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Abstract. We considered the effect of static uniform electric field on the process of two-photon
excitonic absorption of light in crystals. The matrix element that determines the above proc-
ess was calculated using a linear (in the photon field) operator of the electron-photon interac-
tion within the framework of polariton theory. It involves a term that depends on the electric
field strength. Using the group theory considerations, we obtained that , at definite orientations
of the electric field and polarization vectors, two-photon absorption may occur due to the
electric field effect only. The process probability depends also on both the crystal symmetry
class and type of an excitonic state. Some special cases are considered in more detail. These are
provided by the tables of angular dependencies of process probability, which enables one to
experimentally check the results obtained.
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1. Introduction

Two-photon absorption is a nonlinear optical effect. It is
as follows: excitations having energy 4(w, + w,) appear
in a quantum-mechanical system exposed to radiations
whose frequencies are w; and w,. (The specific case is
when wy = w,.) The absorption intensity essentially de-
pends on the system features. In what follows we shall
deal with two-photon absorption in molecular crystals.
The excitations appearing in them are considered to be
Coulomb excitons.

It was shown in [1] that it is convenient to perform a
correct theoretical analysis of nonlinear optical effects in
crystals using a polariton model in which polaritons are a
“mixture” of photons and Coulomb excitons. Three terms
in the Hamiltonian of the “crystal + radiation field” sys-
tem contribute to nonlinear effects in this model. They are
the linear and square in the photon field terms in the 0]5)
erator of electron-photon interaction, H ) and H
and operator of intermolecular Coulomb 1nteract10n H Coul-

The general theory of two-photon absorption was con-
sidered by a number of authors. A review of their papers
was made in [2], so we shall not deal with it here. How-
ever, we would like to note the papers [3,4]. In [3] the
anisotropy of two- photon absorption was considered Wlth
account for the term H l( ) , while in [4] the term H; ) w
taken into account. The authors of [2] considered the two-
photon absorption due to the term H ¢, i.€., to anhar-
monism in the Coulomb subsystem of crystal. They de-
termined the dependence of two-photon absorption on
the wave vector directions. The contributions from the
above terms to the nonlinear optical effects were esti-
mated in [1]. According to the estimations, one should
expect that under conventional conditions the main con-
tribution to the two-photon absorption can be provided
by the term H; U8

An external static electric field exerts a substantial
effect on the nonlinear optical phenomena. It was shown
in [5] by one of the authors of this work that for crystals
with center of inversion generation of the second optical
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harmonic becomes possible in such fields. (In the absence
of field, this generation is forbidden by the selection
rules.) The authors of [6] investigated the sum harmonic
generation in a static electric field under resonance, as
well as some peculiarities of the tensor of nonlinear ef-
fects in this case.

Here we shall consider the effect of a uniform static
electric field (hereafter referred to as electric field) on the
two-photon absorption in crystals due to anharmonic com-
ponents of the term H l( ). For crystals with center of in-
version placed in this field the two-photon transitions to
antisymmetric final states become possible (in the absence
of this field such transitions are forbidden). We shall de-
termine also the angular dependencies (i.e., dependen-
cies on the directions of polarization vectors and electric
field vector) of the probability of this process in crystals of
different symmetry classes for different final states.

In the approach used in this work two-photon absorp-
tion is treated as merging of two polaritons, with the fre-
quency of the resulting polariton corresponding to the
exciton absorption band. Our investigation is made us-
ing group theory, so the results obtained can be applied
not only to molecular crystals.

2. Matrix element of transition

Let us assume that two polariton flows are produced in
crystal exposed to external radiation. Their frequencies
and polarization vectors are wy(kj), w,(k,)and ¢, ,
respectively. Using the technique discussed in [1], we shall
determine the matrix element that corresponds to
appearance of a Coulomb exciton whose energy
SE, (ki +ky) = Al (k) + w,(k, )] . To do this, one has
to set off the operator H( ) the terms of the type

u(kl + k2 ) E‘fpl (kl) Dfp2 (kz) Here B (kl +k2) 1s the
creation operator for the Coulomb ex01ton with wave vec-
tor (k; + k5 ) from the p-th band; ¢py (k;) and $p2 (ky)
are the annihilation operators for polar1tons with wave
vectors k; and k, from the p;-th and p,-th branches, re-
spectively. A coefficient at the product B*&E is the de-
sired matrix element that corresponds to merging of
polaritons with energies ha (k) , B¥EE and creation of
an exciton whose energy is E,(k; + k) . Omitting cum-
bersome details of calculation we write down the above
matrix element (see also [1

o(u )——‘/ LDy LD, Lo (M) . )

