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We present the first theoretical study of the merging of diabolical points in the context of superconducting
circuits. We begin by studying an analytically solvable four-level model which may serve as theoretical pattern
for such a phenomenon. Then, we apply it to a circuit named Cooper pairs pump, whose diabolical points are
already known.
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1. Introduction

Superconducting circuits [E|] become more and more central in modern quantum physics. Their prin-
cipal building blocks are ultra-small Josephson junctions ] which can be assembled in a variety of ways,
each of them defining a specific quantum system. Being frequently easier to manipulate, these solid
state devices tend to supplant atomic and photonic systems, the “old paragons” of quantum mechan-
ics. Notably, superconducting circuits are widely used to engineer qubits ]: the non-linear behavior
of Josephson junctions serves to isolate couples of levels in a Hamiltonian spectrum. They are also used
to perform the role of analogs of cavity quantum electrodynamics 19-11] (a qubit plays the role of an arti-
ficial atom while a transmission line carries artificial photon modes), (non-) Abelian holonomies @—@],
(non-) Abelian quantum charge pumpings ], etc. In brief, they are good candidates for implement-
ing quantum logic operations IEL ] as well as appear to be quite promising for applications in electrical
metrology [IE]. The Cooper pairs pump (CPP) considered in this article is an archetype of quantum circuit
having a few (collective) degrees of freedom. In reference llﬂ] there has been theoretically demonstrated
a possible topological quantization of the pumped charge through an invariant called first Chern num-
ber (or Chern index) ,]. It relies on the existence of diabolical points ] in the three-dimensional
parameter space of a system, i.e., on double degeneracies characterized by a linear dispersion in all di-
rections of that space.

Quite recently, G. Montambaux et al. have demonstrated the possibility of merging Dirac points in
certain two-dimensional crystals, especially in hexagonal — graphene-like lattices ] (see also ref-
erences I@—@]). Dirac points are nothing else but diabolical points in the reciprocal space of crystals.
They are “naturally” located at points of high symmetry, e.g., at vertices of a regular hexagonal lattice.
However, in accordance with the famous Wigner-von Neumann theorem [@], they may move, driven by
well-chosen additional parameters. In the graphene example, the two triangular sublattices carry non-
equivalent Dirac points. The merging of two neighboring non-equivalent Dirac points evokes the meeting
of a knot and its anti-knot: being monitored by a merging parameter, they move closer together, then
merge into a single degeneracy and finally disappear. At the transition, the single degeneracy is charac-
terized by a quadratic dispersion in the direction of merging. Inspired by the works of G. Montambaux
et al., in this paper we present a theoretical study of the merging of diabolical points in the context of su-
perconducting circuits. The choice of the CPP was motivated by its well-known diabolical points located
in a hexagonal lattice, a property which confers to that circuit a great similarity to graphene.
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The paper is structured as follows. Before introducing the CPP, we begin in section 2] by formally
treating the merging process within the framework of a generic four-level model. The reason for such
a choice in the organization is threefold: (i) the merging using the CPP relies on the model that permits
to display a priori the merging parameter of the CPP; (ii) it provides a “universal Hamiltonian” which is
susceptible to be realized in different quantum contexts of ours; (iii) it gives the opportunity to briefly
review some characteristics of double degeneracies in a parameter space. In section [3] we present the
CPP and emphasize the symmetry origin of its “mobile diabolical points”. Finally, via a modification of
the circuit, we suggest in section4a way of merging these points. This will be done through an effective
Josephson energy as the merging parameter.

2. The four-level model

We consider a model Hamiltonian depending on a triple of tunable parameters R = (X, Y, Z) and
having the form

E+X  Fe?  FeZ 0

Fe4 _f4y Gel4  Fel4

Fe 2 GeZ _f—_y FelZ
0 Fei4 FeiZ2 ¢_x

HR) = 1)

in an orthonormal basis {|e1), |e2),|e3),|e4)}. Here, F # 0 and ¢ are constants, and G is an additional tun-
able parameter. The latter is a dubbed merging parameter for the reason which will appear shortly. We
will restrict Z to the interval [—Z; %] since the translation Z — Z + 7w amounts to the change of the sign
of F and G. The set of vectors R forms the natural parameter space of the problem. In this space, the
spectrum of H possesses the symmetry 9,;,. Indeed, H is (anti)unitary transformed under sign-reversing
of X, Y and Z. Explicitly, we have

1. HX,)Y,-Z2) =X HX,Y,Z) X T, where £ is the complex conjugation operator with respect to the
basis {|e1),|e2), |e3),|eq)};

