffuse in the latter case. The DFT and MPB results again show a considerable
consistency for both 2:2 and 2:1 salts, although in the former instance the MPB coion g(r) is marginally

22,01 M 2:1,01M

Figure 7. (Color online) Polyion-ion singlet distributions (lower panel) and the reduced mean electrostatic
potentials (upper panel) for 2:2 and 2:1 electrolytes surrounding a polyion with an axial charge parameter
&=4.2 (0 =0.187 C/m?) and radius R =8 x 107'% m. The electrolyte concentration is 0.1 M in each case.
The rest of symbols and notation as in figure[dl The ionic diameter a =4 x 10719 m.
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Figure 8. (Color online) Polyion-ion singlet distributions (lower panel) and the reduced mean electrostatic
potentials (upper panel) for a 1:2 electrolyte surrounding a polyion with an axial charge parameter ¢ =
4.2 (o = 0.187 C/m?) and radius R = 8 x 10719 m. The electrolyte concentrations are, from left to right,
0.05 M, 0.1 M, and 0.5 M, respectively. The rest of symbols and notation as in figure[Il The ionic diameter
a=4x10"'0 m. MC data from reference [34].

closer to the MC data near contact. In the same case, the PB also shows a greater deviation.

The role of an increased electrostatic attraction between the polyion and multivalent counterions in
characterizing the polyion-ion distributions and mean electrostatic potential profiles is further evident
in figures [BHI0] which show the structure of a double layer for 1:2 electrolytes under different physical
conditions. Figure 8 shows the effect of an increasing concentration at fixed @ =4 x 107! m and ¢ = 4.2
(0 =0.187 C/m?). While at the two lower concentrations the profiles are all monotonic, at the highest con-
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Figure 9. (Color online) Polyion-ion singlet distributions (lower panel) and the reduced mean electrostatic
potentials (upper panels) for a 0.5 M 1:2 electrolyte surrounding a polyion with an axial charge parameter
=42 (0=0.187 C/m?) and radius R = 8 x 10~ m. The ionic diameters are, from left to right, 3, 4, and
6 x 10710 m (in the labels & = 107'0 m), respectively. The rest of symbols and notation as in figure[l MC
data from reference [34].
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Figure 10. (Color online) Polyion-ion singlet distributions (lower panel) and the reduced mean elec-
trostatic potentials (upper panel) for a 0.5 M 1:2 electrolyte surrounding a polyion with a radius R =
8x 10719 m. The polyion axial charge parameter ¢ values are, from left to right, 2.1 (o = 0.0935 C/m?), 4.2
(0 =0.187 C/mz), and 10.5 (o0 = 0.468 C/mz), respectively. The ionic diameter is 4 x 10719 m The rest of
symbols and notation as in figure[Tl MC data from reference [34].

centration (¢ = 0.5 mol/dm?) oscillations are visible in the g;’s and y*. In particular, the minimum in y*
next to the polyion indicates an overscreening (charge reversal) of the polyion by the counterions. This
has been observed in earlier double layer studies involving, besides the DFT and MPB, other theoretical
and numerical methods [17]. The DFT and MPB theories follow the MC data very closely, whereas the clas-
sical theory shows a substantial deviation especially at ¢ = 0.5 mol/dm3 where its monotonic behaviour
is at odds with that of the simulations.

Overscreening can also be a function of ionic size as well the surface charge density of the polyion
as can be gleaned from figures Q] and [0l A rather large charge inversion is observed in figure 0l when
the depth of the potential minimum increases with an increase in ionic size. The comparative behaviour
of the DFT and the MPB theories relative to the MC simulations seen earlier extends to these situations
too, while the PB theory continues to show large and sometimes qualitative discrepancies. Charge cor-
relation shows its prominence in figure [[0l with overscreening leading to large charge inversion at the
highest surface charge density treated [¢ = 10.5 (0 = 0.486 C/m?)]. However, in this situation the DFT
coion distribution shows some deviation from the MC and MPB results, similar to that for the 2:2 case in
figure [7] possibly due to the approximation involved in the present formulation of the theory. The DFT
charge inversion is also overestimated at £ = 10.5. In the classical formalism, steric effects or charge cor-
relations are never taken into account and as such the PB theory yields monotonically decreasing density
and potential profiles at all concentrations, ionic sizes, and surface charge densities.