Here

a(u) = zajljz(.u)[}jl [}jz , )
jlajz
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The following notations are used in expressions (1)-
3): Vis the crystal volume; N is the number of unit cells;
W,k)is the wave function of a crystal with an excited
Coulomb exciton; |0) is the wave function of the crystal
ground state; e i and e ', arethe projections of the polari-
zation vectors, ¢ and &, on the coordinate axes (the
labels ji, j,, are x, y, z); Dy and D, are of the following
form:

_ o @

D; =
(n; +1) Uy (K;)

Here n; (i = 1, 2) are the refractive indices; A p; (k;)
are the normalizing factors (they appear when the Hamil-
tonian is diagonalized [1]); (,ul,lzl‘jn‘yz,lzz) is the ma-

. e
trix element of the operator — 7 Jn (e, mand T are the

electron charge, mass and mc?rqnentum operator, respec-
tively).

e; and e are the direction cosines of polarization
vectors. In what follows we shall label them, according to
[2-4], by [y, my, ny (if j1 = x, y, z) or [, my, n, (if jo = X, p, 2).

Now let us determine the transition matrix element for
a crystal placed in electric field whose strength is €. In

actual situations & <<g&,,,;, where £, is the strength of

the inner molecular electric field. Therefore, one can use
the perturbation theory. It was shown in [5] that the wave
function of the excitonic state of a crystal is as follows:

|l_1’]_("g):|y’]_{')_N Z 51M| iy

] . 1 IJ ) 5
G Eg(R)=E (K - O

Here p; are the components of the electric dipole mo-
ment of unit cell.

Replacing in expression (3) the wave functions | k)
by (5) and retaining the terms that are linear in the field
£, one obtains, instead of a(u), the following expres-
sion:

a(pu,g)=a(u)+ B(u,£) (6)
Here
B(u.)= Zﬁjljz (ne)le; L&), , Q)
J1-72
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lejz (IJ,S) = _Nz gi Ij/]]]zl(l-'l) 5

jl‘N'aE')(H',E"Pi|H1aE1 )(HlaE1|jz|H,E1 +ky)

®)

+...
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Y jijpi (M) = Z O
E'D
HiH a

Five other similar terms in expression (9) are denoted
by dots.

Therefore the matrix element that corresponds to an
elementary act of two-photon absorption in a crystal
placed in electric field may be written down as follows:

N
@y Ldo

Q(u,8)=27nh DD Ja(y + Be).  (10)

3. Angular dependence of the probability of
two-photon absorption in electric field

An important characteristic of two-photon absorption is
the dependence of its probability on the direction cosines
of polarization vectors and (in our case) on the sense of
electric field € . The probability of two polaritons merg-
ing with creation of a Coulomb exciton is proportional to
the squared magnitude of the matrix element (10). There-
fore, taking into account expressions (2) and (7), one can
write down:

Wwe)~| Sl 0+ By o), @, P an
J1-J2

To separate the angular dependence out of (11), one
has to determine the tensors a(u) and B(W,£),ie., to
find the non-zero components and interrelations between
them. To this end we shall use the group theory approach.

In the optical spectral region wave vectors are small.
Therefore, let us assume that, approximately, &y, K, — 0.
Then the excitonic states can be classified according to
the irreducible representations of the point symmetry
group of a crystal [1,3]. This means that the wave func-
tions I/J,/E) realize the corresponding irreducible repre-
sentations of the point symmetry group.