2. HX,-Y,2Z) = [%(Z) X |HX,Y, Z)|%2)x]" with

sz 0 0 0
0 01 0
UD= o 1 0 o '
0 0 0 e¥z
3. H-X,Y,2)=|%(2)T|H(X,Y,Z) [02/(2)97]T with

00 0 1
0010

of —

T=10o 10 o0
1 0 00

In particular, under R-inversion, we obs_erve the simple unitary equivalence H(-R) =9 H(R)T T,
Since {(e1|(H — ) (H —v)|es) = 2F2e2Z 2 0, for any p and v, H has at least three distinct eigenvalues.
Thus, A is a (doubly) degenerate eigenvalue of H if and only if (iff) there exists a real § > 0 such that

(H=-D)H+A+p)(H+A-p)=0. )

In this case, —A — f and —A +  are the other eigenvalues and A is the smallest one iff § < —2A. After a
little algebra based on equation (2) and H’s characteristic polynomial, we find that the ground level of H
is degenerate iff G is greater than the critical value Ge = /2F? + &2 — & while X = + X4 with

Xq= \/(1—%)(G+2§)(G+GC+2§).
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Figure 1. (Color online) Plots of the two lowest energy levels as functions of X and Y, with Z = 0 and
¢ = |F|, for different values of the merging parameter G. As long as G > G, the distance between the
diabolical points Dt and D~ decreases with G. They merge for G = G, into a single degeneracy charac-
terized by a quadratic dispersion §(X) in the X-direction and disappear as G < G¢. The plot unit is |F|. (a)
G=Gc+0.25|F|; ) G=Gc+0.05|F[; (c) G=G¢; (d) G=Gc—-0.3]|F|.

As long as G > G, the two distinct points D*, located at R* = (¥X4,0,0), are isolated degenerate
points in the R-space. They illustrate a classical theorem of von Neumann and Wigner [@] which states
that, generically, twofold degeneracies have codimension three. Alternatively stated, in an N-dimensional
parameter space, there generically exist submanifolds of dimension N — 3 over which a level is doubly
degenerate. Here, N = 3 and the degenerate subspaces are the points (dimension: 3 — 3 = 0). One should
also think of a bigger space collecting all the parameters entering H, as the six-dimensional space of
vectors Z = (X, Y, Z,¢, F,G). The submanifold verifying, simultaneously F#0, Y = Z =0, G = G¢({, F),
and X = +X4(¢, F,G) carries a degenerate ground level and has a (co)dimension 3 in the %-space, as
expected.

The points D* move closer together when we reduce G, while conserving the symmetry relations
[H,%] = [H, %] = 0 (see figure [I). This corresponds to a generic situation: if they deviated from the
planes Y =0 or Z = 0, each of them would split into 2 (or 4) distinct degenerate points. They merge at
R =0 for G = G, and finally disappear as soon as G < G, the minimal gap between the two lowest levels

being
( \/16F2 + (G —2¢)? —3G) —¢.

Let IT be the projector into H(R*)’s ground eigenspace and {|1),|2)} an orthonormal basis of that
subspace. Let 0 = (0x,0,0) be the triple of operators represented by the usual Pauli matrices in the
basis. Up to an unimportant component along I, there exists a unique fixed real matrix M of the order of
3 such that IT[VH(R") - (R—R")|II reads o - M(R—R"). Obviously, M depends on the choice of the basis,
but it is a simple task to show that the signum of its determinant is intrinsic to the degeneracy. It is the
signature I]ﬁ] of the degenerate point D* in the R-space. One can explicitly choose

A=

N =

1= —=(1e) ~len),

V2

_ [GG+20 (X F_F X

12) = e [(1 G+2€)|€1> G|€2> G|€3>+(1 G+2§)|e4>]’

where S is given by

B= \/G§+2§(1—%)(GC+2§).

Within this choice, one finds

4F?(G+28) Xy

M=
det 2= oy
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As long as G > G, the signature of D* is +1. In its vicinity, the two lowest levels are close together
and o -M(R—R%) is an accurate Hamiltonian for the states belonging to them. Since D* has a nonzero
signature, the level splitting around it is effective from the first order in |[R—R"| in all directions of
the parameter space: D* is a diabolical point [IE]. By symmetry, so does D™, whose signature is found
to be —1. For G = G, the single degeneracy located at the origin has a vanishing signature, because the
dispersion in the merging direction is quadratic. A perturbative analysis shows that a deviation (0,0,0) —
(X,0,0) opens a gap