4. Conclusions

We have done a comparative study of the density functional and the modified Poisson-Boltzmann the-
ories as applied to the RPM cylindrical double layer. A critical evaluation of these analytical approaches
in their ability to reproduce the Monte Carlo results for the zeta potentials, the singlet density distribu-
tions, and the mean electrostatic potential profiles has been the theme of this work. An important global
aspect of the results is the consistency of both theories in their predictions of these structural features
for the range of the concentrations of the electrolyte, ionic diameters, and the polyion surface charge
densities studied here; the theories also follow the Monte Carlo simulations to a very good degree overall.

The classical mean field results are reasonable for 1:1 valencies at relatively low concentrations, but
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are generally poor and even fail to be qualitative with the simulations and the formal theoretical results at
higher concentrations and/or in the presence of higher valency or asymmetric valency electrolytes. These
results are not unsurprising and point to the importance of including ionic correlations and exclusion
volume effects. The appearance of a maximum (or minimum) in the zeta potentials for electrolytes with
multivalent counterions is an interesting phenomenon and is suggestive of a non-monotonic nature of
the differential capacitance. In such situations, the density and potential profiles also indicate polyion
overcharging [36,37].

The present study of the double layer in cylindrical geometry in conjunction with the earlier studies
in planar [35], and spherical [36] geometries reveal remarkable overall consistency of the DFT and MPB
theories both among themselves and with the corresponding simulation data. and hence the usefulness
of these theories in describing interfacial double layers. This is encouragement for a future development
and application of these theories to more complex polyelectrolyte and colloidal systems.
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CTpyKTYypa LUNiHAPUYHOTO noAiiiHoro wapy. NopiBHAHHSA
Teopiil pyHKLioHaNy rycTUHN i MoANGPiKOBAHOro PiBHAHHS
MyaccoHa-bonbLMaHa 3 moaentoBaHHAM MoHTe-Kapno

B. [I,OpBinbel-m, K.H. I'Ianam, J1.B. Byﬁa#ﬂ, K.B. OyTBaﬁTB]

L JNlabopartopisi TeopeTnyHOI ¢isnku, YHiBepcuTeT MyepTo Piko, MyepTo Piko, CLUA
2 Bigain TeopeTnyHOI Ximii, LleHTp aTOMHMX gocnigxeHb brabra, Mym6aii, IHaia

3 dakynbTeT NpUKNagHoi MateMaTuky, YHisepcuteT M. Leddinga, Wedding, BennkobpuTtaHis

BrBUeHO CTPYKTYpYy UMAIHAPUYHUX NOABIAHMX LUapiB, BUKOPMCTOBYHOUM MoAudikoBaHy Teopito MyaccoHa-
BonbLmaHa i Teopito GyHKLiOHANY rycTUHW. Y Wil MoAeni NOABIAHOTO LLApy eN1eKTPOAOM € HECKIHYEHHO AOBriA,
HEeMNPOHUKHWI Ta OAHOPIAHO 3apAKEHNA UMAIHAPUYHIIA NoniioH. BiH oToueHniA cncTeMotro ioHiB 0AHaKoBOTO
po3Mipy y AienekTpuyHomy cepefoBuLLli. BUKOHaHO foknajgHe NOPIBHAHHA pe3ynbTaTiB Teopii Ana A3eTa no-
TeHLianis, ANA CepejHbOro eNeKTPoCTaTUMUYHOro NOTEHLiaNny Ta A8 PO3NOAINIB 'YCTUHW iOH-€N1eKTPOZ, 3 AaHUMN
KOMM'I0TePHOro MoentoBaHHA MoHTe Kapsio. TeopeTuyHi pesynbtati y3roAxyroTbcs 3 HOBMMU Ta nonepejHi-
MU JaHnmn moAentoBaHHsa MoHTe Kapsio Npu 3MiHi pisHUX MapaMeTpiB, TakuX SK iIOHHI AiaMeTpu, KOHLeHTpaLis
e/1eKTPOAa, NYCTUHA 3apsajy enekTposa.

KntouoBi cnoBa: no4BiliHnii enekTpuyHnii Lwap, obMexeHa NnpUMITUBHA MOAe/b, NPOYini ryctnHu
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