Returning to expressions (3) and (9), one should note
that the ground state |0) and the quantities of the type

uk)(p,k
m E,(k)-hw

are fully symmetric [1,2], so isomor-

phism exists for the tensors a(u) and y(u) :
(12)
Vini(H) = Grialy - (13)

This means that the right- and left-hand sides of ex-
pressions (12) and (13) have the same transformation prop-
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erties under symmetry operations. The index m21in the right-
hand sides of the above expressions indicates at projec-
tion of the products of coordinates, (j;j») and (jij»i),
onto the irreducible representation according to which
the final state wave function, | W,k +k,) , transforms [7].

Having determined the tensors a(u) and y(u) (em-
ploying expressions (12)-(15)) and then tensor B(i,&)
(employing expression (8)), let us determine the angular
dependence of the function W (1, &) using expression (11).
This dependence, however, is too complicated. Besides,
in actual conditions B(u,&) <<a(u),and so presence of
the term a(u) makes it difficult to study the effects re-
sulting from B(L,£) . And, at last, it is of importance to
know how the results obtained could be checked experi-
mentally. In this connection, let us clarify the conditions
under which two-photon absorption occurs due to the ef-
fect of electric field (i.e., the term B(,€) in (11)) only.
In this case

W(E)~| S By, (MO 2| (14)
J1:72

These conditions mean that a(p) =0, the operators
H i(2 ) and H cous d0 not contribute to the process and, fi-
nally, optical activity does not cause any complications.

The above conditions could be satisfied if one deals
with crystals having center of inversion. In this case the
double and triple products of coordinates transform ac-
cording to different irreducible representations of the sym-
metry group. The double products transform according
to the representations of g-type (4, By, ...) that are sym-
metric under inversion, while the triple ones transform
according to the representations of u-type (4,, By, ...)
that are antisymmetric under inversion. According to ex-
pression (12), this means that at two-photon absorption
with transition to the antisymmetric final states the term
a(u) is zero. In this case the contribution from the op-
erator Hc,,; is also zero [2]. Crystals that have center of
inversion are optically inactive. And, at last, to eliminate
the effect coming from the operator H i(2) , 1t is sufficient
to choose polarization vectors that are normal to each
other [1,2].

With the above considerations, let us illustrate the
results obtained by the case of two-photon absorption in
a crystal of class Dy, (4/mmm). The symmetry group Dyj,
has four symmetric one-dimensional (1 D) irreducible rep-
resentations (A4, Big, Az, Bo,), four antisymmetric 1D
irreducible representations (4, By, A2, Ba,) and two
2D irreducible representations (Eg, E,). The antisymmet-
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ric representation E,, has two rows, E,(x) and E,(y), ac-
cording to which the coordinates x and y transform [7].

The double products of coordinates transform accord-
ing to the irreducible representations 4y, A2g, Biy, Bag,
E,. Therefore, the two-photon transitions to excitonic
states of these types provide a contribution from the term
a(u) to the process. And a contribution from the term
B(u,g) is provided by the transitions to the final states
of the 41,-, Bi,~> A2~ Boy-» E(x)- and E,(y)-types. The
triple products of coordinates transform according to these
irreducible representations —see Table 1. The correspond-
ing calculations (that are omitted here) were performed
with the technique presented in [7,8].

Now let us suppose that the final excitonic state,

| WU,k +ky) , belongs to the A1,-type. Then, using expres-

sion (13) and Table 1, one can write down the following
relations:

yyzx(A lu) =- yxzy(Alu) =da,
yzyx(A W)= - yzxy(A 1= a2,
yxyz(A lu)= - yyxz(A 1u)= as.

The other components of tensor g(m) are zero in our
case.

Inserting (15) to expression (8), the resulting compo-
nents of tensor B(y,g) toexpression (14) and factoring —
Na; out, one gets the angular dependence of the prob-
ability of two-photon absorption due to transitions to the
excitonic states of the 4,-type in electric field:

(15)

(A, &) =[(myny + Amymy e, -

(hny + Aimly )€, + Ay (hmy —myly )€, > (16)
Here Al = azlal, Az = 613/611.