500 = —GeX° owx*
B0= 2P+ GD) e

Before introducing the system which will serve to realize our four-level model, let us end this sec-
tion with two remarks. The first one is peculiar to the model: if Y, Z are suppressed and ¢, F tunable,
the Hamiltonian may be used to construct non-Abelian holonomies [@, @] over the manifold satisfy-
ing simultaneously F # 0, G = G¢(, F) and X = +X4(¢, F, G). The model may also serve to implement
non-Abelian pumpings having Z as pumping parameter ]. The second remark is more general and
concerns the signature. Consider some Hamiltonian H continuously defined over the R-space. Suppose
the existence of a nonsingular transformation t: R — R’ associated with a fixed symmetry operator T,
such that H(R) = TH(R)T". If T is unitary, it is straightforward to verify that the signatures are con-
served by the transformation if t is orientation-preserving and reversed otherwise. If T is antiunitary,
the contrary occurs. In our example, the signature of D~ is due to the orientation-reversing map R— —R
associated with the unitary operator 9 . Moreover, below we will use successive orientation-preserving
transformations of the parameter space, without incidence on the signature.

3. The Cooper pairs pump and its diabolical points

3.1. Basic settings

We consider one of the simplest implementations for a CPP, represented in figure [2l It is a small-
inductance superconducting loop (L — 0), threaded by a magnetic flux ®x and broken by three ultra-small
Josephson junctions ]. The junctions are assumed non-dissipative. They enclose two superconducting is-
lands, polarized by gate voltages Vg through low gate capacitances Cgr (k = 1,2). We set ngi = Cg Vi /2e
the corresponding gate charges in the unit of 2e (> 0). The vanishing loop inductance leads to a biasing

Ejn,,CL E;, C Ejr,Cr
(n1, 1) (n2, p2)
® Py
L—0
777L77

Figure 2. (Color online) The Cooper pairs pump (CPP) is essentially an array of three Josephson junctions
in a loop configuration. It depends on three external parameters: the gate voltages Vg on the supercon-
ducting islands and the magnetic flux ®x threading the loop. The system is said to be mirror symmetric
if the “exterior junctions” are identical (i.e., Ejj, = EjR, Cy, = CRr) and totally symmetric if all the junctions
are identical.
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phase ] @x = 2n Dy /D¢ across the CPP, where ®¢ = h/2e is the quantum of flux. We suppose Oy, Vg and
Vg2 independently tunable. The system has two collective degrees of freedom — one for each island —
and depends on three external parameters that we choose to be ng, ng and ¢y rather than Vg, Vg2 and
®. The conjugated operators assigned to the degrees of freedom are ny and ¢y (k = 1,2): the number of
Cooper pairs in excess (with respect to charge neutrality) and the phase of the superconducting param-
eter of the k' island, respectively. They verify the commutation relations (7 ikl =16 . We will study
the CPP in charge representation; |n;, n2) will represent the fundamental charge states defined such that
e%1 01, np) = |m F1, np) and e*92|ny, ny) = [ny, np F 1). Since eigenvalues of 7; and 7, can theoretically
cover all the range of Z, the orthonormal basis & = {|n1, n2) | (n1, np) € 7% spans the whole Hilbert space
of the problem.

Throughout this article, Cy = Cy, + C + Cg will be the capacitance unit and Ec = (2€)2/Cs will be
the energy unit. The latter is a typical charging energy of the circuit. We will study the system in the
Coulomb blockade regime, characterized by Josephson energies small in comparison to Ec = 1. Using the
canonical quantization procedure, a Hamiltonian H = H(ng1, ng, ¢x) may be derived for the system. It
splits into two parts: a charging Hamiltonian Hc = Hc(ng, ng) and a Josephson tunneling Hamiltonian
Hj = Hy(py). Neglecting the gate capacitances in comparison to Cs = 1 and using the notation a = (a1, az),
the former is

1 _
He =5 m-ng)-C" (n—ng), 3)
where C is the capacitance matrix:
c= CL+C -C
B -C C+C )’

The charging Hamiltonian is obviously diagonal in the basis % and verifies Hc (ng+a) = e ey, (ng) elae
for any integer vector a. Over the ng-plane, the energy surface of the eigenstate |0) = |0,0) is an elliptic
paraboloid centered at ng = 0. Thus, the energy surface of [n) = |ny,n2) = e ™?)0) is simply the trans-
lation by n of this paraboloid. Two different states [n) and [n’) are degenerate on a straight line charac-
terized by n, n’ and the capacitances. Then, one easily checks that |71, 7n,) is the ground state of H¢ in
a hexagon hex(ny, n2) centered at ng = n. This defines the well-known honeycomb lattice of the CPP. It
is graphically obtained by integer translations of two nonequivalent lattice points 7+ whose coordinates
are

-1
ng(Ti)=i%C( (€ )

