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The origin of return and self-crossing points on the parametrically specified curves of
crystallization rate vs. impurities concentration at the interface during pulling a crystal
from a binary melt at constant rate in the initial transitional stage has been explained.

PaCCMOTpeHI)I IIPUYMHBI TTOABJEHUA ocobeHHocTeil Ha nmapaMeTpu4yeCKu 3aJaHHBIX KPH-
BBIX 3aBUCHMOCTH CKOPOCTHU KPHUCTANIM3aIVU OT KOHII€HTPAIIUU IIPpHUMECH Ha Me}Rq)aBHOﬁ
TpaHNUIle IIPKU BBITATMBAHWUUN KPHUCTAJJIA U3 6I/IHapHOI‘O pacrjigasa ¢ TOCTOSTHHO CKOPOCTBIO B

Ha4YaJbHOM II€epeXOoJHOM IIpoIrecce.

IIpo ddaszory TpaekTopilo mguHAMiYHOL

CHCTEMHM ' OiHAPHHI PO3ILIAB, 10 KpPHC-

paxizyeThea cupamMoeano . B.M.Kaniues, B.II.CeMuHONeHKO

PosraanyTo mpUUMHY BUHUKHEHHS OCODJUBOCTEH HA IMapaMeTPUUHO 3aJaHUX KPUBUX
3aJIe)KHOCTI IIBUJIKOCTI KpucTaaisarmii Bix KoHIeHTparii gomMimky Ha MisKdasHi rpaHUiri
OpU BUTATYBaHHI KpucTaaa 3 GiHAPHOTO POBIJIABY 38 MOCTIMHOIO MIBUAKICTIO ¥ MOUYATKOBOMY

mepexifHOMY TIpOIIeci.

The representation of dynamic system
phase trajectory [1] used in [2] allowed the
author to explain the cause of the solid-melt
interface oscillations during pulling a crys-
tal from a binary melt at constant rate in
the initial transitional stage. This repre-
sentation also allowed a better graphical
visualization of the results and a thorough
investigation of the influence of crystal
growing conditions on the interface’s behav-
ior in the transitional stage. One could see
that the graphs had return and self-crossing
points. The aim of this article is to shed
light on these points.

After determining the impurity concen-
tration in the melt against coordinate and
time C(x, t), where x is found from the
interface towards the melt [2], it is possible
to determine the travel velocity of the flat
solid-melt interface V(¢) in the transitional
stage. In dimensionless variables, the prob-
lem of determining C(x, t) has two input
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parameters: k£ and B - impurity distribution
and concentration overcooling coefficients,
respectively. This problem is nonlinear but
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Fig. 1. Solid-melt interface impurity concen-
tration C, vs. crystallization rate V;, given in
parametrical form at £ = 0.5 and B = 0.01.
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Fig. 2. Helix line: x = cos t, y =sin ¢, z = ¢.

at a greater time scale, it can be linearized,
by assuming that

Clx, t) = e * + Cy(x, 1). (1)

where e* — impurity distribution in a sta-
tionary crystallization mode; |Cl(x, t)<<e .

The linearized problem takes the follow-
ing form:

C1,(0, ) + (1 = B)C1(0, ) + V(1) = 0, (3)
Vi) = = €140, 1)/B, (4)

Cilee, 1) =0, Cy(x, 0) =—€ 7, (5)

and can be comparatively easy solved by
Laplace transform method. Here the indi-
ces x and t are coordinate and time partial
derivatives of the concentration, respec-
tively.

Having solved (2)-(5), it is quite easy to plot
curves given in parametric form C;y(—Cy,) or
C1,(0, t). They clearly demonstrate, for ex-
ample in Fig.1 that the crystallization front
of binary melt acts like a decaying harmonic
oscillator. In [2] these parametric curves
are called phase trajectories, though they
are just several plane projections of infi-
nitely dimensional line [3]. This error can
lead to a following misunderstanding.

It is known [4] that a cycloid can be
represented as a two-dimensional projection
of a three-dimensional helical line (Fig.2).
According to the angle between the helix
line axes and the projection plane one can
obtain a curve either with return points
(general cycloid) or with self-crossing points
(extended cycloid). It is worth noting that

= Cx, t), the curve self-crossing shown in Fig. 2 is
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Fig. 3. Phase trajectory projection on planes C,,,,C;( (a, ¢) and C;,4,C;; (b, d) for k£ = 0.5 and

parameter values B = 0.5665 (a, b), 0.563 (¢, d). Points of the curves correspond to the following
time ¢ (arb. unit): ¢ = 31.96 (P, and P,), 29.9 and 36.2 (P,), 29.9 (P;;), 36.2 (P ).
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caused by the angle of ascent of helix line
being smaller than the angle of plane of
projected rays used in axonometry. It is ob-
vious that the projection of the helix line
does not illustrate the true arrangement of
the helix line.

Fig. 3a and 8c show C;¢(—C;40) depend-
ence diagrams for two values of B parameter
and Fig. 8b and 8d show C;{(—C;,;) depend-
ence diagrams, where C;; = C;(1, t) and
Cix1 = C1,.(1, t). The curves in Fig. 3a u 3b
are just different projections of the same
phase trajectory. One can see that the re-
turn point P, on a projection corresponds to
P, point on b projection. Note that they are
just two projections out of their endless
number. Fig. 8¢ and 3d demonstrate an-
other typical case when the self-crossing
point P, on ¢ projection corresponds to P, ;
and Py, points on d projection. It turns out
that the self-crossing point on C;y(—Cq,0)
curve corresponds to two different states of
the system, which can be clearly seen by
comparing impurity distributions at the mo-
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ment when (Cyy, —C;,1) possess the same
values.

Thus, the return and self-crossing points
on Cqo(-Cq,0) or Cyo(Vy) curve can be mis-
takenly taken for the return and self-cross-
ing points of the phase trajectory of the
dynamic system "directionally ecrystallized
binary melt”.

The authors expresses their thanks to
I.D. Tchueshov — a corresponding member
of NAS of Ukraine for his invaluable sug-
gestions and explanations.
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