In this way one can obtain the angular dependencies
of the process probabilities for other types of final excitonic
states in crystals whose symmetry is Dy, (as well as in
crystals belonging to other symmetry classes). The results
of calculations are presented in Table 2. They are rather
cumbersome. That is why we have restricted ourselves to
the crystal classes Dy, Cg, and Sg that belong to the te-
tragonal, hexagonal and trigonal systems. For the sake
of simplicity, we do not label the coefficients 1, by m (i.e.,
one should remember that A{(A4y,) ZA;(4,,), etc.).

4. Discussion of results obtained

Some considerations that follow may serve as an evidence
that the results obtained are correct.

It was noted above that in actual conditions £ << &,,,,,
and so electric field may be treated as a weak perturba-
tion. In this case the excitonic states are classified as in
the absence of electric field, i.e., according to the irre-
ducible representations of the point group of crystal
symmetry.

Now let us discuss a hypothetical case of strong elec-
tric field when the above condition breaks down. In this
case, electric field is to be considered as part of the sys-
tem studied, and the operator of its interaction with the
electrons of the crystal is to be included to the zero-ap-
proximation Hamiltonian.

Uniform electric field is characterized by the axial
symmetry only. Therefore the symmetry of a new system
“crystal + radiation field + electric field” is, as a rule,
lower than the crystal symmetry. In this case the excitonic
states are to be classified according to the irreducible
representations of a new symmetry group. The angular
dependence of two-photon absorption is now determined

by the term a(u) in expression (11).

Let us suppose that such a strong electric field is di-
rected along the z-axis. In this case only two symmetry
elements exist in a crystal of the Dy;, symmetry, namely,
the unit element, £, and axis of revolution, Cy4. The sym-
metry group of the new system is Cy. This symmetry group
has two 1D irreducible representations, 4 and B, and
one 2D irreducible representation, E. Using expressions
(11) and (12) and taking into account that now
B(u,&)=0, one can obtain the following angular de-
pendencies for the probability of two-photon absorption
(see also [3]):

CD(A) = [Z]lz +mmy + Al (l]l’l’lz - mllz) + Azl’ll}’lz]z s (17)
O(B) = [y = mymy + A(lymy +myly)]? » (18)
CD(E) = [le’lz +A1}’l]lz +A2Wlll’l2 +A3I’lll’)’lz )]2 . (19)

A comparison of these angular dependencies with
those presented in Table 2 for the class Dy in the case
when e, = ¢, = 0 indicates at interrelations between them:

Table 1.Triple products of coordinates that transform according to the irreducible representations of the D4, group

M Products of coordinates

Ay X1V223 - V1X2Z3 X122)3-V122X3 Z1X2V3-Z1)2X3

Ay X1X223 T Y1)223 X122X3 T Y122)3 Z1XoX3 T Z1)2)3 212923

By, X1Y223 T Y1X223 X1Z22V3 T V122X3 Z1X2y3 T Z1)2X3

B>, X1X223- Y1V2Z3 X122X3 - Y122)3 Z1XX3-21)2)3

E,(x) X1X2X3 Y1y2x3 Y1X2y3 X1)203 Z125X3 Z1X223 X12323

E.(y) V1y2ys X1X2)3 X1)2X3 V1X2X3 212203 Z1)273 V12273
SQO, 3(2), 2000 147
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Table 2. Angular dependencies of the two-photon absorption probabilities in crystals of different symmetry