(C D

The lattice picture is useful if we identify each fundamental state |n;, np) with its corresponding
hexagon hex(ni,ny). With respect to Hc, the common side of two neighboring hexagons is a piece of
the degeneracy line between the states, while the vertices are points of triple degeneracy. Introducing
the distance induced by the scalar product (x]y) = 2~!/2x-C~ly in the plane, this picture allows one to in-
terpret the charging energy of |n1, np) as the squared distance between ng and the center of hex(ny, 7).
“Branching” Hj, which can be brought into the form

Hy = U(px) | — EjLcos(g1 + @x) — Ejcos(pz — @1 + ¢x) — Ejr cos(@a +¢x) | Ulpy)', )

couples the neighboring states and generically lifts the degeneracies of Hc. Explicitly, U(@x) = eX N9x with
k1 =1-Cr(C™ 12 and k2 = 2— Cr(C™1)9s. In the Coulomb blockade regime, Hj is seen as a perturbation of
Hc. As a good approximation, the Hilbert space may be reduced to its subspace spanned by a few number
of fundamental states in the neighborhood of ng. To this end, we only take into account the states |7y, 712)
at a distance of ng shorter than a certain value.

Since H(ng+a, ¢y) = e Py (ng, ¢y) e'?? translations of lattice vectors a leave the physics unchanged
up to a displacement [n) — |n+ a) of the fundamental charge states. Moreover, performing the gauge
transformation |n, n2) — U(@x)|Iny, n2), the Hamiltonian is invariant under the translations ¢x — ¢x +
2km (k € Z). Thus, the spectrum of H possesses the translational symmetry of a hexagonal prism lattice
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® ¥x

Figure 3. The honeycomb lattice of the CPP over the ng-plane. It is generated by the triple points T*
whose coordinates are given in the text. Each state |ny, np) is the ground eigenstate of Hg in the hexagon
hex(np, n2). In the space of vectors r = (ng, ), the spectrum of the Hamiltonian H possesses the sym-
metry 6>y, It becomes 9}, = 6»j, x 0 if the CPP is mirror symmetric (the vertical reflection planes are
represented by thick lines).

in the space of vectors r = (ng, ¢x). In the new representation, let us introduce the complex conjugation
operator %, the “sign change operator” .%# : |n1, n2) — | — n;,—np) and the “charge exchange operator”
P :|ny, np) — |ny, ny). Taking the @y-axis vertical, the spectrum of H possesses the point symmetry 65j,:
under the reflection o and the inversion ¢, we have H(r) = & TH(o WA = FTHur) . In particular, the
symmetry 6> = 1o oy, implies that the Hamiltonians at (T*, ) and (T, @) are antiunitary equivalents,
and even unitary equivalents iff ¢x =0 mod 7.

If the CPP is mirror symmetric, that is to say, if the “exterior junctions” are identical (Ej, = Ejgr and
CL = Cp), the symmetry 9y, is reached. Indeed, the reflection ¢, shown in figure[3] exchanges ng; and
ngy, inducing the transformation H(o,r) = [V () P 1H®) [V () P 1T, where ¥ (¢y) = e 21n+7m2)¢x,

3.2. The diabolical points

The CPP is said to be totally symmetric if the three junctions are identical. In this specific case, one has
ng(T*) = J_r(%, %). As shown in figure @(a), the orientation-preserving map (rng1, ngz) — (X, Y), such that

X= # (ng+ngy — %) and Y = %(ngg —ng1), makes the hexagons regular in the (X, Y)-plane and places the
origin at T*. The charging energy of a state |n, ny) becomes the usual squared distance between (X, Y)
and the center of hex(np, ny).

Setting Z = ¢, the spectrum possesses the symmetry 23, in the so-defined R-space [see figure [d(a)].
The rotation %3 induces the transformation H(%63R) = [V (px) Z] H(R) [V((px)%]T, with Z : |n;, np) — |1 —
ny — nz, n1). The two symmetry operators &2 and % generate an unitary representation I' of the group
93 in the Hilbert space, such that I'(o,) = £ and ['(€3) = %. At the high symmetry points (T*,px =0
mod 1), the Hamiltonian commutes with I'.

The ground eigenspace of H¢(T") — spanned by |0,0), |1,0), and |0,1) — is an invariant subspace of
I'. If I'g is the restriction of ' to this space, we have

1 00 0 0 1
Tgo,)= 0 0 1 and Tg(@)=|1 0 0
010 010

in the basis {|0,0),(1,0), |0, 1)}. The subrepresentation I'; decomposes as A® E, where A and E are respec-
tively the totally symmetric and the two-dimensional irreducible representations of Z3. Obviously, the
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(b)

Figure 4. (a) The regularized honeycomb lattice of the totally symmetric CPP. The new parameters X
and Y are notably chosen so that T* is located at the origin. (b) Plot of the two lowest energy levels as
a function of X and Y at ¢x = 7 in the close vicinity of D", In a totally symmetric configuration, they
locally form a right circular double cone whose aperture is 29 = 27/3 + O(Ej).

state

1
== (0.0 11,0+ 0,1))

belongs to A. Then, we complete the basis of I'g by choosing two orthonormal states belonging to E:

1 1
B = (0 n-Lo) and e = —=(20.0-0.0-10).
In the basis {| A), |E1),|E2)}, we thus have I'y = A® E with A(o,) = A(€3) = (1) and
(-1 0 1 -1 -3
E(UV)—( 0 1 ); E(%S)—E( \/g 1 ) (5)

Any Josephson coupling between the states |A), |E1) and |E») is forbidden at the high symmetry points.
Since (Eq|Hj(m)|Eq) — (AlHj(m)|A) = =3/2 < 0 (a = 1,2), up to the first order in Ej, the ground level of
H(T™*,m) belongs to E while the first excited one belongs to A. The contrary occurs for H(T*,0). Thus,
the half-fluxoid condition ®y = ®3/2 mod P, ensures the double degeneracy of the ground level at the
point T*. The same conclusion holds at T~ from the equivalence between H(T~, ) and H(T™, @y).

Let us analyze the signatures of the degenerate points D* = (T*, 7). Redefining, for convenience, Z
as @ — 7, D" is located at the origin of the new R-space. Using the same notations as in section [2} basis
states |1) and |2) of H(D*)’s ground level are partners of the irreducible representation E = I[IT II. They
may — and they will — be chosen so that the matrices of E are given by (B) in the basis {|1),|2)}. Thereby,
we have |a) = |Eq) + O(Ej), @ = 1,2. The (anti)unitary transformations of H under the action of 23, imply

Table 1. The character table of 3. There are three irreducible representations: A (totally symmetric), B
(antisymmetric) and E (two-dimensional).

| @3 | E 2 <€3 30 v
A1l 1 1
B |1 1 -1
E | 2 -1 0
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the existence of two reals a and S such that

-aX aY +ipZz

+ —
MNVH(D™)-RJII = aY —ifZ aX )

(6)

in the basis {|1),]2)}. The coefficients a and f may be calculated as @ = 372 + O(Ej) and f = 37V2Ej +
O(EJZ). Fixing Z = 0, the two lowest levels, plotted around T as functions of X and Y, locally form a right
circular double cone whose aperture is 2arccot(a) = 27/3+ O(Ej) [see figure[ (b)]. This is a consequence
of the @3 symmetry. Writing the right-hand side of equation () in the form ¢-MR, one has detM = a8 > 0:
the signature of D" is +1. Returning to the natural r-space, the points D= are located at r* = (ng(Ti),Jr).
Since r™ = €r* and H(6or) = [F X Hx") [ %], the signature of D™ is —1.

The existence of “signed degeneracies” is fundamental to the physics of quantum pumpings. They
quantize the pumped charge along classes of cycles in the parameter space [é]. They are robust in the
sense that their existence is ensured by the Wigner-von Neumann theorem even though the 23 symmetry
is broken. In some ways, one should say that the symmetry plays an important role of producing signed
degeneracies which become “accidental” as soon as the symmetry is broken. Under continuous varia-
tions of the circuit characteristics (capacitances and Josephson energies) they continuously move in the
plane @y = 7, conserving their signature and the relation [H, £] = 0 (though loosing the regularity of the
conical intersection over the (X, Y)-plane).

4. Merging the diabolical points

As the first approximation in the close vicinity of 7%, the whole Hilbert space can be reduced to the
ground eigenspace of Hc(T?*). In these three-level models, the positions of D* are easily found. They are
located in the plane @y = 7 at

1

2 2 2
gD =g+ L[ FlFm =)
J J T 2ELEjER

Ejy (B~ )

Suppose that the CPP is mirror symmetric and Ej tunable. The above formula illustrates that the displace-
ment of D* conserves the symmetry [H,2?] = 0. Furthermore, reducing Ej improves ng1 (D*) = ng (DY)
as much as it reduces ng (D7) = ng (D7). So, the two diabolical points D* and D~ shown in figure [5la)

are expected to merge symmetrically at their midpoint I located at (%, %) in the ng-plane.