Class V] D(,£)
Ay [(mI”Z +Ammy e —(hny + Aimily )€, + Ay (himy —myly )52]2
Agy :("112 +Any )€ +(mmy + Apmng )€, +(Arhilp + Aymymy + Azniny )52]2
Dy, By, :(mlnz +Aimmy e +(hny +Amb)E, + Ay (hmy +myly )52]2
By, [(11”2 +Aimly)E . —(mny + Apmgmy )€y, + Ay (L1 —mymy )52]2
E,x) :(1112 + Aymymy + Aaminy )€, +(A3lymy + Aymyly )€, +(Ashny +Agmly )"fz]2
E)) :(A311m2 + Ayl )€+ (Lily + Aymymy +Aymyny )€, +(Asmyng + Agmmy )Ez]2
Ay [y + Mmyly + Agmyny + Azmymy e + (myny + Mmymy = Aylyny = Azmyly )Ey +
+(Aghly + Agimymy + Asmuly = Ashmy +Agmny e, |*
Cen Ey, |_(11n2 + Amly + Amyng + Azmmy )& — (myng + Aimmy — Ay liny — Asmil, )Ey +
+(Aghly = Agmymy + Ashmy + Asmyls )e. |
Eny [y +mymy + Mhmy + Ayl + Damyng Y& +(hmy +myly +Alyly + Ay +Aympny )€, +
+(Aghmy + Asmiby +Agmyny + Agmmy ). |*
S6 Ay [timy + Ay + Mymmyny + Asmymy Y& +(mymy + Mymymy = Aglmy = Aymil )e , +
+ (Aghly + Agmymy + Asmyny + Aghmy = Agmyls e, |2
E. [ty +mymy + Ny + Dylymy + Ayl e + (bl + myy + Agmyny +

+Aamyly + A3hmy )e, +(Ashiny + Agnily + Agmyny + Agnymy )52]2

D(A4) = cD(Alwsz) + q:)(“1211""':2) ’ (20)
®(B) = D(By,.£.) + D(By,.£.) > 1)
P(E) = D(E, (x).6,) + P(E,().€.) - (22)

If electric field is switched off (i.e., the symmetry of the
system studied changes from Cy to Dy;), then the excitonic
state 4 (B) of the group Cy splits into the 4,- and 4,,- type
(By,~ and B,,-type) states of the group Dy, etc.

If electric field is directed along the x-axis, then the
system symmetry group is C,. Its irreducible representa-
tions are 4' and 4" [7]. One can show that in this case

P4 ) =D(Ay,,,,)+P(Ay,,E) +

+¢(Blus£x)+q)(32usex) 5 (23)
(A )= O(E,, (x),6,) + P(E, (1).Ex)
+ DBy, Ex )+ P(Boy €y ) (24)

If electric field is directed along the y-axis, then the
result is the same, except that e, is substituted for e, in
expressions (23), (24).
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In conclusion, let us discuss a possible experimental
situation. Let us consider a crystal (belonging to symme-
try class Dyy,) that is cut out as a rectangular parallelepi-
ped along the optical z-axis, with its side faces normal to
the x- and y-axes. Its excitonic states E,(x) and E,(y) of
frequency ware considered to be known. This crystal is
placed in electric field directed along the z-axis.

Let us assume that two linearly polarized light rays
are incident on this crystal. One of them, of frequency w,
is y-polarized and directed along the x-axis. Another ray,
of frequency w, is z-polarized and directed along the y-
axis. In this case two polariton flows will appear in the
crystal. They correspond to an ordinary ray, of frequency
wy, for which m; = 1, [ = ny = 0, and extraordinary ray,
of frequency w,, for whichn, = 1,5, =m, =0.If w; + wy
= @, then, according to Table 2, two-photon absorption
will occur only due to the two-photon transitions to the
E,(y)-type excitonic state. If the ray that is directed along
the x-axis is z-polarized and that directed along the y-
axis is x-polarized, then the transitions to the E, (x)-type
excitonic state are possible. If electric field is oriented
along the x- or y-axis, then two-photon absorption will
occur due to transitions to the 4;,- and By,- type (or Ay,
and B,,- type) excitonic states.

SQO0, 3(2), 2000
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Conclusion

We have shown that the interaction between crystal and
electric field results in appearance of a term (that is lin-
ear in the electric field strength) in the matrix element
that determines two-photon excitonic absorption of light.
This term makes possible the two-photon transitions that
were forbidden by selection rules. The above term deter-
mines angular dependence of the process probability that
differs from that in the absence of electric field.

For crystals with center of inversion some special cases
are discussed when two-photon absorption occurs only
due to the effect of electric field accompanied by crystal
transition to antisymmetric excitonic states. The tables
of the above angular dependencies are presented for some
crystal symmetry classes. It is shown that there exists a
possibility to experimentally check the results obtained
and study the excitonic state types.

SQO0, 3(2), 2000
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