S dc SQUID
Ca1i Ejg,C/2 i Cy2
e
Ejg,C)/2 ® o Eyg,C)/2
X X X
_________ By, C/2

Ng1 ® P,
(a) (b) -

Figure 5. (a) (Color online) Displacements of two diabolical points D* and D~ as Ej decreases: they merge
at their midpoint /. (b) The circuit used to merge the points. The central junction of the CPP is replaced
by a dc SQUID threaded by a controllable flux ®. It behaves essentially as an effective junction having a
capacitance C and a Josephson energy tunable between 0 and 2 Ejg.
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08 [
06— 4—level model A
—s— Numerics
©
K 04 - i
0.2 - i
0 ! ! ! !
0 0.2 0.4 0.6 0.8 1

Ejg

Figure 6. (Color online) Plots of the critical value Ej. as a function of Ejg, obtained by the four-level model,
on the one hand, and by a numerical treatment, on the other hand. The plot unit is E.

Let Ejg = Ej;, = Ejg be the Josephson energy of the exterior junctions. By the definition of the capaci-
tance unit, their capacitance is (1 — C)/2. Around the point I, an approximate Hamiltonian is the restric-
tion of H to the subspace spanned by the basis {|0,0),[1,0),|0,1),|1,1)}. Up to an unimportant shift of the
zero of energies, the truncated Hamiltonian has the form (I) in this basis, where X and Y are redefined
as follows:

_nptng -l _ g~ g
1-C 1+3C

’

The other parameters are { = C/[(1 - C)(1+3C)], F = Ejg/2 and G = Ej/2. Within the four-level approxi-
mation, if Ej is greater than the critical value

EZ
Eye = \[2E% +482 -2 = ZL;JFO(E;*E), @)

the degeneracies are located at R* = (FX4,0,0), with

1 Eyc
Xa=3 \/(1— FII)(E]+45)(E]+EJC+4§).

Section Rl tells us that the merging of the diabolical points D* and D~ is possible if Ej is adjustable.
It is well-known that a tunable effective Josephson coupling can be realized via two junctions in a loop
configuration (a dc SQUID). Such a circuit element is de facto interesting from the viewpoint of tuning
the couplings between superconducting qubits [@, ]. It has also demonstrated its utility for Cooper pairs
pumping in the so-called Cooper pairs sluice [19]. As shown in figure[5l(b), we replace the central junction
by a dc SQUID and assume all the junctions of the circuit to be identical. To be consistent with our previous
notations, we set Ejg to be the Josephson energies and C/2 to be the capacitances of all the junctions. The
new central element has a capacitance C and an effective Josephson energy Ej = 2E]E| cos (¢’ /2) |, where
@) = 2n®}/dy. The charging and Josephson Hamiltonians still read @) and @ after the replacements
Px — Px + @i/2 and U(px) — U(@x, @), the exact definition of the last unitary operator being irrelevant
for our purpose. We also have Cs =2C and ¢ = 0.4.

The merging is done by tuning the central coupling (through ¢}) while we use ¢y to maintain the
new half-fluxoid condition ¢y + ¢}/2 = 7. A numerical simulation of the process was made, using the 62
closest states of the point I to define the truncated Hilbert space. The results are in good accordance with
the four-level model in the Coulomb blockade regime. For example, in figure [6lthere is shown a plot of
the critical value Ej. as a function of Ej: the numerical result coincides with the expression (7) in the limit
E] < 1.
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5.

Conclusion

We have demonstrated the possibility of merging diabolical points of a superconducting quantum

circuit. We have emphasized the role played by the symmetry for that phenomenon. In an experimental
perspective, the principal difficulty to overcome is the mirror symmetry since it is impossible to fabricate
two identical junctions. This problem can be partially eliminated by using balanced SQUIDs [II;IJ]. The
theoretical study was accurately based on a four-level model whose eigenproblem is exactly solvable
within the constraint of a degeneracy. For subsequent works, it may serve as a formal model to implement
mergings of diabolical points in different contexts, such as quantum circuits or cold atoms. It may also be
used to produce non-Abelian holonomies as well as non-Abelian pumpings.

References

N U W

o

10.

11.
12.
13.
14.

15.

16.
17.

18.

19.
20.
21.
22.
23.

24.
25.
26.
27.
28.
29.
30.

31.

Devoret M.H., In: Quantum Fluctuations (Les Houches summer school, Session LXIII, 1995), Reynaud S., Gia-
cobino E., Zinn-Justin J. (Eds.), Elsevier Science B.V., North Holland, Amsterdam, 1997.

Tinkham M., Introduction to Superconductivity, 2nd Edn., Dover Publications, New York, 2004.

Nakamura Y., Pashkin Y.A., Tsai J.S., Nature, 1999, 398, 786; d0ii10.1038/19718|

Makhlin Y., Schon G., Shnirman A., Rev. Mod. Phys., 2001, 73, 357; d0i:10.1103/RevModPhys.73.357,

Devoret M.H., Martinis J.M., Quantum Inf. Process, 2004, 3, 163; d0ii10.1007/s11128-004-3101-5,

You J.Q., Nori F., Phys. Today, 2005, 58, 42; d0i:10.1063/1.2155757.

Wendin G., Shumeiko V.S., In: Handbook of Theoretical and Computational Nanotechnology, Vol. 3, Rieth M.,
Schommers W. (Eds.), American Scientific Publishers, Los Angeles, 2006.

Clarke J., Wilhelm F.K., Nature, 2008, 453, 1031; doi{10.1038/nature07128.

Blais A., Huang R.-S., Wallraff A., Girvin S.M., Schoelkopf R.]., Phys. Rev. A, 2004, 69, 062320;
doi:10.1103/PhysRevA.69.062320.

Wallraff A., Schuster D.I., Blais A., Frunzio L., Huang R.-S., Majer J., Kumar S., Girvin S.M., SchoelkopfR.]., Nature,
2004, 431, 162; doi;10.1038/nature02851.

Schoelkopf R.J., Girvin S.M., Nature, 2008, 451, 664; do0i:10.1038/451664a.

Faoro L., Siewert J., Fazio R., Phys. Rev. Lett., 2003, 90, 028301; d0ii10.1103/PhysRevLett.90.028301.

Cholascinski M., Phys. Rev. B, 2004, 69, 134516; d0i:10.1103/PhysRevB.69.134516.

Mottonen M., Pekola J.P.,, Vartiainen ].J., Brosco V., Hekking F.W.]., Phys. Rev. B, 2006, 73, 214523;
doi:10.1103/PhysRevB.73.214523|

Leek PJ., Fink J.M., Blais A., Bianchetti R., Goppl M., Gambetta J.M., Schuster D.I., Frunzio L., Schoelkopf R.].,
Wallraff A., Science, 2007, 318, 1889; doii10.1126/science.1149858|

Motténen M., Vartiainen J.J., Pekola J.P., Phys. Rev. Lett., 2008, 100, 177201; doi:10.1103/PhysRevLett.100.177201.
Geerligs L.]., Verbrugh S.M., Hadley P., Mooij J.E., Pothier H., Lafarge P., Urbina C., Esteve D., Devoret M.H., Z.
Phys. B: Condens. Matter, 1991, 85, 349; doi{10.1007/BF01307630.

Pekola J.P., Toppari J.J., Aunola M., Savolainen M.T., Averin D.V., Phys. Rev. B, 1999, 60, R9931;
doii10.1103/PhysRevB.60.R9931,

Niskanen A.O., Pekola J.P., Seppd H., Phys. Rev. Lett., 2003, 91, 177003; doi;10.1103/PhysRevLett.91.177003,
Aunola M., Toppari J.J., Phys. Rev. B, 2003, 68, 020502; d0i:10.1103/PhysRevB.68.020502|

Vartiainen J.J., Mottonen M., Pekola J.P., Kemppinen A., Appl. Phys. Lett., 2007, 90, 082102; d0ii10.1063/1.2709967.
Leone R., Lévy L., Phys. Rev. B, 2008, 77, 064524; doi{10.1103/PhysRevB.77.064524,

Brosco V., Fazio R., Hekking F.W.]., Joye A., Phys. Rev. Lett., 2008, 100, 027002;
doii10.1103/PhysRevLett.100.027002,

Pirkkalainen J.M., Solinas P., Pekola ].P., M6ttonen M., Phys. Rev. B, 2010, 81, 174506;
doi:10.1103/PhysRevB.81.174506.

Nielsen M.A., Chuang I.L., Quantum Computation and Quantum Information, Cambridge University Press, Cam-
bridge, 2000.

Leone R, Lévy L.P,, Lafarge P., Phys. Rev. Lett., 2008, 100, 117001; doi:10.1103/PhysRevLett.100.117001.

Goryo J., Kohmoto M., Mod. Phys. Lett. B, 2008, 22, 303; doi;10.1142/S021798490801481X.

Berry M.V., Wilkinson M., Proc. R. Soc. London, Ser. A, 1984, 392, 15; doi{10.1098/rspa.1984.0022,

Dietl P, Piéchon F., Montambaux G., Phys. Rev. Lett., 2008, 100, 236405; doi{10.1103/PhysRevLett.100.236405,
Montambaux G., Piéchon F., Fuchs ].N., Goerbig M.O., Phys. Rev. B, 2009, 80, 153412;
doi:10.1103/PhysRevB.80.153412|

Montambaux G., Piéchon F., Fuchs J.N., Goerbig M.O., Eur. Phys. J. B, 2009, 72, 509;
doii10.1140/epjb/e2009-00383-0.

33801-10


http://dx.doi.org/10.1038/19718
http://dx.doi.org/10.1103/RevModPhys.73.357
http://dx.doi.org/10.1007/s11128-004-3101-5
http://dx.doi.org/10.1063/1.2155757
http://dx.doi.org/10.1038/nature07128
http://dx.doi.org/10.1103/PhysRevA.69.062320
http://dx.doi.org/10.1038/nature02851
http://dx.doi.org/10.1038/451664a
http://dx.doi.org/10.1103/PhysRevLett.90.028301
http://dx.doi.org/10.1103/PhysRevB.69.134516
http://dx.doi.org/10.1103/PhysRevB.73.214523
http://dx.doi.org/10.1126/science.1149858
http://dx.doi.org/10.1103/PhysRevLett.100.177201
http://dx.doi.org/10.1007/BF01307630
http://dx.doi.org/10.1103/PhysRevB.60.R9931
http://dx.doi.org/10.1103/PhysRevLett.91.177003
http://dx.doi.org/10.1103/PhysRevB.68.020502
http://dx.doi.org/10.1063/1.2709967
http://dx.doi.org/10.1103/PhysRevB.77.064524
http://dx.doi.org/10.1103/PhysRevLett.100.027002
http://dx.doi.org/10.1103/PhysRevB.81.174506
http://dx.doi.org/10.1103/PhysRevLett.100.117001
http://dx.doi.org/10.1142/S021798490801481X
http://dx.doi.org/10.1098/rspa.1984.0022
http://dx.doi.org/10.1103/PhysRevLett.100.236405
http://dx.doi.org/10.1103/PhysRevB.80.153412
http://dx.doi.org/10.1140/epjb/e2009-00383-0

Merging diabolical points of a superconducting circuit

32.
33.
34.
35.
36.
37.
38.

39.
40.
41.

Delplace P., Montambaux G., Phys. Rev. B, 2010, 82, 035438; doi:10.1103/PhysRevB.82.035438.

Bahat-Treidel O., Peleg O., Segev M., Opt. Lett., 2008, 33, 2251; doi{10.1364/0L.33.002251.

Pereira V.M., Castro Neto A.H., Peres N.M.R,, Phys. Rev. B, 2009, 80, 045401; doi:10.1103/PhysRevB.80.045401,
Asano K., Hotta C., Phys. Rev. B, 2011, 80, 245125; doi{10.1103/PhysRevB.83.245125,

Von Neumann J., Wigner E.P., Phys. Z., 1929, 30, 467.

Simon B., Phys. Rev. Lett., 1983, 51, 2167; doi{10.1103/PhysRevLett.51.2167,

Recati A., Calarco T., Zanardi P, Cirac J.I., Zoller P., Phys. Rev. A, 2002, 66, 032309;
doii10.1103/PhysRevA.66.032309,

Leone R, J. Phys. A: Math. Theor., 2011, 44, 295301; doi{10.1088/1751-8113/44/29/295301.

Makhlin Y., Schén G., Shnirman A., Nature, 1999, 386, 305; d0i{10.1038/18613,

Kemppinen A., Manninen A.J., M6ttonen M., Vartiainen J.J., Peltonen J.T., Pekola J.P., Appl. Phys. Lett., 2008, 92,
052110; d0i:10.1063/1.2842413,

311TTS ANSABOILCbUX TOUOK HAaANPOBIAHOIO KOHTYypa

P. leoHe, A. MoHXy

Ipyna ctatucTuyuHoi ¢isnkm, IHCTTYT iMm. XKaHa Jiamypa, UMR CNRS 7198, YHisepcuTeT JlsoppaH, BaHaysp e
HaHci, ®paHuis

MpeAcTaBAeHO nepLue TeOpeTUYHE BUBYEHHS 3UTTA ANABOIbCbKMX TOYOK Y 3aCTOCYHKY 40 HaANPOBIAHNX KOH-
TypiB. CnoyaTtky AOCAiIAKEHO aHaniTUYHO PO3B'A3yBaHy YOTUPUPIBHEBY MOAENb, Ika MOXE CIYXUTN TeopeTu-
YHO OCHOBOO TaKoro ABMLLA. B NoAanbLLIOMy LS MOAeNb 3aCTOCOBYETLCS A0 KOHTYPa, AKMUIA Ha3MBaOTk NoMna
KynepiBCbKMX Nap, 3 BiAOMUMY ANABOALCLKAMY TOUYKaMU.
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